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Abstract. The bulk viscosity of the neutron star matter duag neutron stars and, therefore, could be important for deter-
to the direct Urca processes involving nucleons, electrons amihation of the maximum rotation frequency of neutron stars.
muons is studied taking into account possible superfluidity bf the absence of viscosity all rotating neutron stars would be
nucleons in the neutron star cores. The cases of singlet-sthigen unstable by the emission of gravitational waves. Viscous
pairing or triplet-state pairing (without and with nodes of thdamping timescales enter explicitly the criteria for the appear-
superfluid gap at the Fermi surface) of nucleons are consideraadce of these instabilities. Similarly, as in pulsating non-rotating
It is shown that the superfluidity may strongly reduce the bubleutron stars, viscous damping of gravitational radiation driven
viscosity. The practical expressions for the superfluid reductiorstabilities in rapidly rotating newly born neutron stars is dom-
factors are obtained. For illustration, the bulk viscosity is calRated by bulk viscosity of neutron star interiors (e.g., Lindblom
culated for two models of dense matter composed of neutrdh895, Zdunik 1996, Lindblom et al. 1998).

protons, electrons and muons. The presence of muons affectdn this paper, we focus on the viscosity of matter in the
the bulk viscosity due to the direct Urca reactions involvingeutron star cores (which extend from the layers of density
electrons and produces additional comparable contribution gue: 1.5 x 104 g cm—3 to the stellar centers). It is well known

to the direct Urca reactions involving muons. The results can that the cores consist of baryons (neutrangrotonsy and pos-
useful for studying damping of vibrations of neutron stars witkibly hyperons) and leptons (electrarand muong:). All con-

superfluid cores. stituents of matter are strongly degenerate fermions. The elec-
trons and muons form almost ideal Fermi gases. The electrons
Key words: stars: neutron — dense matter are ultrarelativistic while the muons may be non-relativistic or

relativistic depending on density. The nucleons are, to a good
approximation, non-relativistic and constitute strongly interact-
ing Fermi liquid. At the densities close to the normal nuclear
density (baryon number density, = 0.16 fm—3 which corre-
The dissipative processes in neutron stars play an important rp@nds to the mass densjiy = 2.8 x 10'4 gcm3), neutron
for some dynamical properties of these unique objects. Shetr matter is composed af p, e, and . At higher densities
viscosity damps differential rotation of neutron stars, leading fp = (3—4) pg] some models of dense matter predict appear-
their uniform rigid-body rotation. Quite generally, the viscositgnce of hyperons. At still higher densities, some calculations
of neutron star matter implies damping of pulsations of neindicate possible presence of exotic phases (pion condensate,
tron stars. Such pulsations could be excited during the prockasn condensate, deconfined quark matter). We will not con-
of neutron star formation. They could also be triggered by isider the hyperonic or exotic phases but restrict ourselves to the
stabilities appearing during neutron star evolution, or by sorsidy of thenpeu matter.
external perturbations. The corresponding damping timescalesOur analysis is additionally complicated by possible super-
involve the shear and bulk viscosities of neutron star interidiuidity of nucleons in the neutron star cores. The superfluidity
Both viscosities depend on density, temperature and comj®thought to be produced by Cooper pairing of nucleons due
sition of dense matter. Calculations of damping timescalestofattractive parts of nucleon-nucleon interaction. The superflu-
pulsations for various models of neutron star interiors have bedity of nucleons in the neutron star cores has been the subject
done by Cutler et all_(1990). Viscous damping of pulsations of numerous papers (as reviewed, for instance, by Yakovlev et
newly born hot neutron stars turns out to be due to the budk [1999). Various microscopic theories predict very different
viscosity. superfluid gaps (critical temperaturgs, and7,,) of neutrons
Another role of the viscosity of neutron star matter is thaind protons depending on specific model of strong interaction
it can damp gravitational radiation driven instabilities in rotaemployed and specific many-body theory used to account for
medium effects. However, all these results have important com-

1. Introduction
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mon features. In particular, the proton pairing occurs mainly Wrca processes lead to tfest cooling of neutron stars. If al-
the 1S,-state since thep interaction is attractive in this statelowed, the direct Urca processes produce the main contribution
everywhere in the neutron star core due to not too high numireto the bulk viscosity we are interested in.
density of protons. As for the neutrons, their interaction in the However, for many equations of state the direct Urca pro-
1S, state turns from attraction to repulsion at densiti€z p, cesses are forbidden by momentum conservation at any den-
but the interaction in théP, state may be attractive and maysity in the neutron star cores. Moreover, they are prohibited at
lead to Cooper pairing. The critical temperatufes and7, p < 3 po for the majority of equations of state. In such cases,
in the neutron star cores predicted by different microscopic thtbey do not operate in the low and medium-mass neutron stars
ories depend on density and scatter in a wide range from abantl in the outer cores of all neutron star models constructed
108 to 10'° K. Under these conditions we will not rely on anyusing these equations of state. If so, the bulk viscosity is deter-
specific microscopic theory of nucleon superfluidity, but wilinined by the the reactions of the modified Urca processes
treatT,,, and7,, as free parameters.

The viscosity, we are interested in, is wellknownto consigt+ N - p+ N +1+7;, p+N+Il—=n+N+y, (2)
of the shear viscosity and bulk viscosity. The standard source
of the shear viscosity of the neutron star matter is scatterig@ereN is an additional nucleon required to conserve momen-
between its constituents. Classical calculations of shear viscgfin of the reacting particles. For instanceripe matter one
ity for the npe model of non-superfluid matter were done byas two modified Urca processes correspondiny te: » and
Flowers & Itoh (1979) Their results were used in the studiesp]f = p, respective|y, which can be referred to as the neutron
damping of neutron star pulsations by Cutler etal. (1990). Inta@d proton branches of the modified Urca process (e.g., Friman
superfluid core of a rotating neutron star, there is an additiom@Maxwell 1979, Yakovlev & Levenfish 1995). The rates of the
viscous mechanism, called mutual friction, resulting from thﬂodmed Urca processes are typ|ca||y 3-5 orders of magnitude
scattering of electrons off the magnetic field trapped in the corniggver than the rates of the direct Urca processes. The modified
of superfluid neutron vortices (Lindblom & Mendell 1995).  Urca processes either have no density threshold (as the neutron

