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1 INTRODUCTION

ABSTRACT

We carefully consider observational and theoretical constraints on the global properties of
secondary stars in cataclysmic variable stars (CVs). We then use these constraints to construct
and test a complete, semi-empirical donor sequence for CVs with orbital periods Py < 6 h.
All key physical and photometric parameters of CV secondaries (along with their spectral
types) are given as a function of P,y along this sequence. This provides a benchmark for
observational and theoretical studies of CV donors and evolution.

The main observational basis for our donor sequence is an empirical mass—radius relationship
for CV secondaries. Patterson and co-workers have recently shown that this can be derived
from superhumping and/or eclipsing CVs. We independently revisit all of the key steps in this
derivation, including the calibration of the period excess—mass ratio relation for superhumpers
and the use of a single representative primary mass for most CVs. We also present an optimal
technique for estimating the parameters of the mass—radius relation that simultaneously ensures
consistency with the observed locations of the period gap and the period minimum. We present
new determinations of these periods, finding Pgqp + = 3.18 &= 0.04 h (upper edge), Pgap, — =
2.15 £ 0.03 h (lower edge) and P, = 76.2 £ 1.0 min (period minimum).

We test the donor sequence by comparing observed and predicted spectral types (SpTs) as
a function of orbital period. To this end, we update the SpT compilation of Beuermann and
co-workers and show explicitly that CV donors have later SpT's than main-sequence (MS) stars
at all orbital periods. This extends the conclusion of the earlier study to the short-period regime
(Porb < 3 h). We then compare our donor sequence to the CV data, and find that it does an
excellent job of matching the observed SpTs. Thus the empirical mass—radius relation yields
just the right amount of radius expansion to account for the later-than-MS spectral types of
CV donors. There is remarkably little intrinsic scatter in both the mass—radius and SpT—P oy,
relations, which confirms that most CVs follow a unique evolution track.

The donor sequence exhibits a fairly sharp drop in temperature, luminosity and opti-
cal/infrared flux well before the minimum period. This may help to explain why the detection
of brown dwarf secondaries in CVs has proven to be extremely difficult.

We finally apply the donor sequence to the problem of distance estimation. Based on a
sample of 22 CVs with trigonometric parallaxes and reliable 2MASS data, we show that the
donor sequence correctly traces the upper envelope of the observed My x—P o distribution.
Thus robust lower limits on distances can be obtained from single-epoch infrared observa-
tions. However, for our sample, these limits are typically about a factor of 2 below the true
distances.

Key words: accretion, accretion disks — stars: distances — stars: fundamental parameters —
novae, cataclysmic variables.

roughly main-sequence donor star. The mass transfer and secular
evolution of CVs is driven by angular momentum losses. In systems

Cataclysmic variable stars (CVs) are compact, interacting binary with long orbital periods (P 2 3 h), the dominant angular mo-
systems in which a white dwarf primary accretes from a low-mass, mentum loss mechanism is thought to be magnetic braking (MB)
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due to a stellar wind from the donor star. In the canonical ‘disrupted
magnetic braking” evolution scenario for CVs, MB stops when the
secondary becomes fully convective, at P, =~ 3 h. At this point,
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the donor detaches from the Roche lobe, and gravitational radiation
(GR) becomes the only remaining angular momentum loss mech-
anism. The GR-driven shrinkage of the orbit ultimately brings the
secondary back into contact at Py, =~ 2 h, at which point mass
transfer resumes. The motivation for this scenario is the dearth of
mass-transferring CVs in the so-called period gap between Py, =~
2hand Pop >~ 3 h.

As a CV evolves, its donor star is continuously losing mass. As

long as the mass-loss time-scale (ty,, ~ M,/ M,) is much longer
. GM?
than the donor’s thermal time-scale (73, ~ R7—L2), the secondary

is able to maintain thermal equilibrium and should closely follow
the standard main-sequence track defined by single stars. Here and
throughout, we use M», R, and L, to denote a donor’s mass, radius
and luminosity, and M, to denote the rate at which it is losing mass
to the primary. If the condition 7y, > tj, is not met, the donor
will be driven out of thermal equilibrium and become oversized
compared to an isolated main-sequence (MS) star of identical mass.

So how do thermal and mass-loss time-scales compare for the
donor stars in CVs? Or, to put it another way, are the donors main-
sequence stars? This question has been addressed twice in recent
years, in very different ways. First, Beuermann et al. (1998, hereafter
B98) showed that, at least for periods P, = 3 h (i.e. above the period
gap), the spectral types (SpTs) of CV donor stars are significantly
later than those of isolated MS stars.! At the very longest periods
(Porv 2 5-6 h), this is probably due to the donors being somewhat
evolved (B98; also see Podsiadlowski, Han & Rappaport 2003).
However, for all other systems, the late SpT's of the donors are simply
a sign of their losing battle to maintain thermal equilibrium.

