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ABSTRACT 
We present a detailed prescription for the modelling of galaxy formation in hierarchi- 
cal theories of structure formation. Our model incorporates the formation and 
merging of dark matter haloes, the shock heating and radiative cooling of baryonic gas 
gravitationally confined in these haloes, star formation regulated by the energy 
released by evolving stars and supernovae, the merging of galaxies within dark matter 
haloes, and the spectral evolution of the stellar populations that are formed. The 
procedure that we describe is very flexible and can be applied to any hierarchical 
clustering theory. Our prescriptions for regulated star formation and galaxy mergers 
are motivated and constrained by numerical simulations. We are able to predict 
galaxy numbers, luminosities, colours and circular velocities. This investigation is 
restricted to the standard cold dark matter (CDM) cosmology, and we explore the 
effects of varying other assumptions, including the stellar initial mass function, star 
formation rates and galaxy merging. We compare the results of these models with an 
extensive range of observational data, including the B and K galaxy luminosity 
functions, galaxy colours, the Tully-Fisher relation, faint galaxy number counts, and 
the redshift distribution at B ~ 22. This combination of observed galaxy properties 
strongly constrains the models and enables the relative importance of each of the 
physical processes included to be assessed. We present a broadly successful model 
defined by a plausible choice of parameters. This fiducial model produces a much 
more acceptable luminosity function than have most previous studies. This is 
achieved through a modest rate of galaxy mergers and strong suppression of star 
formation in haloes of low circular velocity by energy injected by supernovae and 
evolving stars. The model also accounts for the observed faint galaxy counts in both 
the B and K bands, and their redshift distributions. It fails, however, to produce 
galaxies as red as are many observed ellipticals and, compared with the observed 
Tully-Fisher relation, the model galaxies have circular velocities which are too large 
for their luminosities. 
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1 INTRODUCTION 

Theoretical studies of galaxy formation require an under- 
standing of many diverse astrophysical processes. For 
example, in hierarchical clustering models, galaxy formation 
is driven by the dynamics of an evolving population of dark 
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matter haloes within which gas cools and turns into stars. 
Processes associated with star formation and evolution may, 
in turn, feed back into the large-scale behaviour of the mass 
and radiation fields. If they are to have any prospect of being 
realistic, models of galaxy formation must therefore include, 
at least, a treatment of the following physical effects. 

(i) The evolution of the dark matter distribution in its 
proper cosmological setting, including the non-linear pro- 
cesses associated with the collapse and merging of dark 
matter haloes. 

(ii) The dynamical behaviour of gas coupled gravita- 
tionally to the dark matter and subject to shocks, cooling and 
heating processes. 
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(iii) The evolution of stellar populations, including their 
spectrophotometric properties as a function of time and the 
injection of energy, mass and metals into the surrounding 
interstellar and intergalactic gas. 

(iv) Tidal interactions and mergers of individual galaxies 
in a dynamically active environment. 

Of all these processes, the least uncertain are the evolution 
of dark matter haloes and the evolution of galactic stellar 
populations. The former has been investigated in consider- 
able detail using N-body simulations [for a review see Frenk 
(1991) and references therein] and analytic techniques (Press 
& Schechter 1974; Bardeen et al. 1986; Bond et al. 1991; 
Bower 1991; Lacey & Cole 1993; Kauffmann & White 
1993). The spectrophotometric evolution of a stellar popula- 
tion formed with a given initial mass function can now be 
predicted with some reliability, at least for the case of solar 
metallicity (e.g. Bruzual & Chariot 1993). 

By far the least understood processes are those associated 
with gas dynamics and star formation. The importance of 
radiative cooling was first recognized by Rees & Ostriker 
(1977), Binney (1977) and Silk (1977). Cooling is very 
efficient on galactic and sub-galactic scales and, in the 
absence of heating sources, the gas is expected to lose its 
pressure support quickly and collapse to the centre of a 
virialized halo where it will eventually turn into stars. The 
products of stellar formation and evolution influence the 
cooling properties of the gas, and thus regulate the supply of 
cold gas and the subsequent efficiency of star formation 
(White & Rees 1978; Cole 1991; White & Frenk 1991). 
/V-body/hydrodynamic simulations are now beginning to 
address some of these issues (Katz & Gunn 1991; Navarro & 
Benz 1991; Katz, Hernquist & Weinberg 1992; Navarro & 
White 1993; Evrard, Summers & Davis 1994; Katz & White 
1993) , as well as the related question of the different 
dynamical histories of dark haloes and the galaxies that they 
harbour (Cen & Ostriker 1992a; Navarro, Frenk & White 
1994) . There is now quantitative evidence that the merging 
time-scale of a dissipative component can substantially 
exceed that of its collisionless halo, but rehable calculations 
of the merger rates of galaxies in different environments are 
still some way away. 