The bulk viscosity may partly be determined by particle scagranch innpe matter) or have much lower density thresholds
tering. However, this component of bulk viscosity is usuallhan the direct Urca processes. Thus they operate in the entire
much smaller than the shear viscosity (e.g., Baym & Pethigleutron star core. If the direct Urca processes are forbidden and
1991). The main contribution into the bulk viscosity of suffimatter is non-superfluid, the modified Urca processes produce
ciently hotnpep matter comes from the neutrino processes @e main neutrino emission from the neutron star cores leading
Urca type associated with electron and muon emission and cgpslow (standard cooling of neutron stars. Their role in the
ture by nucleons. We will focus on such bulk viscosity. Genegeutron star cooling theory has been studied in many papers
ally, the neutrino processesin question are divided intditeet  (see, e.g., Yakovlev et al._1999, for review).
Urcaand themodified Urcgprocesses. A direct Urca process is  Thus, the problem of calculating the bulk viscosity due to
a sequence of two reactions (direct and inverse one) and cambgtrino processes is quite complicated: there are several neu-
written as trino processes involved influenced by possible nucleon super-
1) fluidity. So far the bulk viscosity has been studied only for non-

superfluidnpe matter. The viscosity due to the neutron branch

wherel is either electron or muon, ang is an associated neu-of the modified Urca process was analyzed by Sawyer (1989)
trino. The most important is the process (Lattimer et al. 199%hile the viscosity produced by the nucleon direct Urca pro-
involving electrons (= ¢); it consist of the beta decay of neucess was considered by Haensel & Schaeffer (1992). The ef-
tron and subsequent beta capture. It should be emphasizedfies of superfluidity have not been analyzed for the problem of
the both direct Urca processes are forbidden by momentum cbakk viscosity but studied thoroughly for the neutrino emissivity
servation of reacting particles for the simplest model of denpeoduced in different reactions (e.g., Yakovlev ef al. 1999, and
matter as a gas of noninteracting Fermi particles (e.g., Shapieterences therein).
& Teukolsky[1983) at any density in the neutron star cores.  The relative importance of the bulk viscosity produced by
Nevertheless they are allowed (Lattimer et al. 1991) for someutrino reactions with respect to the shear viscosity produced
realistic equations of state at densities higher than some thrash-collisions can be estimated by comparing the results by
old densities (of severaly). Thus, the direct Urca processeSawyer|[(1989) and Haensel & Schaefier (1992) with the values
may be open in the inner cores of rather massive neutron stafg¢he shear viscosity calculated by Flowers & I1tbh (1979). The
The threshold density for the muon process is always highmmparison shows that the neutrino bulk viscosity dominates in
than for the electron one. the neutron star cores for temperatufeg, 108 K if the direct

If allowed, the direct Urca processes produce the most poldrca processes are switched on andfog, 10° K if the di-
erful neutrino emission from the neutron star cores (Lattimermetct Urca processes are forbidden. In superfluid matter, the bulk
al.[T991). Corresponding neutrino emissivities were calculateidcosity can be even more important.
by Lattimer et al.[(1991) and used in numerous simulations of In this paper, we consider the bulk viscosity produced by the
the neutron star cooling as reviewed, for instance, by Yakovldirect Urca processes pep matter of the neutron star cores.
et al. (1999). In the absence of nucleon superfluidity, the dirdntanalogy with the effects of superfluidity on the neutrino emis-

n—p+l+y, p+l—=n+tuy,
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sivity, we will analyze the effects of superfluidity of nucleonsgheir instantaneous equilibrium values, producing non-zero dif-

on the bulk viscosity. ferences of instantaneops:

Ne = Hn — Hp — Hes  Np = Hn — Hp — Hp- 3)
2. Bulk viscosity in non-superfluid matter This causes an asymmetry of the direct and inverse direct Urca
2.1. Bulk viscosity impep matter reactions, and, hence, slight deviations from the chemical equi-

librium. The asymmetry, calculated in theear approximation
Consider the bulk viscosity produced by the direct Urca procegfih respect tay;, is given by

(involving muons and electrons) in non-superflujeby matter. B
Due to very frequent collisions between particles, dense — 't = — A\, (4)

llar matter should ver ickly (instantan ly on macro, - e .
ste a _atte should ery quickly (. sta .t'a €Ously on mac \9vhere>\l are the coefficients specified in Sect. 2.4 for the direct
scopic time scales) achieve a quasi-equilibrium state with ¢

tain temperatur@ and chemical potentials; of different par- ?Jrca reactions. Microscopic calculation (Sect. 2.4) yields=

ticle species = n, p, e, . Typically, all particle species are)‘“' In this paper, we will restrict ourselves to the cage < T

strongly degenerate. We assume that the matter is transpa&{]:t Z’r 71)'98%[;;5(?22"222;;? rlr?attrt]:r Sﬁgiea;,;;az;isne: d by
for neutrinos, which therefore do not contribute to the thermg- Wyerl € ' !

: " In this way is negative.
dynamical quantities. The non-equilibrium Urca reactions provide the energy dis-
A quasi-equilibrium state described above does not mean q P gy

) A . _sipation which causes damping of stellar pulsations. Accord-
full thermodynamic equilibrium. The latter assumes addition ly, they contribute to the bulk viscosity of matter, Using

AR : in
ally the equilibrium with respect to the beta and muon deczmg o ; . .
and capture processes. We will call it ttteemical equilibrium e.standard deflnltlon of the bulk viscosity, the energy d|s§|—

: ; L ; ation rate per unit volume averaged over the pulsation period
Relaxation to the chemical equilibrium depends drastically o

given equation of state and local density of mattétis realized = 27/w can be written as
either through direct Urca or modified Urca processes (Sect. 1). P 2 2
>_—% / dt (divw)? = — & (”bl> (5)
0

Consideration of this subsection is valid for all Urca processé€kin 9
although the practical expressions (Sects. 2.3-2.4) will be ob-
tained for the direct Urca processes. wherew is the hydrodynamic velocity associated with the pul-
The Urca processes of both types, direct and modifieghtions. The latter equality is obtained from continuity equa-
are rather slow. Although the chemical relaxation rate depen@s for baryons,n, + nydive = 0 (pulsations do not
strongly on temperature, in any case it takes much more tiigange their total number), which yieldBv v = —1i, /nyy =
(from tens of seconds to much longer time intervals) than the(ny; /nyo) sin wt.
rapid relaxation to a quasi-equilibrium state described above. The hydrodynamic matter flow implied by the stellar pul-
Therefore, a neutron star can be in a quasi-equilibrium, but reattions is accompanied by the time variations of the local pres-
in the chemical equilibrium, for a long time. sure,P(t). The dissipation of the energy of the hydrodynamic
If the chemical equilibrium is achieved, then the chemicahotion is due to irreversibility of the periodic compression-
potentials satisfy the equalitig = 1, + 1 andu, = p,+p,, decompression process. Averaged over the pulsation period, this
which imply n. = p,,. Under these conditions, the rates of thdissipation rate in the unit volume is
direct and inverse reactioris; andI’; (I = e or ), of any Urca .
process are equal. ég’dm> — f@/ dt PV. (6)
Let us assume that the neutron star undergoes radial pul- P Jo
sations of frequency. Associated temporal variations of the ] ] . ]
local baryon number density will be taken in the form = For a strictly reversible proceséﬁdiss> = 0. However, in our
nyo + N1 cos wt, whereny, is the pulsation amplitude and,, case the quantitie® andV” follow variations ofn,, in different
is the non-perturbed baryon number densiity (| < ny0). We ways. The specific volumg = 1/n; varies instantaneously as
assume further that,, corresponds to the chemical equilib+;, varies, i.e., the oscillations 6f andn,, are in phase but the
rium. This chemical equilibrium is violated slightly in pulsatfressure varies with certain phase shift2fre,, matter at quasi-
ing matter. If the pulsation frequeneywere much smaller than equilibrium the pressure can be regarded as a function of four
the chemical relaxation rates, the composition of matter woutdriablesn;, X., X,,, andT'. Variations ofI" are insignificant,
follow instantaneous values of,, realizing the chemical equi- for our problem, and may be disregarded. Thus, it is sufficient
librium every moment of time. to assume thaP = P(ns, X., X,,). Variations of the pressure
In reality, the typical frequencies of the fundamental mod@ntain the terms oscillating with shifted phases due to the lags
of the radial pulsationsy ~ 103-10* s=!, are much higher of X. and X,,.
than the chemical relaxation rates. As a result, the partial frac- Let us evaluate the integrall (6). We haiie= —, /nd, =
tions X; = n;/n, of all the constituents of dense matter are (n,1/nZ,) sinwt. Thus the only terms i contributing into
almost unaffected by pulsations (i.e., almost constant). Owitltge energy dissipation are those which are proportional to
to the slowness of the Urca reactions, these fractions lag behindwt. At this stage it is convenient to use the formalism of

b0
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complex variables and writ®® = P, + Re{P; exp(iwt)}, Here we have taken into account thanddoP/0X,; are nega-
X, = X0 + Re{X}1 exp(iwt)}, where Py and X, are the tive and presented the viscosity in the form which clearly shows
equilibrium quantities whilé’; andX;; are small complex am- that(; is positive. The expression fgf was obtained by Sawyer

plitudes to be determined. We have (1989). Let us emphasize that the viscosity we deal with has
meaning of a coefficient in the equation that determines the

oP oP oP : . )