Secondly, Patterson et al. (2005, hereafter PO5) produced an em-
pirical mass—radius sequence for CV donors based on a sample of
masses and radii derived mainly from superhumping CVs. One of
their key results was that CV donors are indeed oversized compared
to MS stars, for all periods Py, < 6 h. They also detected a clear
discontinuity in R, for systems with similar M, above and below the
period gap. This is just what is expected in the disrupted magnetic
braking picture: the MB-driven systems just above the gap should
be losing mass faster than the GR-driven systems just below. They
should therefore be further out of thermal equilibrium.

In this paper, we will build on these important studies by con-
structing a complete, semi-empirical donor sequence for CVs. More
specifically, our goal is to derive a benchmark evolution track for
CV secondaries that incorporates all of the best existing observa-
tional and theoretical constraints on the global donor properties.?
Along the way, we will update both of the earlier studies and show
that they are mutually consistent: the mass—radius relation obtained
by P05 is just what is needed to account for the late SpT's observed
by B98.

Our donor sequence should be useful for many practical appli-
cations. Perhaps most fundamentally, it provides a benchmark for
what we mean by a ‘normal’ CV and can thus be used to test CV
evolution scenarios that predict the properties of CV donors. The
sequence can also be used to simplify and improve on ‘Bailey’s

I For the record, earlier studies along these lines were carried out by
Echevarria (1983), Patterson (1984), Friend et al. (1990a,b) and Smith &
Dhillon (1998).

2 Here and below, we use the term ‘donor sequence’ to describe the depen-
dence of the secondary star parameters on the orbital period of a CV. We
call a sequence ‘complete’ if all important physical (Pory, M2, R2, Tett, SpT)
and photometric (absolute magnitudes in UBVRIJHKLM) donor properties
are fully specified along the entire evolutionary track.
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method’ for estimating the distances to CVs (Bailey 1981). The
new version of the method requires only knowledge of the orbital
period and an infrared magnitude measurement. Conversely, for sys-
tems with known distances, the sequence can be used to estimate
the donor contribution to the system’s flux in any desired bandpass.
Finally, this work is also a stepping stone towards another goal: the
construction of new, semi-empirical mass-transfer rate and angular
momentum loss laws for CVs. This should be possible, since the
degree of departure of a donor from the MS track is a direct mea-
sure of the mass loss from it and hence of the angular momentum
loss that drives M.

2 THE EMPIRICAL MASS-RADIUS RELATION
FOR CV DONOR STARS

Given the importance of the M,—R; relation to the present work, we
begin by revisiting and updating P05’s M,—R; relation for CV donor
stars. We still use the same fundamental data as P05, but carry out
a fully independent analysis to derive our own mass—radius relation
from the data. In the following sections, we will briefly discuss
each of the key steps in the derivation (and also introduce some
new ideas of our own). However, we start with an outline of the
overall framework of the method, i.e. the way in which a mass—
radius relation for CV secondaries can be derived from (mainly)
observations of superhumps.

2.1 Donor masses and radii from superhumping CVs

Superhumps are a manifestation of a donor-induced accretion disk
eccentricity that is observed primarily in erupting dwarf novae, but
also in some non-magnetic nova-like CVs and even in a few low-
mass X-ray binaries (LMXBs). Once established, the eccentricity
precesses on a time-scale that is much longer than the orbital period.
The superhump signal is then observed at the beat period between
the orbital and precession periods. The superhump period, Py, is
therefore typically a few per cent longer than the orbital period, and
the superhump excess, €, is defined as

E:Psh_Porb. (1)

P orb

Both theory and observation agree that € is a function of the
mass ratio, ¢ = M,/M;. This e—q relation can be calibrated by
considering eclipsing superhumpers for which an independent mass
ratio estimate is available. Given such a calibration, we can estimate
q for any superhumper with measured €.

Two additional steps are needed to turn an estimate of the mass
ratio into an estimate of M, and R,. First, in order to obtain M, from
g, we clearly first need an estimate of M. For a few systems (mostly
eclipsers), this can be measured directly. However, for most other
systems, a representative value has to be assumed. For example,
PO5 used M = 0.75 Mg, for all systems without a direct estimate,
based on several estimates of the mean white dwarf (WD) mass in
CVs in the literature. With this assumption, the mass of the donor
is then simply given by

My =qgM,. ()

The second additional step is to make use of the fact that the sec-
ondary is filling its Roche lobe. The donor must therefore obey the
well-known period—density relation for Roche lobe filling objects
(Warner 1995, equation 2.3b)

(p2) =107 Py, gem’, 3)
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where Py, 18 the orbital period in units of hours and

3M,
(o) = — 3 (C))
Equation (3) is accurate to better than 3 per cent over the interval
0.01 < g < 1. Since M, and P, are known at this point, the period—
density relation can be recast to yield an estimate of the donor radius

1/3
R M
=2 =02361 Py g [ o o)
Ro ’ Mo
or, equivalently,

1/3
R M
—2 =02361 P2, [ == . (6)
Ro " \ Mo

At this point, both M, and R, have been estimated. A fit to the
resulting set of M, and R, pairs (supplemented with additional data
points derived from eclipsing systems) can then be used to determine
the functional form of the mass—radius relation for CV donors.