In spite of the many remaining uncertainties, the body of 
knowledge accumulated so far is sufficiently extensive to 
justify building detailed models of galaxy formation incor- 
porating as many of the salient physical processes as poss- 
ible. Modern approaches to this problem have their roots in 
the pioneering work of White & Rees (1978) and Larson 
(1974). The first attempts to build upon these ideas by taking 
advantage of the experience gathered in the 1980s, particu- 
larly in connection with cosmological simulation work, were 
those of Cole (1991), White & Frenk (1991, hereafter WF) 
and Lacey & Silk (1991). These papers laid out analytic 
frameworks which can readily accommodate different 
assumptions concerning the initial spectrum of mass 
fluctuations, the dynamics of pre-stellar and processed gas, 
the effects of stellar evolution, etc. They allow detailed 
predictions to be made for the time evolution of the galaxy 
population and its properties: star formation rates; lumino- 
sity functions; relations between circular velocity, luminosity, 
metallicity and mass-to-light ratios; counts of faint blue 
galaxies as a function of luminosity and redshift, etc. More 
recently, Lacey et al. (1993) have constructed models which, 

while similar in spirit to those of Cole and WF, differ in a 
number of important respects, such as the inclusion of a 
population synthesis model, the treatment of the dark matter 
distribution (for which they employ the peak, rather than the 
Press-Schechter formalism) and the star formation law 
(which they relate to tidal interactions rather than to the 
cooling time-scale within individual haloes). 

In spite of their many differences of detail, a number of 
general conclusions have emerged from these ‘first-genera- 
tion’ models. For example, as emphasized by Cole (1991) 
and WF, efficient heating of primordial gas is required in 
cosmogonies in which structure grows through hierarchical 
clustering (not just CDM), to prevent most of the gas from 
condensing early on into haloes at the lowest level of the 
hierarchy. The galaxy luminosity function in some of the 
models, particularly those of Lacey et al. (1993), approxi- 
mates a Schechter fimction - a notable success - but its faint 
end is much steeper than that of the observed field lumino- 
sity function (e.g. Loveday et al. 1992). The WF and Lacey et 
al. models reproduce quite well the properties of the faint 
blue counts, but the extent to which this success is tied to the 
failure to reproduce the faint luminosity function is unclear. 
The WF models also reproduce the characteristic lumino- 
sities of galaxy clusters, and give rise to a bias in the distribu- 
tion of galaxies which has the correct sign but insufficient 
amplitude to reconcile the observed kinematics of galaxy 
clustering with the CDM assumption of a flat universe. The 
circular velocities and luminosities of the galaxies in the WF 
and Cole models obey a relationship which has a form 
similar to the observed Tully-Fisher relation (Tully & Fisher 
1977), and relatively small scatter, but the circular velocities 
at a given luminosity are typically about a factor of 2 too 
large. This problem is also present in a different guise in the 
Lacey et al. (1993) study. Finally, as these last authors 
emphasize, models in which structure builds up hierarchi- 
cally have a built-in difficulty in making luminous galaxies 
(which typically form late) with the red colours observed for 
the brightest ellipticals. 

An important extension of this approach was recently 
carried out by Kauffmann, White & Guiderdoni (1993). In 
an elegant paper, they grafted many of the techniques 
developed by WF into a Monte Carlo implementation of the 
Press-Schechter formalism which allowed them to follow the 
merging histories of individual structures as they form in the 
hierarchical clustering process. By including a population 
synthesis model, they were able to investigate the detailed 
spectrophotometric properties of the stellar components that 
form. Kauffmann et al. focused primarily on the processes 
that establish the different morphological types, and 
explored environmental effects in considerable detail. They 
found that models of this type provide a natural explanation 
for the existence of the Hubble sequence, and for a number 
of observed trends involving the relative abundances, 
luminosities, colours, stellar ages, gas content and environ- 
ment of galaxies of different types. 