P=|—)nn+ |55 ) Xa+ |55 ) Xus (7) damping rate of stellar pulsations averaged over pulsation pe-
Ony 0Xe X riod (and it cannot generally be used in exact hydrodynamical

where all the derivatives are taken at equilibrium. The real pgquations of fluid motion). o o

of P contains the terms witkin wt provided the amplitudeX Therefore, in the high frequency limit, which is the most

have imaginary part. important in practice, the bulk viscosityis a sum of the partial

The change of the lepton fractio¥j, is determined by the Viscosities(. and(,, produced by the electron and muon Urca
difference of the direct and inverse reaction rates given Byocesses, respectively. This additivity rule greatly simplifies
Eq. (@). The quantityy, in the latter equation varies near itgvaluation ofl. The values 00 P/0X; anddn, /on, are deter-
equilibrium valuen;y = 0 asm; = mo + Re{m1 exp(iwt)}, MmMined by an equation of state as described in Sects. 2.2 and 2.3.

where The factors)\; are studied in Sect. 2.4 for the direct Urca reac-
on, on, o tions. The results of analogous consideration for the modified
=== X. X1, 8) Urca reactions will be published elsewhere.
m1 <3nb>nbl+<8Xe) 1+(8XH> ul (8) p

and all the derivatives are again taken at equilibrium. Combining, partial bulk viscosity
the expressiomyX; = I'; — I'; with Eq. (4) and using the . _ . _ .
formalism of complex variables we obtain the two equationét us discuss briefly how to calculate the partial bulk viscosity

X = —Ximu/(iwny) (for I = e andy). These two equations of_ npey matter for a given equation of state. All _the q_u_an_ti-
supplemented by Eq.](8) constitute a system of equations whitst$ in this section and below are essentially (quasi)equilibrium
solution is values. Thus we will omit the inde for brevity.
. Since the electrons and muons constitute almost ideal gases,
. Np1 C (Blll' +1 Ozl/) — Cy By .
Xp=— , : , (9) the matter energy per baryon can be generally written as
npo (Bu +ioq)(Bry +iay) — By By
E = En(ny, Xp) + XcEe(ne) + X, Eu(ny), (14)

wherel’ £ [ anda; = w ny/A;- In@analogy with Sawyer (1989)
we have introduced the notations:

8171 8771

where En (ny, X,,) is the nucleon energy per baryol,, =
n,/ny is the proton fraction, and; (n,;) is a lepton energy per

By = . Oy = npo —2. (10) one lepton{ or i). The latter energy is determined by the lepton
Xy Iny number densityp;. Owing to charge neutrality, we havg, =

Note that all the derivatives are taken at equilibrium. In the af + X .

sence of muons from Eq.J(9) we havg,; = 0 and X, = The neutron and proton chemical potentials are given by

—(np1/n0) Ce/(Bee +icr ). This is the well known limit con- #n = O(npEn)/0n, andpu, = 0(nyEn)/0n,. The deriva-
sidered by Sawyef (1989) and Haensel & Schaeffer (1992). tives should be taken using, = X, n, andn,, = (1 - X,) n,.

Generally, Eq{9) is quite complicated. However, in practhis givesu, — u, = —0EN/0X,. The chemical potentials
cal applications stellar oscillations are always much more fref electrons or muons arg; = (mic* + p%lCZ)l/Q, where
quent than the beta and muon reaction ratég,(0X;| < pp = h (372 nl)l/?’ is the Fermi momentum. Therefore, the
wnpo/|N]) and it is sufficient to use the asymptotic form of thefifference of chemical potentials is

solution in thehigh-frequency limitin this limit the imaginary 8 Ex(ny, X,)
part of X;; is related to the amplitude,; as m = —T’p - - (15)
p
Im { X} = 1 A O _ (11 _ Now let us ca!culat«le from E.q. [10). The derivative q_fl
npo W Ony with respect tay, is evaluated using; = X;n;. The result is
Combining this equation with that fdr (see above) and in- ~ _ . PEN(m, Xp) oy (16)
serting into Eq[(B) we get the dissipation rate of mechanical b ony 0X,, 3
energy Using Eq.[(1#) and the standard thermodynamic relations we ob-
2 2 tainthe pressur® = Py +P.+P,,wherePy = ni Ex /O,
: N OP 0 . M b
<€diss> = % (111,1) Z —12 £yl 8—771 (12) is the nucleon pressure, whife. and P, are the well known
b0 “ 1O partial pressures of free gaseseoéind 11, respectively. Direct
. L . sy _ - calculationsyield®P/9X; = —ny, C;. Inserting this derivative
Finally, bearing in mind that&yn) = —(faiss), from Eq.[I3) and using the definition 6f we come to a very
Egs. () and[(T2) we have the bulk viscosity . .
simple equation
_ M| | oP | Om M| s
C=Cet G Q=3 9% | ony (13) G =5 CF (17)
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Thus, a partial bulk viscosity; is expressed through the two(models | and Il) in the cores of neutron stars. The effective
factors,C; and )\;. Calculation ofC; is discussed in Sect. 2.3,masses of nucleons, renormalized by the medium effects, will
while )\; is analyzed in Sect. 2.4. be set equal to 0.7 of their bare masses (the same values will be
adopted in all numerical examples below). The equations of state
I and Il obtained in this way are moderately stiff. The maximum
neutron star masses for models | and Il &g, = 1.72 Mg

For illustration, we use a phenomenological equation of statrd1.74 M, respectively.

proposed by Prakash et dl. (1988). According to these authorsThe equilibrium fractions of muons and electrofs, and

the nucleon energy is presented in the familiar form (neglectiid., can be obtained as numerical solutions of the set of the