In the following sections, we will take a closer look at all of the
key steps we have outlined, and also add one final step of our own.
More specifically, we will consider (i) the calibration of the € — ¢
relation for superhumpers; (ii) the assumption of a single M, value
for most CVs; (iii) the external constraints that the final mass—radius
relation should reproduce the observed locations of the period gap
and the minimum period; (iv) the derivation of an optimal fit to the
M)>—R; pairs, allowing for correlated errors, intrinsic dispersion and
external constraints.

2.2 Calibrating the e—q relation

Table 7 in POS provides a list of calibrators for the €—¢ relation.
This contains 10 superhumping and eclipsing CVs with indepen-
dent mass ratio constraints, one superhumping CV with a large su-
perhump excess and an assumed upper limit on ¢ (BB Dor), and
also one superhumping and eclipsing LMXB with a very low mass
ratio (KV UMa). In devising our own, independent calibration of
the e—q relation, we used the same set of calibrators, but analysed
them independently. Details are given in Appendix A; the results
are shown in Fig. 1. Our preferred fit to the data is given by

q(e) = (0.114 £ 0.005) + (3.97 £ 0.41) x (¢ — 0.025). ©)

The errors here are 1o for both parameters jointly, and the shift
applied to € ensures that the fit parameters (and their errors) are
reasonably uncorrelated. The fit is shown in Fig. 1 and achieves a
statistically acceptable x2 = 1.03 without the need to add any in-
trinsic dispersion in excess of the statistical errors on the € and ¢
estimates. Thus, any intrinsic scatter around the calibrating relation
must be small compared to the statistical errors on the data points.
Fig. 1 also allows a direct comparison of our fit to the data against
P05’s, as well as against two recent theoretically motivated calibra-
tions of the e—¢ relationship (Goodchild & Ogilvie 2006; Pearson
2006). All calibrations agree quite well, except at the highest mass
ratios, where data are sparse.

One final point worth noting is that the statistical errors on the
fit parameters (and indeed the uncertainty regarding the functional
form of the calibration itself) translate into systematic errors on
the resulting masses and radii. The 1o error band arising from the
statistical uncertainties on our fit parameters is indicated by the
dashed region in Fig. 1. Formally, this is less than 10 per cent even
out to ¢ >~ 0.4, but the fit is very poorly constrained beyond g ~
0.3. The €—q relation could thus change shape in this regime. The
statistical error on a mass ratio obtained via equation (7) can be
estimated by folding the error on € through the calibrating relation.
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Figure 1. Calibration of the ¢ — € relation for superhumping CVs. Top
panel: constraints on the slope and intercept of the preferred linear calibra-
tion. The cross marks the best-fitting parameter combination. The ellipses
correspond to 1o, 20 and 30 contours on both parameters jointly. Bottom
panel: mass ratio versus period excess for the calibrating stars. The thick
solid line is the best-fitting linear calibration, with the shaded area marking
the statistical 1o range. The thick long-dashed line shows P05’s calibration,
the thin dotted line is Pearson’s (2006) calibration, and the thin short-dashed
line is the calibration of Goodchild & Ogilvie (2006). The data point shown
as a thin open symbol shows the upper limit on the mass ratio of BB Dor
proposed by PO5.

2.3 The assumption of constant primary mass

The next key step in the derivation of masses and radii from super-
humpers is the assumption of a single primary mass for most systems
in the sample. The worry here is not so much that the assumed mass
might differ from the true mean WD mass for CVs. This would
simply shift all (log M», logR,) pairs along a line of slope 1/3, but
would not alter the shape of the donor mass—radius relation. Instead,
the main concern is that M, might exhibit systematic trends within
the observed CV population, most importantly with orbital period.
Such trends could affect the shape of the mass—radius relation.

In order to test whether this is a problem, we can check if there is
any dependence of M, on P, among CVs with reliable WD mass
estimates (i.e. eclipsing systems). POS actually tabulate all available
M, estimates derived from eclipsing CVs. In the bottom panel of
Fig. 2, we plot these estimates as a function of Py, for all systems
with P, < 6 h. We exclude systems with longer periods, since they
have evolved donors and thus follow a different evolution track (see
Section 3.3 below).