In this paper we develop new models based also on Monte 
Carlo realizations of the hierarchical clustering process and 
the use of stellar population synthesis techniques. The way in 
which we implement these features, however, is very differ- 
ent from that of Kauffmann et al. Our Monte Carlo tech- 
niques are based on the ‘block model’ of Cole & Kaiser 
(1988), rather than on a direct extension of the 
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Press-Schechter formalism, and our population synthesis 
models also differ. Furthermore, we treat the key processes 
of star formation, energy feedback and galaxy mergers in an 
entirely different way from that of Kauffmann et al. Unlike 
them, we focus on the properties of the galaxy population as 
a whole, and do not consider in any detail the distinction 
between different morphological types. With such different 
operational implementations of what is essentially the same 
physics, it is highly instructive to compare results. 

Galaxy formation studies of the type discussed here have 
generally adopted the standard cold dark matter cosmogonic 
model (CDM: Blumenthal et al. 1984; Davis et al. 1985) to 
describe the abundance and the internal structure of galactic 
haloes as a function of time. We follow this practice and 
concentrate on how galaxy formation is affected by changes 
in the parameters used to model gas dynamics and star 
formation. Our model therefore assumes Q = 1, H0 = 50 km 
s“1 Mpc-1 and the CDM fluctuation spectrum, normalized 
so that the amplitude of mass fluctuations within spheres of 
radius 8 /z_1 Mpc is cr8 = 0.67, corresponding to a bias 
parameter b=l/os = 1.5. This value is just outside the range 
allowed by the masses and abundances of rich galaxy clusters 
(White, Efstathiou & Frenk 1993a), but is marginally consist- 
ent with the amplitude of the microwave background 
temperature anisotropies measured by the COBE satellite 
(Smoot et al. 1992). If one were to add extra large-scale 
power to this model to obtain better agreement with the 
COBE data and with observations of galaxy clustering on 
large scales (e.g. Maddox et al. 1990a), our results would be 
little changed. If the power spectrum at shorter wavelengths 
were altered, however, perhaps by tilting the whole spec- 
trum, by assuming a mixture of hot and cold dark matter, or 
simply by varying a8, this would give rise to significant 
changes. We plan to study such effects in a later paper. 

The following section sets the background and describes 
the techniques that we employ to model gravitational evolu- 
tion (Section 2.1), star formation and feedback (Section 2.2), 
galaxy mergers (Section 2.3) and the evolution of stellar 
populations (Section 2.4). Section 3 describes how these 
ingredients are meshed together into a galaxy formation 
algorithm. The predictions of a ‘fiducial model’ are com- 
pared with a comprehensive range of observational data in 
Section 4.1. The effect of varying each of our model para- 
meters is studied in Section 4.2, while Section 4.3 presents 
some testable predictions for which relevant data do not yet 
exist. We discuss and summarize our results in Section 5. 
This is a long paper, and some readers may wish to skip 
technical details on a first reading. For those who wish to do 
so, we suggest skipping through Section 2, pausing only at 
Fig. 2 and equations (2.5) to (2.11) which define our pre- 
scription for star formation and its regulation by the energy 
liberated by supernovae and evolving stars. 

2 TECHNIQUES 

Our model of galaxy formation can be divided into four 
distinct elements. First (Section 2.1), we present a model for 
the hierarchical evolution via accretion and mergers of the 
population of dark matter (DM) haloes, and a simple model 
of the structure of each DM halo. Secondly (Section 2.2), 
we model the physical processes that act on the baryonic 
component of each halo: shock heating, radiative cooling and 
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star formation. Thirdly (Section 2.3), we model the merger 
rate between galaxies within DM haloes. Lastly (Section 2.4), 
we use the techniques of stellar population synthesis to 
follow the evolution of the stars that form, and derive the 
observable properties of our model galaxies. 