2.3. lllustrative model ofipeys matter

small neutron-proton mass difference) chemical equilibrium equations at given:
1 .
En(ny, X,) = Eno(ng) + S(np) (1 — 2X,)?, (18) x, = 5 AXV3 X,
where Eno(n) = En(ny, X, = 1/2) is the energy of the 25 x5 m2 ¢ o 22)
symmetric nuclear matter ani{n;) is the symmetry energy. e 1 12 (37%n )2/3 =
From Eq.[1Ib) at equilibriums{ = 0) we immediately obtain by Sb
= 4(1 — 2X,)S(ny), and from Eq.[(T6) we have where A = Tfic(37%n;)'/3/(8 9). If the muons are absent
(X, = 0), the second equation should be disregarded, while the
G = 4(1-2X,)n das  pgy the first one determines the equilibrium composition of matter
! P Ay 3w 1\1/3 1\ 1/3
q 2,2 Xel/3_<\/5+> —(\/5—> ; 23
— (12X my~— () PR (19) 4 1 (23)
dn, \1-2X, 3

whereD = (A3/27)+(1/16). Atgivenn, the equilibrium frac-
This is the practical expression for evaluatitig The factorC; tion of electrons impeyu-matter is always smaller than it would

is not affected by a possible nucleon superfluidity which hasa in npe matter, while the equilibrium fraction of protons is
negligible effect on the equation of state. The relative effect afways higher. The threshold of muon appearance is determined
the superfluidity on the energy per nucleomuis(A/uy)? ~ by the conditionu, = m,,¢2. For models | and I1, the muons ap-
10~*-10~?, whereA is the superfluid energy gap, apd; is pear at the baryon number density 0.150 frand 0.152 fmr3,

the nucleon Fermi energy. respectively.

In accordance with Eq$.(1L9) arid {17), the bulk viscosity is  In Fig. 1 we plot the factor€’. (n;) (solid lines) and”, (n)
determined by the symmetry energyn,). At the saturation (dot-and-dash lines) which determine the bulk viscosity for
densityny = 0.16 fm~3 the symmetry energ$, = S(ng) models |and Il. The dotted lines shawy(n;) for the simplified
is measured rather reliably in laboratory (e.g., Moeller et ahodels | and Il in which appearance of muons is artificially for-
1988) but at highen, it is still unknown. Prakash et al. (1988)bidden. These results coincide with those obtained by Sawyer

presenteds(ny) in the form: (1989) and Haensel & Schaeffer (1992). They coincide also
™ with the solid lines at densities below the thresholds of muon
S(np) = 13MeV [U 3 F(U)} + SoF(u), (20) appearance but go above the solid lines at higher densities (the

presence of muons affects fractions of electrons and protons).
whereu = ny/no, So = 30 MeV, and F'(u) satisfies the con- as for the factorC), (n,), it appears in a jump-like manner at
dition F(1) = 1. They proposed three theoretical models (I, khe muon threshold, initially exceeds (n,) and then tends to
and 1l for F'(u): C.(ny) with increasing density.

2 u?

Fi(u) =w, Fu(u) = 1 Fiu(u) = v, (21) 5 4. practical expressions for the bulk viscosity:p matter

and three models faEyo(np) in Eq. (I8). We do not discussNow let us calculate the factay, which enters the bulk viscos-
the latter models here because they are not required to calcuityt§L7) and determines the asymmefry (4) of the rates of direct
the particle fractions and the bulk viscosity as a functionof and inverse reactions of the direct Urca processegdp mat-
Following Sawyer[(1989) and Haensel & Schaeffer (1992) wter. In the absence of superfluidity, the rate of a direct reaction
will use models | and II, for illustration. Model | gives lowerproducing a leptoris given by ¢ = ¢ = kg = 1)
symmetry energy and accordingly lower excess of neutrons over 9
. d3 . d3 d3

protons. In contrast to the above authors we will allow for ag, — H Dj D Dy (1= fo)
pearance of muons. (2m)3 | 2g(2m)* 2¢,(2m)3 '

The three models faE n (ny,) correspond to three different
values of the compression modulus of symmetric nuclear matter X (1 — £o)(2m)26(Ey — Ei)5(Py — Pi) > [MJ?, (24)
at saturationKy=120, 180 and 240 MeV. If, for instance, we spins
take models | and Il of(n;) and the model offxo(ny,) with  wherep; is a nucleon momentunj = 1 or 2),p, ands; are, re-
Ky = 180 MeV, we have two model equations of state of mattapectively, the lepton momentum and enejgyande,, are the

Jj=1
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300 SRR A AR A Hence the squared matrix element is constant and can be taken
C ] out of the integral. Further procedure consists in the standard
C | I ——14 energy-momentum decomposition of the integration in[EG. (24).
250 — — i )
C ) It yields:
.. 200 - o - Ly=Tol; I = / dz = / dz,, dzp dzy f(zn) f(2p) f(220)
® B ] :
2 150 | E X (entapta -, +E).  (27)
o} - We have transformed all the blocking factqis— f(x)) into
100 & - the Fermi-Dirac functiong(z) by replacingz — —z. The
C ] prefacto’y is given by (returning to the standard physical units)
50 | Ce . _ GPH36R) e
F R C., nomuons - To = 475 K10 3 My M M (kT)” Onpi
Fo - 1/3
0 A_LJ111111111}111111111}1111111lllllll _ 32mnmp ne 5 73‘71
ny,/1g Here, Ty is temperature in units of0° K; m;, andm are,

Fig. 1. Linear response of chemical potential difference to baryon nufgSPectively, the effective masses of neutrons and protons in
ber density perturbatiois;; = n, dn; /9y, versus the baryon numberdense matter (which differ from the bare nucleon masses due

densityn,, for two model equations of state proposed by Prakash & the in-medium effects). Moreover, we have definetl =

al. (1988) and discussed in the text. Solid curves correspohe-te,  fi./c? ~ pr./c andm;, = i/ c* =~ pre/c, for leptons. The

while dot-and-dash curves to= . Dotted lines present’. for the step functior®,,,,; equals 1 ifthe direct Urca process is switched

simplified models of matter without muons. on and equals 0 otherwise (Sect. 1). The direct Urca process
of study is switched on if the Fermi momenta of the reacting

neutrino momentum and energy,E; — E;) andd(P; — P;) particles satisfy the inequalityt,, < (prp + pri) (Lattimer et

are the delta functions, which conserve enefggnd momen- al.[1991).

tum P of the particles in initial {) and final (f) states|M|? is It easy to show that the raig of the inverse reaction of the

the squared matrix element of the reaction, @nid an appro- direct Urca process (lepton capture) differs from the rate of the

priate Fermi-Dirac functionf; = {1 + exp [(e; — s)/T]}~'. direct reaction, given by Eq{24), only by the argument of the

Eq. (22) includes the instantaneous chemical potentig{s= delta function in the expression fér(one should replacg¢ —

n, p, 1) and does not generally require the chemical equilibrium-¢ there). Therefore, the difference of the lepton production

For further analysis we introduce the dimensionless quardird capture rategl(4) can be written as

ties: I, -T; = oAl (29)
Al = /Oodxl, 22 [J(x, — &) — J(x, +€)], (30)
0

Ei — M Ev m
= — = — 2

T I xl/ T i E T ) ( 5)
where the chemical potential differenge is determined by
Eq.@). Thus, the delta function in EG24) takes the forifhere
§(Ef — Ei) = T~ 6(wy — ) — we — 1, + §), Where =0 y.y _ /d de. d
for chemical equilibrium. (@) J G G e J(@a)f(@p)f(@e)

Multidimensional integrals in Eq.(24) are standard (see, X0 (Tp +xp +xe — ). (32)
e.g., Shapiro & Teukolsky 1983). ER.{24) is simplified takmﬂw a non-superfluid matter, which we consider in this section,

into account that nugleons a_md _Iept.dr(s anqu ) are strongly the functionJ(z) is calculated analytically
degenerate. The main contribution into the integral comes from

the narrow vicinities of momentum space near the Fermi Suf ) = m° + 2 (32)
faces of these particles. The momenta of nucleons and Ieptoés