Fig. 2 does not provide evidence for evolution of M; with P,. A
full discussion of the statistical evidence for this assertion is given
in Appendix B, along with a discussion of how this statement can
be reconciled with earlier work that seemed to show such evolution.

© 2006 The Author. Journal compilation © 2006 RAS, MNRAS 373, 484-502
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Figure 2. Constraints on white dwarf mass evolution with orbital period.
Top panel: results of a linear fit to Mwp versus P, for eclipsing systems
with well-determined white dwarf mass. The cross marks the best-fitting
parameter combination. The ellipses correspond to 1o, 20 and 30 contours
on both parameters jointly. Bottom panel: Mwp versus Py, for eclipsers.
The thick solid line shows the optimally estimate mean white dwarf mass
for all systems: Mwp = 0.75 £ 0.05 M, The thin dashed line shows the
best linear fit to the data.

Here, we simply note that a linear fit to the data yields a slope
consistent with zero. The best-fitting constant M, yields a mean
WD mass of (M;) = 0.75 £ 0.05 M and requires an intrinsic
scatter of oy = 0.16 M. Thus we confirm PO5’s assertion that,
in the absence of other information, M, can be estimated as M| =
0.75 M with about 20 per cent uncertainty.

We finally note that the global intrinsic dispersion — oy, =
0.16 M, i.e. 21 per cent — is the statistical error associated with
taking M; = 0.75 M for any particular system. By contrast, the
formal error on the mean WD mass (0.05 M) translates into a sys-
tematic error on donor masses and radii (since a shift in the assumed
M, affects all affected data points in the same way).

Having dealt with the e—¢g calibration and the assumption of con-
stant My, we are ready to calculate an updated set of M, and R,
values (with statistical errors) for all superhumpers. We list these
in Table 1. Our estimates are not identical to those derived by P05,
since we have used a different e—¢ calibration and have explicitly
accounted for the intrinsic dispersion in M; when estimating the sta-
tistical errors. However, as expected, the overall pattern presented
by the data is much the same. The main change in the data values
is a slight shift towards higher masses, which arises because our
g-estimates are generally a little higher than P05’s for fixed € (see
Fig. 1).
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2.4 External constraints: the location of the period gap
and the minimum period

In principle, we could now simply fit the M,—R, pairs in Table 1
(supplemented with data for eclipsing systems). However, there are
actually additional empirical constraints that can (and should) be
imposed on the mass—radius relation. These constraints come from
the observed locations of the period gap and of the period minimum.

Let us first consider the period gap. The bottom panel in Fig. 3
shows the M»—R, estimates from Table 1, along with similar data
for eclipsing systems, taken from table 8 in PO5. There is a clear
discontinuity in donor radii at M, >~ 0.2 M, with donors in long-
period systems being larger than those in short-period systems. As
discussed in more detail by P05, the transition is quite sharp and
broadly consistent with the standard CV evolution scenario. Briefly,
we should expect systems just above and below the period gap to
have identical donor masses, since CVs evolve through the period
gap as detached binaries, with no significant mass loss from the
secondary. However, their radii must differ, since both short- and
long-period donors must still obey the period—density relation for
Roche lobe filling stars (equation 3). More specifically, if we denote
the upper and lower edges of the period gap as Py, +, the ratio of
donor radii at the gap edges must satisfy

Ror <@> B @®)
Ry Py, - '

Physically, donors above the gap are larger since they lose mass at
a much higher rate than those below and are therefore forced more
out of thermal equilibrium.

If we accept the premise that CV donors evolve through the pe-
riod gap as detached systems, the data in Fig. 3 suggest that the crit-
ical donor mass at which mass transfer stops (and then restarts) is
Mcony = 0.20 + 0.02 M, where the estimated error is purely sta-
tistical.®> In other words, M.y, is the donor mass at both edges of
the period gap. Given empirical estimates for the location of these
edges, we can therefore use the period—density relation to determine
R conv, 1.€. the radii of donors at the gap edges. Thus the locations
of the gap edges (P, +) fix the M>—R; relations for long- and short-
period systems at Mcony and Pgp .

Fig. 4 shows the orbital period distribution of CVs drawn from
the Ritter & Kolb (2003) catalogue (Edition 7.6) in both differential
and cumulative form. The period gap is obvious in these distribu-
tions. We have carried out repeated measurements of the gap edges
from this data with a variety of binning schemes. Based on these
measurements, we estimate Pg,p — = 2.15 & 0.03 h and Py, , =
3.18 £ 0.04 h. It is worth noting that the number of systems in-
side the gap increases towards longer periods. This may be due to
low-metallicity systems, which are expected to invade the gap from
above (Webbink & Wickramasinghe 2002).