2.1 Gravitational evolution 

The structure in the Universe today is usually assumed to 
have grown from small-amplitude density fluctuations gener- 
ated by physical processes in the early Universe. In hier- 
archical clustering theories (such as CDM), primordial 
fluctuations are amplified by gravitational instability until 
they become non-linear, giving rise to bound clumps which 
become progressively more massive as they merge together 
and accrete surrounding material. A simple analytic calcula- 
tion of the abundance of clumps and their history of hier- 
archical merging has been developed by Cole (1989), Bond 
et al. (1991), Bower (1991) and Lacey & Cole (1993), and 
appears to be in surprisingly good quantitative agreement 
with the hierarchical mergers synthesized in cosmological 
A-body simulations (Efstathiou et al. 1988; Frenk et al. 
1988; Lacey & Cole 1994). The evolving mass function of 
haloes turns out to be identical to that derived by Press & 
Schechter (1974), and so in one sense this description can be 
viewed as an extension of the Press-Schechter theory which 
enables halo merger rates to be quantified explicitly. Here we 
will use a Monte Carlo approach to construct a series of 
realizations, the ensemble properties of which approximately 
reproduce the mass function and merger history described 
by the analytic theory. This is based on the ‘block model’ 
introduced by Cole & Kaiser ( 1988) to study the evolution of 
galaxy groups and clusters (see also Cole 1991). 

The basic input from a cosmological model is the power 
spectrum of density fluctuations, which is used to compute 
the variance of the density fluctuations, cr(M), as a function 
of mass scale. We take a large block of the universe contain- 
ing mass M, typically 1016 M0, and assign to this volume a 
density perturbation, ó, drawn from a Gaussian distribution 
with zero mean and variance o[M). We then divide this block 
in two, producing two daughter blocks. To one of these 
daughters we add an extra Gaussian perturbation to that 
which it inherits from its parent. The variance of the Gaus- 
sian from which this perturbation is drawn is such that, when 
added in quadrature to cr(M), it produces the variance 
o{M/2). We subtract this same perturbation from the other 
daughter. This produces two volumes with Gaussian-distri- 
buted density perturbations with variance o{M/2) and whose 
mean density perturbation equals that of the parent block 
that they make up. We apply this procedure repeatedly to 
each daughter until we have divided the original block into 
2N volumes, each of mass M/2N. These 2N volumes have a 
distribution of density perturbations, d, which is Gaussian 
with variance o{M/2N) and the individual densities of which 
are consistent with their 2N~l parents one level up in the 
hierarchy of mass resolution. 

We typically construct a hierarchy of 20 levels, making the 
mass resolution of the lowest level 1016/219 = 1.9 x 1010 M0. 
In what follows, we explicitly check that our model predic- 
tions are insensitive to this resolution limit. This hierarchy is 
then converted into a merger history of all the material 
contained within the block. For each volume in each level of 
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the hierarchy, the redshift, z, at which the linear theory 
perturbation grows to a critical value, ôc, may be calculated. 
For a critical-density universe (Q = l), the linear growth 
rate is simply proportional to the expansion factor, 
ô{t)<x a = (l +z)~\ and the threshold for collapse of a 
spherically symmetric overdense region is ôc = 1.686 (e.g. 
Gunn & Gott 1972). This redshift will be the redshift at 
which this volume collapses to form a virialized halo, unless 
one of its parents higher up in the hierarchy collapses at an 
earlier redshift. This procedure closely mimics the behaviour 
of virialized haloes in 7V-body simulations, where substruc- 
ture is rapidly erased after collapse (Frenk et al. 1988). By 
tracing the sequence of collapse redshifts throughout the 
block, we can follow the sequence of mergers starting from 
the formation of haloes of the lowest resolved mass up to the 
formation of the present generation of haloes. Thus this 
Monte Carlo model gives us the formation redshift of each 
halo and its eventual fate in terms of which haloes it merges 
with and at what later redshift. 