Ty =

2(1+e7)’
(e or 1) can be set equal to their Fermi momenta in all smooth \yie see that the differende{29) of the non-equilibrium rates

functions. The squared matrix element summed over the sgifine direct Urca reactions in normal matter is determined solely
states and averaged over orientations of the neutrino momegfane parametef = /7. Moreover, the integral (30) is taken

1S analytically for any¢:
D IMP =G (7 +393). (26) 177 0 o, 1
spins Al = W gf(f), ’7:(5) =1+ 1771_2 5 + 177‘(‘4 g . (33)

Here,G = Gr cosfc, Gr = 1.436 x 10~*7erg cn?¥ is the This relation, with account for Eq§](4) afid(30), gives the factor
Fermi weak coupling constanf;, ~ 1 is the vector normal- \:
ization constantg, = 1.23 is the axial vector normaliza- Ty AI

tion constant, andc is the Cabibbo anglesin 6 = 0.231). Al = T ¢ (34)
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26.0 oo for models | and IlI, respectively). This time it is associated
with switching on the muon direct Urca process, where muons
participate by themselves. The contribution of the muon direct
Urca into the bulk viscosity is even larger than the contribution
of the electron direct Urca. The total bulk viscosity exceeds the
bulk viscosity innpe matter. This is natural: the muonsintroduce
additional non-equilibrium Urca process which makes stellar
matter more viscous.

Finally, let us discuss practical calculation of the bulk vis-
cosity. A user possesses usually number densities of different
particles for any given equation of statergfe, matter. This in-
formation is sufficient to calculate factots numerically from
the second equality in Eq.(19). Other density dependent quan-
tities which enter the expressions for the bulk viscosity are also
expressed through the number densities. Thus, the evaluation of
ny/n the bulk visco_sity for any equati_on of state is not a problem.

b/ 0 For our illustrative equations of state the functions
Fig.2. The bulk viscosityC, for models I and Il of non-superfiuid qi(ns)=(n1/10)/® (Ci(ny) /100 MeV)?2, which enter EqL(35),
npey matter (solid lines) induced by the non-equilibrium direct Urcaan be fitted by simple expressions
processes involving electrons and muons versus the baryon number ) 3
densityns, for T = 10°K andw = 10*s™*. Dotted lines show the ¢ = @o + a1 v+ az u” +azu”, (36)

same bulk viscosity but for the simplified models of matter without .
MUONS y P whereu = ny/ng < 15, ng = 0.16 fm~2, and the maximum

error < 0.5%. The fit parameters arap = —0.3849, a; =

. . . 0.3338, as = 0.0375, a3 = —0.00098 for [ = e and model
Inthis paper, we do not consider large deviations from the chem-aO — —0.3396, a; = 0.4334, ay = 0.0293, a3 = —0.0007

ical equilibrium. We restrict ourselves to the deviatiopis< ' ¢, _ u and model Lag = —1.0491, a; — 1.1788, ap —

for which F(£) = 1. , 0013, as = 0.00044 for I = ¢ and model ll:ag = —0.844,
Finally, combining Eqs[(17) and{(B4), we obtain the partl%l1 — 1.2715, as = —0.02023, a3 = 0.000675 for { = » and

bulk viscosity ofnpep matter(; = ;o (subscript O refersto non- model 1.

superfluid matter), induced by a non-equilibrium direct Urca On the other hand, the baryon number number density as a

process foin| < T function of mass density (for the model equations of state with

)1 w=10"s"
T=10"K

,,,,,,,,, no muons

\\\\“\\ ‘\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\1

1 2 3 4 5 6 7

oo

17G2(1+34%)C2 . ., . . the compression modulus, = 180 MeV) can be fitted as
ClO = 2407 h103 2 M, mMyMe (kBT) 6)”;01
13 np = no bip/(po + bap), (37)
mk my ((ne
= 8.553 x 10** o m—” (no> whereb; = 1.057 andb, = 0.0322 for model I;b; = 1.059 and
CT’L " by = 0.0343 for model Il. The maximum fiterror i 0.9%, and
1 _ 14 —3 i
X T — < l ) Opp gem s, (35) Po= 2.8x10" gem . Thesg equations allow oneto calgulate_
wi \ 100 MeV the bulk viscosity as a function of mass density as required in

wherews = w/(10*s71). Fig. 2 shows the total bulk viscositypracnc‘r’lI applications.

Co = Ceo + Cuo Of non-superfluid matter versus nucleon density

ny. We have used models | and Il apep. matter described in 3. Bulk viscosity of superfluid matter

Sect. 2.3. The dotted lines show the bulk viscosity for the sing- .

plified models in which the muons are absent (cf. with Fig. %’1 Superfluid gaps

The latter results coincide with those reported by Haensel Superfluidity of nucleons in a neutron star core may strongly

Schaeffer((1992). affect the bulk viscosity. Neutrons are believed to form Cooper
The results for models | and Il are similar. The bulk viscositgairs due to their interaction in the triplet state, while protons

due to the direct Urca processes is switched on in a jump-likeffer singlet-state pairing (Sect. 1). While studying the triplet-

manner at the threshold density at which the electron direct Ustate neutron pairing one should distinguish the cases of differ-

process becomes operative (this happeng=a0.414 fnr3 and ent projectionsn ; of nn-pair moment onto a quantization axis

0.302 fnm 3, respectively). The presence of muons lowers the(see, e.g., Amundsen and @stgaard 1985);| = 0, 1, 2.

threshold density (mainly due to increasing the number densitiie actual (energetically most favorable) statewofpairs is

and Fermi momenta of protons). On the other hand, the muan@ known being extremely sensitive to the (still unknown) de-

lower the bulk viscosity produced by the electron direct Urdails of nn interaction. One cannot exclude that this state varies

process (by decreasimg). At largern;, the total bulk viscosity with density and is a superposition of states with different

suffers the second jump (at = 0.503 fnT2 and 0.358 fm®  We will consider the’P,-state neutron superfluidity either with



1164 P. Haensel et al.: Bulk viscosity in superfluid neutron star cores. |

Table 1. Studied type of superfluidity

1.188
V-1 <0.7893 + 7_) ;

VB =
Type Pairing state F9 keTe/A(0 V11— 74
) 21/ 20) vo = YT (2.030 — 0.49037 + 0.17277%) . (41)
A 13, 1 0.5669 T
B P2 (my =0) (1+3cos’¥) 0.8416 The mean errors of these fits agel % for all 7 < 1.
C 3Py (Imy| = 2) sin? ¥ 0.4926

3.2. Superfluid reduction factors

m.; = 0orwith|m,| = 2.Inthese two cases the effect of SUpeIy o\ |et us consider the effects of nucleon superfluidity on the
fIU|d_|ty on the bulk viscosity is quahtatw_ely dlfferent_. Consid |k viscosity. The dynamics of superfluid is generally much
eration of the superfluidity based on mixed) states is Much qre complicated than the dynamics of ordinary fluids. Even
more complicated and goes beyond the scope of the presg@tmotion of matter which consists of particles of one species
paper. ) , . is described by the equations of two-fluid hydrodynamics (nor-
. Thus we will stugdy three different superfluidity typ€Sy, g and superfluid components), and viscous dissipation of the
Py (m; = 0) and°P, (jm,| = 2) denoted as A, B and C, h5rma| component is determined by three coefficients of the
respectively (Tablgl1). The superfluidity of type A may be akgcong (bulk) viscosity (Landau & Lifshiz 1987). Our main

tributed to any protons, while superfluidity of types B and Gggymption is that stellar pulsations represent fluid motion of

may be attributed to neutrons. ~thefirst-sound type (particularly, temperature variations are ne-
Microscopically, superfluidity introduces an energy @ yjected) in which all constituents of matter move with the same

momentum dependence of the nucleon enesgy). Near the v qrogynamical velocity. In this case the hydrodynamical equa-

Fermi level (p — pg| < pe), this dependence can be written agons reduce to the equation of one-fluid hydrodynamics with

one coefficient of the bulk viscosity (= ¢, in the notation of

e=p— /6 +vE(p—pr)? at p <pg, (3g) Landau& Lifshitz, 1987).