We can similarly demand that our mass-radius relationship
should reproduce the observed minimum period, Py, of the CV
population. Based again on the data in Fig. 4, we estimate this to
be Puin = 76.2 = 1.0 min. We can implement this constraint by
truncating the M»—R; relation for short-period CVs at Mpounce, the
donor mass where it reaches P, If there are data points with lower
masses, they need to be fit separately, subject to the constraint that
the fit should meet the mass—radius relation for short-period CVs at
Myounce- Moreover, if Py, is supposed to be a minimum period, then

3 We use the subscript conv to denote this critical mass, since in the canon-
ical picture it corresponds to the mass at which the donor becomes fully
convective.
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Table 1. Donor masses and radii as estimated from superhump periods. Orbital periods are in hours; masses and radii are in solar units. Note that mass and

radius estimates are not independent, but correlated via equation (6).

System Porp M, oM, Ry OR, System Porp M, oM, Ry OR,

DI UMa 1.3094 0.051 0.011 0.105 0.008 CY UMa 1.6697 0.119 0.026 0.164 0.012
V844 Her 1.3114 0.083 0.018 0.124 0.009 FO And 1.7186 0.115 0.027 0.165 0.013
LL And 1.3212 0.097 0.023 0.131 0.010 OU Vir 1.7450 0.130 0.029 0.173 0.013
SDSS 0137-09 1.3289 0.085 0.019 0.125 0.009 VZ Pyx 1.7597 0.110 0.024 0.165 0.012
ASAS 0025+12 1.3452 0.072 0.017 0.120 0.009 CC Cnc 1.7645 0.156 0.034 0.186 0.014
AL Com 1.3601 0.047 0.010 0.104 0.008 HT Cas 1.7676 0.089 0.009 0.154 0.005
WZ Sge 1.3606 0.056 0.009 0.111 0.006 1Y UMa 1.7738 0.093 0.006 0.157 0.003
RX 1839+26 1.3606 0.063 0.015 0.115 0.009 VW Hyi 1.7825 0.110 0.024 0.166 0.012
PU CMa 1.3606 0.077 0.018 0.123 0.009 Z Cha 1.7880 0.089 0.003 0.155 0.001
SW UMa 1.3634 0.084 0.020 0.127 0.010 QW Ser 1.7887 0.110 0.026 0.167 0.013
HV Vir 1.3697 0.071 0.015 0.120 0.009 WX Hyi 1.7954 0.114 0.025 0.169 0.012
MM Hya 1.3822 0.066 0.014 0.118 0.009 BK Lyn 1.7995 0.154 0.033 0.187 0.013
WX Cet 1.3990 0.070 0.016 0.122 0.009 RZ Leo 1.8250 0.114 0.026 0.171 0.013
KV Dra 1.4102 0.080 0.018 0.128 0.010 AW Gem 1.8290 0.137 0.030 0.182 0.013
T Leo 1.4117 0.081 0.018 0.129 0.009 SU UMa 1.8324 0.105 0.023 0.167 0.012
EG Cnc 1.4393 0.031 0.007 0.095 0.007 SDSS 1730+62 1.8372 0.123 0.027 0.176 0.013
V1040 Cen 1.4467 0.103 0.023 0.142 0.011 HS Vir 1.8456 0.153 0.033 0.190 0.014
RX Vol 1.4472 0.064 0.015 0.121 0.009 V503 Cyg 1.8648 0.139 0.031 0.185 0.014
AQ Eri 1.4626 0.096 0.021 0.139 0.010 V359 Cen 1.8696 0.127 0.030 0.180 0.014
XZ Eri 1.4678 0.094 0.005 0.139 0.003 CU Vel 1.8840 0.098 0.024 0.166 0.013
CP Pup 1.4748 0.083 0.015 0.133 0.008 NSV 9923 1.8984 0.134 0.030 0.185 0.014
V1159 Ori 1.4923 0.106 0.023 0.146 0.010 BR Lup 1.9080 0.112 0.027 0.175 0.014
V2051 Oph 1.4983 0.095 0.022 0.141 0.011 V1974 Cyg 1.9502 0.202 0.033 0.216 0.012
V436 Cen 1.5000 0.074 0.018 0.130 0.011 TU Crt 1.9702 0.129 0.028 0.188 0.014
BC UMa 1.5026 0.102 0.022 0.145 0.010 TY PsA 2.0194 0.135 0.030 0.194 0.014
HO Del 1.5038 0.093 0.022 0.141 0.011 KK Tel 2.0287 0.121 0.027 0.187 0.014
EK TrA 1.5091 0.107 0.024 0.147 0.011 V452 Cas 2.0304 0.159 0.035 0.205 0.015
TV Crv 1.5096 0.108 0.025 0.148 0.011 DV UMa 2.0604 0.165 0.013 0.209 0.006
VY Aqr 1.5142 0.072 0.016 0.129 0.010 YZ Cnc 2.0832 0.176 0.038 0.216 0.016
OY Car 1.5149 0.065 0.004 0.125 0.003 GX Cas 2.1365 0.145 0.032 0.206 0.015
RX 1131+43 1.5194 0.088 0.019 0.139 0.010 NY Ser 2.3460 0.197 0.043 0.242 0.018
ER UMa 1.5278 0.105 0.023 0.148 0.011 V348 Pup 2.4442 0.202 0.045 0.251 0.019
DM Lyr 1.5710 0.095 0.022 0.145 0.011 V795 Her 2.5982 0.237 0.051 0.276 0.020
UV Per 1.5574 0.081 0.019 0.137 0.010 V592 Cas 2.7614 0.197 0.042 0.270 0.019
AK Cnc 1.5624 0.121 0.028 0.157 0.012 TU Men 2.8128 0.225 0.049 0.286 0.021
AO Oct 1.5737 0.083 0.021 0.139 0.012 AH Men 3.0530 0.275 0.059 0.323 0.023
SX LMi 1.6121 0.114 0.026 0.158 0.012 DW UMa 3.2786 0.197 0.010 0.303 0.005
SS UMi 1.6267 0.118 0.026 0.160 0.012 TT Ari 3.3012 0.263 0.056 0.335 0.024
KS UMa 1.6310 0.083 0.020 0.143 0.011 V603 Aql 3.3144 0.242 0.044 0.327 0.020
V1208 Tau 1.6344 0.122 0.027 0.163 0.012 PX And 3.5124 0.278 0.060 0.356 0.025
RZ Sge 1.6387 0.102 0.023 0.153 0.012 V533 Her 3.5352 0.225 0.048 0.333 0.024
TY Psc 1.6399 0.114 0.025 0.159 0.012 BB Dor 3.5808 0.291 0.062 0.366 0.026
IR Gem 1.6416 0.116 0.032 0.160 0.015 BH Lyn 3.7380 0.246 0.053 0.356 0.026
V699 Oph 1.6536 0.070 0.017 0.136 0.011 UU Agqr 3.9259 0.197 0.041 0.342 0.024