The analytic expression for the number density of haloes 
in the mass interval M to M + dM is 

dn 
dM 

(M,z)dM = 
l2X 1/2 

x exp 

\JT/ 

6l{l + zf 
2(7 (M) 

Po ¿c(l+z) 
M2 o{M) 

dM, 

d In o 
d InM 

(2.1) 

where p0 is the mean mass density of the universe (Press & 
Schechter 1974). Fig. 3 of Cole & Kaiser (1988) compares 
this mass function with that arising in the block model for the 
case of the CDM power spectrum. The mass functions have 
an exponential cut-off above a characteristic mass, M*(z), 
defined by a(M*)= óc(l + z), which increases with decreas- 
ing redshift. At masses that are low compared to M*, the 
mass functions have a power-law form. This and related 
analytic formulae have been found to match the results of 
cosmological 7V-body simulations remarkably well (Efstat- 
hiou et al. 1988; Bond et al. 1991; Lacey & Cole 1994). 
At all epochs, over the mass range reliably modelled, the 
number of haloes identified in the simulations differs by 
less than 25 per cent from the number given by equation 
(2.1 ). Nevertheless, it should be noted that the dynamic range 
of these simulations is limited, and therefore little is known 
about the validity or otherwise of the power-law form of the 
mass function for masses M ^ M*/10. 

The ability to follow the individual histories of the haloes 
is the main advantage of the Monte Carlo method over the 
statistical approach employed by WF. The block model 
provides an adequate description of the evolution of the halo 
population, but provides no information about the internal 
structure of any of the haloes. To first approximation, the 
DM density profiles of virialized haloes found in CDM 
cosmological A-body simulations are well described by an 
‘isothermal’ density profile, pDM 0Cr 2 (Quinn, Salmon & 
Zurek 1986; Frenk et al. 1988). The flat rotation curve 
implied by this density profile is consistent with the observed 
H i rotation curves of spiral galaxies. Application of the virial 
theorem to the collapse of a uniformly overdense spherical 
perturbation predicts that the mean density contrast of the 
virialized region of a halo is approximately 200 times the 
background density at the time of virialization (e.g. Lacey & 

Cole 1993). The radius defined by this density contrast is 
also found to delineate the transition from random virial 
velocities in the interior to ordered inflow from the 
surroundings. The mass of the halo (inside this radius) is then 
simply related to the halo circular velocity and formation 
redshift by 

Mhalo = 2.35xl05(j^T) (1 +z)~3/2M0//î. (2.2) 

2.2 The interstellar medium and star formation 

In contrast with the significant advances in our understand- 
ing of the evolution of the gravitationally dominant compon- 
ent of the Universe, the fate of the baryonic component still 
remains an unresolved issue. It is clear, however, that a 
successful description of the evolution of gas on galactic 
scales needs to include a number of key ingredients. The most 
important are the ability of gas to radiate away a large 
fraction of its energy (Rees & Ostriker 1977; Binney 1977; 
Silk 1977), together with the formation of stars and the 
subsequent effect that evolving stars and exploding super- 
novae have on their surroundings. In this section, we use 
both theoretical considerations and the results of numerical 
simulations to derive simple scaling laws which relate these 
processes to the potential well of a galactic halo. 

2.2.1 Radiative cooling 

The fraction of the baryonic content of a halo that can 
actually cool and reach the centre is determined by the 
balance between the cooling and dynamical time-scales of 
the system, which in turn is fixed by the density and tempera- 
ture structure of the gas component. In the absence of radia- 
tive cooling, numerical simulations show that the gas closely 
follows the spatial distribution of the dark matter in a virial- 
ized system (Evrard 1990). Shocks are very effective at 
transforming the gas kinetic energy into heat, and the gas 
temperature is rapidly raised to the virial temperature of the 
halo, 

kTVl=
l-fimvVl. (2.3) 

Here ¡ll is the mean molecular weight, and rap and k are the 
proton mass and Boltzmann’s constant, respectively. 
Together with the assumption that the dark matter density 
profile can be approximated by an isothermal sphere, this 
fully specifies the density-temperature distribution of the 
diffuse gas component in each halo, pg2LS{r)^p^y^r)^-r~2

r 

and Tgas Tvjr. 
When the gas density and temperature structure have 

been fixed, we can compute the amount of mass that can cool 
in a halo of circular velocity Vc. At each radius, we define the 
cooling time-scale as the ratio of the specific thermal energy 
content of the gas and the cooling rate per unit volume, 
«e2A(n 

 ^ Ogasi^)   
2 fimp nH(r)A(TgJ’ 

(2.4) 

where njr) is the electron number density. We adopt the 
cooling function given by Sutherland & Dopita (1993) for a 
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Figure 1. The cooling function, A( 7^as), for a primordial mixture of 
77 per cent hydrogen and 23 per cent helium in collisional ioniza- 
tion equilibrium, computed by Sutherland & Dopita (1993). 