=+ +Z(p—pr)? at p>pe, We will see that superfluidityeducest_he bulk viscosity

due to the appearance of energy gaps in the nucleon disper-

wherepg andvg are the Fermi momentum and Fermi velocitgion relation, EqL(38). Quite generally, the bulk viscosity can

of the nucleon, respectively, ands the nucleon chemical po-be presented in the form

tential. In the cases of study one hgs= A?(T)F(+), where

A(T) is the amplitude which describes temperature dependedce Z Co Ry, (42)

of the gap;F'(¢) specifies dependence of the gap on the atigle !

gettr\:\éeg;;?:igg{:'c‘;;?cm;%ejtzrpﬁn?nﬂ(?:‘(slseggtzﬂ)c' I,S]Zzsspwherego is a partial bulk viscosity of non-superfluid matter,
depends ond. Note th:';\t incase C the gap vanishes at the polgg' @)’ ande Is a factor Which Qescribes reduction of t_he
of the Fermi.sphere at any temperatufes(0) = Fo(r) = 0 partl_al t?ulk viscosity by sfuper_flwdlty of nucleons 1 and 2 in-
The gap amplitudés (T) is derived froh the stgndard e'quayolvmg into a corresponding direct Urca process. If both nucle-
. ons, 1 and 2, belong to non-superfluid component of matter, we
tion of the BCS theqry (see, e.g, Yakovlev etlal. 1999). Tt?\ealveRl — 1 and reproduce the results of Sect. 2.
value ofA(0) determines the critical temper:?\tufg The val- Thus the problem consists in calculating the reduction fac-
ues ofkiT./A(0) for cases AB an_d C are given in TaEI]e_ L. tors R;. Each factor depends generally on two parametars,

. For further fi_naly5|s itis convenient to introduce the dlme%'ndvg, which are dimensionless gap amplitudes of nucleons 1
sionless quantities: and 2 (and on the type of superfluidity of these nucleons). Let
A(T) T ) us study the effect of superfluidity on the partial bulk viscosity.
V= TF T.’ y=rm (39 Forthis purpose let us reconsider derivation of the bulk viscosity
) ) ) (Sect. 2.1). If all constituents of matter have the same macro-

The dimensionless gapcan be presented in the form: scopic velocity, the superfluidity affects noticeably only the fac-

B B m B 9. (40 tor ); in the expression for the bulk viscosity, Hg.}(35). As seen
ya=va, yp=vpVI1+3cos®d, yc=vcsind. (40) g0 Eq [33), the main factor affected by the superfiuidityin

The dimensionless gap amplitudelepends only on. In case 1S the integralA/, Eq. (30), which describes the asymmetry of

A the quantityv coincides with the isotropic dimensionless gaghe lepton production and capture rates in the direct and inverse
while in cases B and C it represents, respectively, the minimdfctions of the direct Urca process.¢A 1 the integrand of

and maximum gap (as a function 6f on the nucleon Fermi this equation is/(z,, — &) — J(xz), + &) ~ =26 0J(z,)/0x,,

surface. The dependencewbn  can be fitted as (LevenfishWhereJ (z, ) is givenby Eq[(3f1). Thus, at small deviations from
& Yakovlev[1994): the equilibrium one can transform ER.130) to:

1 1.764 +o0 +o0 +o00o
va = V1—7 (1.456 _ 0157 + 76 ) , Aly = 45/ dx, xu/ daq f(%)/ dzy f(x2)
VT T 0 e -
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+oo
i B whereB(z) = z/(e* — 1). Fort = 7o = T/T.o > 1, One
X/_OO dze f(ze) 8 (v + 22 + 2 — ). (43) hasR = 1. If superfluidity is strong{ < 1, v > 1), the
Here, the index “0” refers to the non-superfluid case, in whidirect Urca process is drastically suppressed by large superfluid
we have obtained I, = 17 ¢ /60. gap in the nucleon spectrum and reduces the bulk viscosity. The

Generalization of\; to the superfluid case can be achievef‘isymptc_’tiC expressions @t for 7 < 1 can be obtained from

by introducing the neutron and proton energy gaps into[Eg. (45)(]'
For convenience, let us define the dimensionless quantities R 2002 a5 0.221 ( 1.764
Ve 8

exp(—v) = = > , (48)
! ) 17735 .
o= TP Sl (@) AT, (04) i ; ‘

_20V3 ~0.0367 1.188 49
whereyisgivenbyEq.[f(ElE)).Intheabsenceofsuperfluidity,w@)/B = B8 exp(—v) = 3 P T | (49)

havey = 0 andz = . 76472 1

Let the indexi = 1 correspond to a nucleon which canR¢ = 107 2 1.7085 72, (50)
suffer superfluidity of type A whilé = 2 correspond to a nu- v .
cleon which can suffer any superfluidity, A, B or C. In ordeMNOte that the factor&, and 1z are suppressed exponentially

) . . >
to account for superfluidity in E_{#3) it is sufficient to replacith decreasing temperature, whereas varies asI”. The

#; — = fori = 1and 2 [inf(z;) and in the delta function] and latter fact is associated with the presence of gap nodes at the
introduce averaging over orientationsmf (analogous proce- Fermi surfe}ce (Levenfish & Yakovlév 1994). ,

dure is considered in detail by Levenfish & Yakovlev 1994 for !N @ddition, we have calculated the reduction fact@nsu-

the problem of superfluid reduction of the neutrino emissivity?€/cally in a wide range ob and propose the expressions
Then the factoR; can be written as which fit the numerical results (with a mean erroxof %) and

"2 40 reproduce the asymptotés{48)J(50):

— — _ 3.5
Al = Ao R, R(U1,U2) _/O An j(ylayZ) Ry = [0.27874— \/(0'7213)2 + (0.15641} 2}
/2

= | 9 sind T (y1, 1), (45) x exp (2.9965 — /(2.9965)2 + 7

0
where )y refers to the non-superfluid casB, = R; is the Rp
reduction factor in question, and

A =

(51)

3
[0.2854 +/(0.7146)2 + (0.14181;)2}

X exp (2.0350 — /(2.0350)2 + u?) , (52)