the fit to systems with M, < Mpounce should yield an M,—R, relation
that corresponds to increasing orbital period with decreasing M,.
We will find below that that is indeed the case.

2.5 The optimal M,—R; relation for CV donors

Given our set of mass—radius pairs and the added external con-
straints, how can we obtain an optimal analytical description of the
overall M,—R; relation? This question is not as trivial as it may seem,
for two reasons. First, the external constraints (i.e. the measured val-
ues of Prn, Pgap,+ and M.,,) need to be imposed self-consistently
on fits to the M,—R, pairs. Secondly, the mass and radius estimates
for any given superhumper (along with their errors) are completely
correlated. This was already pointed out by P05 and is easy to see

from equation (6), which shows that R, M;/ ®. The masses and
radii of eclipsers are similarly correlated, since only ¢ and M, are
generally estimated directly from the light curve, with M, and R, be-
ing obtained indirectly in much the same way as for superhumpers.*
This correlation should be taken into account when fitting the data.

In Appendix C, we show how the standard x? statistic can be
modified so as to explicitly account for correlated data points, ex-
ternal constraints and intrinsic dispersion. When carrying out our
x? fits, we explicitly distinguish between three groups of CVs, each

4 We actually calculated our own R; estimates and errors for eclipsers from
the M1, M, and Py, values listed in table 8 of PO5; this ensures consistency,
i.e. all of the data satisfy the same period—density relation. As expected, our
numbers agreed very well with those in P0O5’s table 8.
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Figure 3. The mass—radius relation of CV donor stars. Bottom panel: points shown are empirical mass and radius estimates for CV donors. Superhumpers are
shown in black, eclipsers in red. Filled squares correspond to short-period CVs, filled circles to long-period systems, and crosses to likely period bouncers. The
parallelograms illustrate the typical error on a single short- or long-period CV. Open symbols were ignored in fits to the data since they correspond to systems
in the period gap or long-period (probably evolved) systems. The solid lines show the optimal fit to the data in the period bouncer, short- and long-period
regions. The dotted line is the mass—radius relation for main-sequence stars taken from the 5-Gyr BCAHO98 isochrone. Top panels: constraints on the power-law
exponents of the M»—R; relations in the three period/mass regimes. For each regime, we plot x2 versus exponent and indicate the x? corresponding to 1o,
20 and 30 around the minimum with horizontal dashed lines. The strange shape of the x2 curve for the period bouncers near the exponent % is real. It arises
because the intrinsic power-law relationship between M> and R; estimates has the same exponent. \

of which is fit independently with a power-law M,—R, relation: (i)
non-evolved long-period CVs (3.18 h < Py < 6 h); (ii) ‘normal’
short-period CVs (Poy, < 2.15 h and My > Myounce and (iii) period
bouncers (M, < Myounce)- The value of Mygunce is obtained from the
fit to short-period CV, as described in Section 2. In principle, this
could be an iterative procedure, since the value of Myoynce determines
which points are included in the fit. In practice, the fit to the short-
period systems is quite insensitive to the exact value, since the vast
majority of points lie well above any plausible estimate for Myounce-
For the optimal fit described below, we find Mpounce = 0.0626 M.