gas with primordial abundances, as plotted in Fig. 1. We 
assume that the amount of gas that can cool is the mass 
initially enclosed by the ‘cooling radius’ rcoo[, the radius at 
which Tcool equals the lifetime of the system, The Monte 
Carlo model described in Section 2.1 provides a simple 
definition of this lifetime as the time between the formation 
of the halo and its subsequent incorporation into a new halo 
of twice or more its original mass. At this point we assume 
that any remaining hot gas will be shock-heated to the virial 
temperature of the new halo. Since cooling is quite effective 
at high redshift, it may happen that rcool is actually larger than 
the virialized region of the halo under consideration. In this 
case, we take the cooled mass to be the total gas mass of the 
halo. 

2.2.2 Star formation and feedback 

The cold dense gas that accumulates at the centres of haloes 
will eventually start to form stars. The baryonic content of a 
halo is therefore distributed among three separate compon- 
ents: a hot diffuse atmosphere; cold, dense, star-forming 
condensations; and stars. In the previous section we saw how 
radiative cooling causes gas to be transferred from the hot to 
the cold component. We now consider how star formation 
and evolution couple all three components. In order to deter- 
mine how to distribute the baryons between the three 
‘phases’, we construct a set of equations relating the star 
formation rate to total amount of cooled gas and the fraction 
that is ejected from the cold phase back into the hot diffuse 
atmosphere. We write these equations as simple scaling laws 
depending solely on the circular velocity of the halo being 
considered. 

The particular choice for these scaling laws is motivated 
by the numerical simulations of Navarro & White (1993), 
who use a 3D Lagrangian hydrodynamical code to model the 
formation of gaseous discs following the collapse of a rotat- 
ing sphere containing a mixture of gas and dark matter. In an 
attempt to mimic the effect of supernova (SN) explosions on 

the interstellar medium, the formation of stars in their simu- 
lations is accompanied by the injection of energy into the 
surrounding gas particles. This energy is assumed to affect 
only the temperature and velocity field of the gas. A com- 
plete account of the simulations and details of the numerical 
procedure are given by Navarro & White (1993). 

Navarro & White adopt an initial mass function (IMF) 
that results in 4 x 1048 erg being released by supernovae for 
every 1 M0 of gas turned into stars, and define /v to be the 
fraction of this energy that is dumped as kinetic energy. The 
simulations show that /v is the single most important para- 
meter governing the evolution of a gaseous disc that is 
actively forming stars. To set /v =

: 0 implies that SNe can only 
raise the local temperature of the surrounding gas. Since 
stars form in high-density regions, where cooling is extremely 
efficient, SNe have practically no influence on the surround- 
ing gas when /v = 0. On the other hand, values of /v as modest 
as 0.1 have a dramatic effect on the subsequent evolution of 
the gas, some of which is devolved to the hot diffuse com- 
ponent by ‘winds’ driven by supernovae and young evolving 
stars (Bressan, Chiosi & Fagotto 1994). For a given value of 
/v, both the mean star formation rate and the amount of gas 
pushed out of the disc are tightly related to the depth of the 
potential well of the halo. In this paper we consider models 
with a variety of different IMFs, and therefore /v should be 
viewed not strictly as a fractional energy, but simply as the 
amount of energy from supernovae and stellar winds 
dumped into the interstellar medium as kinetic motion in 
units of 4 x 1048 erg per 1 M0 of stars formed. For brevity, 
we shall refer to the energy released by all processes asso- 
ciated with stellar evolution as ‘supernova energy’ or ‘feed- 
back’. 