+oo +oo +oo
I (y1,92) = 7/0 dz, wu/ dxzf(wl)/ dzy f(z) 0.5 + (0.1086 v)2
too Re =17 (0.2347v)2 + (0.2023 v)4
X /_ dzy f(22) (21 + 22 + 21 — ),  (46) 105 exp (1 ~ /IT (0502 50)2) (53)

with v = 240/(177%). Here,d(2 is the solid angle element in Here,u = va, v = vg andv = ve in the factorsR,, Rp and

the direction ofp,. R ; ; ;
_ o ¢, respectively. Using Eqd#1) and[51)4(53), one can easily
_Thus, we have derived explicit Eds.[45) and|(46) for calCyzcyate the reduction facto# for any 7. These factors are
lating the reduction facto. Calculation is quite similar (and ghown in Fig. 3 versus. We see that the reduction can be quite
in fact, simpler) to that done for the factor which describes sgypstantial. The strongest reduction is provided by superfluidity

perfluid reduction of the neutrino emissivity in the direct Urcg a4 the weakest by superfluidity C. For instanceTat
process (Levenfish & Yakovlev 1994, Yakovlev etfal. T999) | v \ve obtainRk, ~ 2 x 10~°, Rg ~ 4 x 10~* andR¢ ~

The effect of superfluidity on the bulk viscosity has also much,, 4-2.
in common with the effect on the emissivity. Thus we omit

technical details and present only the results and their brief dis- o
cussion. 3.4. Superfluidity of neutrons and protons

Let both nucleons, 1 and 2, be superfluid at once, and let the
3.3. Superfluidity of neutrons or protons superfluidity of nucleon 1 be of type A. In this caRecan be

_ o . _calculated from Eqd._(45) arld (46). Using the delta function, we
Consider the superfluidity of nucleon of one species, for ipsmove the integration over, and obtain

stance, of species 2. In this ca@elepends on the only parame- oo oo
tervo, and we can set; = z; in Egs. [4%) and(46). Integrationj(yl’ yo) = 7/ day f(zl)/ das f(z2) H(z1 + 22), (54)

overz; andz; in Eq. (46) reduces to well-known integrals of —c0 —co
the theory of Fermi liquids and yields: too L4

o Y . H(z) :/4 de 2. (55)
R = 'y/ dd sinﬁ/ dz, :L’,,/ dzo ]

0 0 0 Notice thatH(z) ~ 22/2 asz — oo, and H(z) ~ ¢* as

X [f(z2)B(x, — 22) + f(—22)B(x, + 22) ], 47 z— —oo.
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0.1

Ll | L ' : T/T

0.1 0.3 1
Fig. 4. Isolevels of the reduction factdr of the bulk viscosity by
T/Tc nucleon superfluidity of type AAversus = T'/Tc1 andry = T/Tea.

In the domain;, > 1, » > 1 nucleons 1 and 2 are normal and
Raa = 1.Inthedomainr < 1,72 > 1 nucleons 1 are superfluid and
nucleons 2 normal, while in the domain > 1, 72 < 1 nucleons 1 are
normal and 2 superfluid; in these domaiRdepends on one parameter

First consider the case in which the superfluidities of nuclé= Or 7). In the domainr, < 1, 7 < 1 both nucleons 1 and 2 are
ons 1 and 2 are of type A. Using E4S(40) and (45) we get Superfluid at once.

Raa(v1,v2) = T (v1,v2) = T (v2,v1), (56) T

wherev; = y; andwvy = ye9. Itis evident thatRa 4 (0,0) = 1. 1
We have also derived the asymptotdf, in the limit of strong
superfluidity. Furthermore, we have calculated the fa&gk T/TCn
and derived the fit expression which reproduces the numeri-
cal results and the asymptotes. Both, the asymptotes and fits,
are given by the complicated expressions presented in the Ap0.3 T
pendix. In Fig. 4 we show the curvég, , = const as a function

of , = T/T,; andr, = T/T.,. This visualizes the reduction

the bulk viscosity for any’, T.; andT,s.

One can observe (Fig. 4) one important property of the re-0 1
duction factorR. If both superfluidities are strongZ + 72 < 1, '
the factorR is mainly determined by the larger of the two gaps
(by the strongest superfluidity):

R12 ~ min {Rl, RQ} . (57)

Fig. 3. Reduction factors of the bulk viscosity versus = T'/T.. for
three superfluidity types A, B and C (Talile 1).

Fig. 5. Same as in Fig. 4 but for the case in which the superfluidity of

Here,R; andR, are the reduction factors for the superfluidity o urcleons 1is of type A while the superfluidity of nucleons 2 is of type

nucleons of one species. The weaker superfluidity (with smal
energy gap) produces some additional reduction of the viscosity
which is relatively small; this is confirmed by the asymptote
Raa givenin the Appendix. The same effect takes place for tifited by Eq.[[A3). The results are exhibited in Figs. 5 and 6. One
reduction of the neutrino emissivity (e.g., Yakovlev el al. 19993an see that the dependence of the fackys and Ryc onmy
Eq. (48) can be used also to evalu&téor the case in which andr, has much in common with the dependencerafy but
the nucleons of species 1 suffer pairing of type A, while thBap(71,72) # Rap(72,71) andRac(m1,72) # Rac (12, 71).
nucleons of species 2 suffer pairing of types B or C. In thiEnhe simple estimaté&(b7) turns out to be valid in cases AB and
Appendix we present the asymptotes of the faci®rs; and AC as well. However since the superfluidity of type C reduces
Rac in the limit of strong superfluidity of both nucleon speciethe factorR in a much weaker way than the superfluidities of
(mM<l,nkl). types A or B, the transition from one dominating superfluidity
The factorsRag and Rac can be calculated easily in ato the other takes place in a rather wide regiomoénduv, at
wide range ofr; andr,. The calculation reduces to the onew; ~ Inwvs. Accordingly, forvy 2 v > 1, the reduction factor
dimensional integration in Eq._(#5) of the functigh(y1,42) Rac exceeds greatliga, and Rap.
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Fig.6. Same as in Fig.5 but for the case in which superfluidity d¥ig. 7. Bulk viscosity¢ of superfluidnpep matter (model 1) produced
nucleons 2 is of type C. by the electron and muon direct Urca processes at the baryon number
densityn, = 4no andw = 10*s™! as a function of temperature

for non-superfluid matter (thick solid line), for matter with superfluid
For practical calculations of the bulk viscosity in superotons (solid curvesl., = 10'°, 10%¢, 10?2 and10®-®) and nor-
fluid matter, one needs to know how to evaluétgs, Rag mal neutrons, and for matter with superfluid neutrons (dash-and-dotted
and Rac. Corresponding expressions for superfluidity of onirve,T., = 10'° K) and normal protons.
nucleon species are given in Sect. 3.3. If nucleons 1 and 2 are

superfluid at once, the reduction fact®g 4 can be determined have analyzed the cases of singlet-state superfluidity of protons,
easily from the fit EqL(AB). As for the reduction factafss  and triplet-state superfluidity of neutrons (without and with the
andRac, we have generated their extensive tables. These taliggles of superfluid gaps on the nucleon Fermi surface). These
and numerical code which generates them are freely distributeglses are most interesting for applications (Sect. 1). We have
Finally, Fig. 7 illustrates reduction of the bulk viscosity obbtained the practical expressions for the bulk viscosity of su-
npep matter with decreasing temperature by superfluidity @lerfluid npey matter. The results can be used for studying the
neutrons of type B or protons of type A fag = 4n andw =  damping of neutron star pulsations (Sect. 1) and in the studies
10*s~*. Thick solid line shows the viscosity of non-superfluigf the gravitational radiation driven instabilities in rotating neu-
matter (cf. with Fig. 2). Thin solid lines exhibit the bulk viscositytron stars. We will analyze the bulk viscosity induced by the

suppressed by the proton superfluidity at several selected critigabker modified Urca processgs$ (2) in a separate paper.