Remarkably, we find that the intrinsic radius scatter required by
the x? fits to the short- and long-period systems is only about 2—
3 per cent. For comparison, the typical statistical error is about 7—
8 per cent. This implies that the intrinsic dispersion is probably rather
poorly constrained by the data, but also that it cannot be more than
a few per cent. Thus there really is a unique evolution track that is
followed by almost all CVs. When other tracers are used to study CV
evolution (e.g. luminosity or period changes), the existence of this
track is often masked by variability on time-scales shorter than the
binary evolution time-scale (e.g. Biining & Ritter 2004). However,
donor radii are hardly affected by these short-time-scale effects and
thus faithfully trace the long-term evolution of M,

© 2006 The Author. Journal compilation © 2006 RAS, MNRAS 373, 484-502

Our final mass—radius relation for all three types of CV donors is
given by

0.2110-05

M
(0.110 £ 0.005) x ( 2 ) 010" eriod bouncers
bounce
R, _ My 0642002 9
- (0.230 £ 0.008) x ( ) short—period CVs ( )
Ry Meonv

My ) 0.67+0.04

(0.299 £ 0.010) x ( long—period CVs,

Mconv

where the three regimes are formally defined as (i) period bounc-
ers: My < Mpounce; (ii) short-period CVs: Mpounce < M2 < Mcony
and Py, < Pgyp —; (iii) long-period CVs: Mooy, < My < My and
Pgap.+ < Porp < Peyor. Forreference, let us also summarize the various
quantities that have been assumed
Mpounce = 0.063 = 0.009 M
Moy = 0.20 £ 0.02 My

Mot = 0.6-0.7 Mg

Puin = 76.2 £ 1.0 min

Pyap,—- =2.15£0.03h

Pyp,+ =3.18£0.04h

Peyol =~ 5-6h.

(10)
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Figure 4. Differential and cumulative orbital period distribution of CVs,
based on data taken from Edition 7.6 of the Ritter & Kolb (2003) catalogue.
Our adopted values for the minimum period and the period gap edges are
shown as vertical lines. The shaded regions around them indicate our estimate
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P05 did not derive a fit to the period bouncers, due to the sparse-
ness of the donor data in the substellar regime. We completely agree
with P05 that the fit is very poorly constrained for this group: only
five data points fall into this class in our sample, and only one of these
is clearly inconsistent with the M,—R; relation for ‘ordinary’ short-
period systems. The M,—R, relation in this regime is thus strongly
affected by our estimate for P, and by the parameters inferred
for short-period systems. These constraints ultimately decide which
points are included in the period bouncer class and also uniquely
fix Ry at Myounce- We have nevertheless provided the best-fitting pa-
rameters for this group, partly because we have no reason to distrust
these constraints, and partly because we want our semi-empirical
donor sequence to extend into the substellar (period bounce) regime;
we would therefore rather have an uncertain mass—radius relation
than none.

We also derive some confidence in our fit to the period bounc-
ers from the fact that the best-fitting mass—radius exponent in this
regime turns out to be less than 1/3 (at somewhat better than 20).
This is a critical value, because the effective mass—radius index of
the donor determines the sign of the period derivative of a CV. This
can be seen explicitly by combining Paczyniski’s (1971) approxi-
mation for the radius of Roche lobe filling secondaries

R 1/3
22 _ 0462 (L> (11)
a 1+¢

(which is valid for ¢ < 0.8) with Kepler’s third law to obtain
Py 35 —1M,
P, orb - 2 M2 '

12)

Here, M, < 0 is the mass-transfer rate from the donor, and £ is
the effective mass—radius index of the donor along its evolutionary
track. If the mass—radius relation along the track can be described
as a power law, & is simply the power-law exponent. Equation (11)
shows that the orbital period decreases for £ > 1/3, but increases for
£ < 1/3. With £ = 0.2173% for our period bouncers, these systems
appear to be evolving back towards larger periods — as they should,

since P, 1s supposed to be a minimum period along our donor
track.