We now set out the equations that govern the star forma- 
tion rates in each galaxy of our Monte Carlo simulations. The 
supply of cold gas capable of forming stars in a newly formed 
halo is regulated by the mass of hot gas that can cool over the 
lifetime tx of a halo, as described in the previous subsection, 
and by the merger of the cold gas reservoirs of two or more 
existing galaxies. (Galaxy mergers are discussed in Section 
2.3.) Let us call the total mass of cold gas computed this 
way. Note that is not a simple function of the halo circular 
velocity, as it depends on the past star formation and merger 
histories of the galaxy in question. It is therefore influenced 
by the galaxy’s environment. We assume that the star forma- 
tion rate is given by 

Fc) = rac(/, Fc)/t*(Fc) 

= [m«-m*(t,Vc)-mhoi{t,Vc)]lutVc\ (2.5) 

where rahot(¿, Vc) is the mass of cooled gas reheated by the 
energy released from SNe that is returned to the hot phase, 
and ra*(¿, Vc) is the mass of gas transformed into stars by 
time t. For simplicity, we neglect the gas returned to the 
interstellar medium by evolving stars and supernovae. It 
seems appropriate to assume that the mass returned to the 
hot phase should be proportional to the mass of stars 
formed, 

mhoX{t,Vc) = ß{Vc)m*(t,Vc). (2.6) 

Both r* and ß are simple functions of Fc. Therefore 

™*(/, Fc) = y^{1-exp[-(1+/?)//r*]} (2.7) 
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and 

m^t,VQ) = ß(Vc)m<f(t,Vc\ (2.8) 

so that, at times long compared with r*/(l + ß\ the fraction 
of cooled gas that is reheated is 

l+ß{VQ)' (2'9^ 

We write the star formation time-scale r*( Vc) and the pro- 
portionality factor /?( Fc) as simple scaling laws: 

( s  
\300kms“1 

a* 
(2.10) 

^(n) = (^c/not)~aho,. (2.11) 

The four parameters ahot, Fhot, a* and 4 fully specify the 
star formation history of every galaxy in our model during its 
lifetime. The simulations of Navarro & White (1993) suggest 
that the values of all these parameters depend only on the 
choice of the feedback parameter /v (see their table 2). This 
is shown in Fig. 2, where we plot 1 + ß and r* as functions of 
Vc, after identifying the ‘peak’ star formation rates in the 
simulations with the maximum star formation rates derived 
from (2.7). 

A number of important points should be noted in this 
figure. First, when /v>0, large amounts of cooled gas are 
returned to the hot diffuse component in low-mass systems, 
where star formation is severely slowed down. This is a 
direct result of the low binding energy of these systems (cf. 
Dekel & Silk 1986). Secondly, if/v>0.1, the star formation 
time-scales can be comparable to or larger than a Hubble 
time in low-mass systems. Thirdly, a note of caution. The 
agreement between our parametrization and the results of 
the numerical simulations is encouraging, but not perfect - 
the star formation rates in the simulations are not exponenti- 
ally decaying as assumed in our model. As a result, the values 
of 4 and a* actually depend on the details of the procedure 
used to fit equation (2.7) to the results of the numerical 
experiments. In view of this, and in order to keep our model 
simple, we decided to treat 4 as a free parameter. The value 
of 4 required to match the observed colours of galaxies 
turns out to be only a factor of 2 different from that sug- 
gested by the power-law fits shown in Fig. 2. Finally, let us 
stress again that the four quantities a*, 4, «hot and Fhot are 
not independent of one another, but rather reflect the choice 
of one single physical parameter: the efficiency with which 
the energy released by supernovae and evolving stars can 
perturb the velocity field of the interstellar medium. Note 
that, as a result of the large values of ahot required when 
/v- 0.1, the importance of feedback in our model declines 
more rapidly with halo circular velocity than in the prescrip- 
tion adopted by White & Rees (1978), WF and Kauffmann 
et al. (1993). 

2.3 Mergers and the fate of galaxies within dark haloes 

Our model must also explicitly incorporate the fate of 
galaxies and their gas during a merger of their surrounding 
haloes. It has long been clear that, in a hierarchically cluster- 
ing cosmogony, mergers between galaxies must be much less 

1.6 1.8 2 2.2 2.4 2.6 
Log Vc/km s”1 

Figure 2. The efficiency of star formation as a function of the 
circular velocity of the surrounding dark matter halo in the numeri- 
cal simulations of Navarro & White ( 1993 ). (a) The logarithm of star 
formation time-scale, r*, in years, for four different values of the 
feedback parameter /v. The symbols show the peak star formation 
rates from the simulations and the solid lines show the simple 
power-law models (equation 2.10) that we use to characterize these 
results. The resulting parameter values, a*, of these models are 
given in Table 1. (b) The logarithm of the fraction of gas that 
remains in the cold phase and is available to form stars, 
l°gio ( 1 “/hot) = - login U + ß) (equation 2.11), as a function of 
circular velocity for four different values of the feedback parameter 
/v. The curves show the fit of equation (2.11) with parameter values 
Fhot and ahot given in Table 1. 