temperature$,.,, indicated near the curves. The dot-and-dashed

line shows the effect of neutron superfluidiff, = 10'° K) for Acknowledgement3/Ve are grateful to the referee for very useful crit-

normal protons. We see that the superfluid reduction of the bﬂﬁ?' lrtemz?rI'GS.CTwo of the Zu:hors (KPIl_gndtDQYkanowlTeﬁge hoi'

viscosity depends drastically on temperature, superfluidity tyfe.a'y ' N. “©Opernicus Astronomical tenter in Warsaw. 1his wor

and Crit?lcal Ft)emperature‘s“c yandT pOne can h;)rdly exp):aé/t@\lds supported in part by the RBRF (grant No. 99-02-18099), INTAS
. " cp* rant No. 96-0542), and KBN (grant 2 PO3D 014 13).

T., andT., higher than10'°K for n, as large asin, (e.g., (© ) @ )

Yakovlev et al[ [ 1999). If so, the superfluid reduction cannot be

very large, say, fof’ 2 3 x 10? K, but it can reach five orders APPendix

of magnitude in the case of superfluid protons (or six ordeggnsider the case in which both nucleon species are superfluid
of maggntude ifn andp are SltépeI’ﬂUId at once, see Fig. 5) f0bt once. The asymptotic behaviour of the reduction fadtor

T =10°KatT., = T, = 107 K. It grows exponentially with - given by Eq.[(54) in the limit of strong superfluidity depends on
further decrease df. the gap amplitudes; andv, and on the type of superfluidities.

4. Conclusions CaseAA

We have derived practical expressions for the bulk viscosity pét both nucleon superfluidities be of type A. If the superfluidi-

matter in the cores of neutron stars under conditions in whigBs are strongu(;, v, > 1) and (v, — vg) > /o7 we obtain:
the bulk viscosity is determined by the direct Urca processes.

We have paid special attention to the case in which dense ma}_tzerA — [TV v K, (A1)
consists of neutrons, protons, electrons and muons (Sects. 212 2

2.4). In addition, we have studied the reduction of the bulk vis- s, 5 o 1 v + s

cosity by superfluidity of neutrons and protons (Sect. 3). We X = A (v +2v3) — g V12 In ’ (A2)

V2
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wheres = /|v? — v3|. In the limiting case; < v; Eq. (A2) The second domain correspondsutg’2 > v.. We have
yields K = v?/60 and reproduces the asymptote given by, > y, for all ¥ in this domain. Then the asymptote Bf,p is
Eq. (48). In the opposite limiy/v; < (v1 —v2) < v1 one has derived by direct averaging overof the asymptotdia 4 given
K = s°/(150%). Inthe intermediate regiom, —v; | < /v2 the by Eq. [A1), after replacing formally; — y». We have:
asymptotel{AP) becomes invalid. One can show fkat /v

t
for vy = va. Rag = 4/ il vy exp(—v1) { (311% + 1103)
We have calculated® » in a wide range of arguments 2 24
andv, and proposed the fit expression valid {gp7 + v3 < 50: 20,02 V3, vy +t
+ 2 arcsin — 0102 In
u 63 2s 29
Rap=————S5+ D. (A3)
U+ 13.528 U4 o 6'02'112 _ 3’04 \/§U2
H + 12 2 arcsin , (A6)
ere, 24\/502 s

wheret = /v? — 4v3.

P{ 2 3]9[ P, e 1/2 /

x exp (—y/Pe) eraging over we can split the integral into two terms. The first
P—q q VP+ VD —q term represents integration over the regiondy < |cosd| <

Ko = 6 (p+2q) —/p 5 In 7\/@ ) 1, inwhichy; < y9, while the second term contains integration
5 over the regior) < |cos | < cos¥g, in whichy; > y9, with

K, = %\/pf, cos¥3 = (v¥ — v3)/(3v3). The latter term can be taken as an

asymptote of the factaR g, since the main contribution into

the integral comes, again, frojnos ¥| < 1. We have

_ 3 3
Rap = 74/ % exp(—v1) ™ 41232\)/3(21 - 3v2) . (A7)
2

Note that the asymptotes given by E@S.[(A5) (A7) are invalid
atlvo—v1| S \/v1. If vy < w1, Eq. [AB) reproduces Eq.(#8) for
Ra. Forv, < vy, Eq.[AB) transforms into Ed.(A6). EQE.[A6)
and [AT) coincide at; = 2wvs. If v; = v9, the reduction factor
can be estimated as &y ~ vZe .

2
KQ— p (1"‘71—)’
P—q 6

2p = u+ 10.397 + \/w? + 5.4188 u + 7.2987,
2¢ = u+ 10.397 — v/w? + 5.4188u + 7.2987,
2ps = u + Vw2 + 3748.6 u + 39.797,

2 = u+ 0.39417 4+ /w? + 7.8849 u + 1.8132,

D = 0.0080487 (q1 ¢2)*'? exp(—q1 — g2 + 9.9798),

g1 = 2.79205 + \/v? + (2.19785)2,

g2 = 2.79205 + (/v + (2.19785)2, (A4)

CaseAC

Let superfluidity of nucleons 1 be of type A, as before, while
with u = v? + v2 andw = v2 — v2. superfluidity of nucleons 2 be of type C. In this cgse= y» =
vg sin ). For derivingR A ¢ in the limit of strong superfluidity we
will use the asymptote of the functidifi defined by Eq[(55). If
CaseAB vy > vy > 1, the main contribution into the integral (54) comes

Let nucleons of species 1 suffer pairing of type A and nucleoff§m the region, in which; > 2. In this case the asymptote is

of species 2 suffer pairing of type B. In this cage = y» = pr v 0102 s

v2V/1 + 3 cos ¥2, see EqI{@0). There are three domains in th@ac = 7,/ 3 exp(—wv1) [8(11% +v3) — 3 2 In <v>

(v1, v2)-plane, in which the asymptotes of the reduction factor . - h 2

Rag(v1,v2) in the limit of strong superfluidity are different. T vy — 6vivy — 3uy In <’Ul + v ﬂ ) (A8)
The first domain correspondsdg > v, i.e., toys > y; for 240 S

all ). If the both superfluidities are strong (> 1 andvy > 1) ¢ vs < vy, this asymptote reproduces the asympt6t@ (48)

and(vg —v1) > /v2, the asymptote ok s g can be obtained by for Ra. FOrv, = va, we haveRac ~ ~vy/mv/2e (3 —

averaging Eq[(All) oved after making a formal replacement, ;. 2) v3/12. Finally, atv, > v; > 1 the asymptote oRac is

v1 — Y2 andvy — wvy. Sincevs > 1 the main contribution

into the integral comes from the region in whigtos 9| < 1. TV v}

This allows us to put; ~ v, in all smooth functi%ﬁs u|nder the ftac = AR exp(—v1) 502 (A9)

integral. In this way we obtain
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