3 THE LATE SPECTRAL TYPES
OF CV DONORS

We now turn our attention to the spectral types of CV donors, and
specifically to the SpT—P,, relationship. Ultimately, our goal will
be to test if donor models based on the M,—R; relations we have just
derived are capable of reproducing the empirical SpT—P, relation.
However, our immediate task in this section is mainly the construc-
tion of an updated compilation of spectroscopic SpT determinations
for CV donors. We will also carry out a direct comparison between
this sample and a sample of isolated MS stars. This will allow us
to establish the extent of any SpT discrepancy between CV donors
and MS stars as a function of orbital period.

3.1 An updated sample of spectral types for CV secondaries

B98 presented a compilation of 54 spectroscopically established
donor SpTs for CVs with P, < 12 h. Since then, many improved
and new SpT estimates have become available. We therefore felt it
was worth repeating their analysis in order to increase the reliability
and size of the donor SpT sample. Briefly, we extracted a list of all
SpT estimates for CVs with Py, < 12 h from the latest version of the
Ritter & Kolb (2003) catalogue (Edition 7.6). We inspected all of the
original references for these SpT's and rejected all purely photometric
SpT determinations, and also a few spectroscopic estimates that we
considered to be less compelling. In some cases, we also carried
out additional literature searches and adjusted the SpTs and their
errors to provide best-bet estimates based on all of the available
evidence. Where no new information was available, we generally
retained B98’s SpT estimates, with two noteworthy exceptions: we
were unable to find any reliable spectroscopic SpT determinations
for OY Car and QZ Aur in the literature. We therefore removed
these objects from our data base. Our final compilation is provided
in Table 2 and contains 91 SpTs.

3.2 A benchmark main-sequence sample

In order to assess the departure of CV donors from thermal equilib-
rium, we need a comparison sample of SpT's for MS stars. We use the
[M/H] ~ 0 sample compiled by Beuermann, Baraffe & Hauschildt
(1999, hereafter B99) for this purpose. This is based on source data
from Leggett et al. (1996, B99 Table 2) and Henry & McCarthy
(1993, B99 Table 3). Three unresolved binaries were removed from
the sample, and one missing spectral subtype (GD165B: SpT = L4)
was added from Leggett et al. (2001). In order to better cover the
late-M and L dwarf regime, we also added a few late-type, solar
metallicity objects from Leggett et al. (2001). These again included
some unresolved binaries, but since data are so sparse in this regime
we did not reject these objects outright. Instead, we use these bi-
naries only for calibrating the SpT — (I — K) relation (see below),
where blending of objects with similar SpT should not introduce
any serious errors. Finally, we also added the Sun (SpT = G2) and
GI134A (SpT = G3) as calibrators, in order to extend the MS sample
into the G-dwarf regime. SpT's and absolute magnitudes for these
two objects were taken from B98. Overall, however, we prefer the
B99 MS sample to that used by B98 since probable low-metallicity
objects have been removed from the former.

In addition to providing an empirical comparison sample for CV
donors, the MS sample is also useful for testing and calibrating the
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Table 2. Spectral types of CV donors. This table is an update of the compilation provided by B98. It is based, in
the first instance, on the SpT estimates contained in the latest version (Edition 7.6) of the Ritter & Kolb (2003)
catalogue. However, all original source material was inspected, and only spectroscopically determined SpT's that
were deemed reliable were accepted. In some cases (e.g. where more than one SpT estimate was available in the
literature), the adopted SpT's and/or errors were adjusted to provide best-bet estimates based on all of the available

evidence.

System Pory (h) Spectral type System Porp (h) Spectral type
RXJ1951 11.808 MO + 0.5 GY Cnc 4.211 M3+1

UY Pup 11.502 K4 +2 SDS J2048 4.200 M3+ 1
V442 Cen 11.040 G6+2 V1043 Cen 4.190 M2.5 + 0.5
DX And 10.572 KO+£1 SDSS J0924 4.056 M35+ 1
AE Aqr 9.880 K4+1 DO Dra 3.969 M4.25+ 0.7
IRXS J1548 9.864 K2+2 UU Aql 3.925 M4+ 1

AT Ara 9.012 K2 +0.5 CN Ori 3917 M4 £+ 1

RU Peg 8.990 K2.5+0.5 KT Per 3.905 M33+1
GY Hya 8.336 K4.5+£0.5 CY Lyr 3.818 M3.25+ 1.25
CH UMa 8.236 K6.5+ 1.5 VY For 3.806 M4.5+ 1
MU Cen 8.208 K4+1 IP Peg 3.797 M4 £ 0.5
BT Mon 8.012 G8£2 QQ Vul 3.708 M4 £ 0.5
V1309 Ori 7.983 MO0.5 £ 0.5 WY Sge 3.687 M4+ 1
V392 Hya 7.799 K55+0.5 RX J0944