Table 1. The dependence of the star 
formation parameters a*, Fhot and ahot 
(equations 2.10 and 2.11) on the feed- 
back parameter/,,. 

fv <*★ Vhot/kms-1 ahot 
0.0 1.5 0.0 
0.01 0.0 63.0 3.0 
0.1 -1.0 130.0 5.0 
0.2 -1.5 140.0 5.5 

frequent than those of their parent haloes. A galaxy cluster is 
a prime example of this, where individual galaxies are 
thought to orbit in the overall potential of the cluster halo, 
presumably stripped of their own individual haloes. When 
two haloes merge, their hot, diffuse, gaseous atmospheres 
collide, and shocks convert the kinetic energy of the collision 
into thermal energy and produce an atmosphere in quasi- 
static equilibrium within the new halo potential (Evrard 
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1990; Navarro & White 1993; Pearce 1993). Numerical 
simulations show that the fate of tightly bound cores, on the 
other hand, is quite different from that of the more loosely 
bound material permeating the halo (Katz & Gunn 1991; 
Navarro & Benz 1991). Dense cores of gas and stars can 
survive the initial merger practically intact, and only later 
collide with one another and perhaps coalesce. 

There are various factors that affect the probability that a 
collision will occur and that the result of the collision will be 
a merger. Consider a halo of mass Mhalo, which has just 
formed as the result of the merger of two or more haloes. 
Here we will refer to the galaxies that have fallen into this 
halo as ‘satellite galaxies’, although ‘group members’ may be 
a more appropriate description if no one galaxy is dominant 
in the new halo. The first physical process acting on these 
satellites is dynamical friction. A satellite galaxy orbiting in 
the halo experiences a drag force that causes its orbit to 
decay and the galaxy to spiral to the centre of the halo, 
greatly enhancing the probability that it will undergo a colli- 
sion. A simple calculation shows that the more massive the 
satellite, the shorter the time-scale in which its orbit decays. 
Secondly, when a collision occurs between two galaxies, the 
probability that it will result in a merger is an increasing 
function of the ratio of the internal velocity dispersion of the 
galaxies involved to the encounter velocity (see White 1976; 
Aarseth & Fall 1980, and references therein). The internal 
velocity of the satellite galaxy is related to the total mass of 
the halo in which the galaxy first formed, Msat, by equation 
(2.2), while the orbital velocity scales as the circular velocity 
of the recipient halo. Hence in a collision the typical ratio of 
the galaxy internal velocity dispersion to the encounter 
velocity is an increasing function of Msat/Mhalo. Furthermore, 
since dynamical friction has a larger effect on more massive 
satellites, we expect the probability of a satellite galaxy 
undergoing a merger to be an increasing function of 
MsJMhaky 

These considerations suggest that the time-scale govern- 
ing the merging of satellite galaxies, or group members, 
orbiting in a halo of mass Mhalo should be a decreasing func- 
tion of Msat/Mhalo. A more detailed description of the prob- 
able fate of a satellite galaxy orbiting in a DM halo of a larger 
galaxy or group is not yet available, because the survival time 
of a satellite galaxy depends sensitively on the uncertain 
angular momentum of its initial orbit. We therefore define a 
merger time-scale, Tmrg, by the simple scaling law 

7mrg = ^rg(Mhalo/Msat)
a-) (2.12) 

with amrg > 0. Here, Msat is the initial mass of the halo of the 
infalling satellite galaxy under consideration, and Mhalo is the 
total mass of the new composite halo in which it is now 
orbiting. The free parameters are r^rg, which we parametrize 
as a fixed fraction of the dynamical time of the halo, rdyn, and 
the constant amrg, which controls the efficiency of the merger 
process as a function of the mass ratio. We define the 
dynamical time, rdyn, as one-half of the age of the universe at 
the time when the halo forms. To determine appropriate 
values for these two free parameters, we seek guidance in the 
results of numerical simulations which incorporate the 
effects discussed above. 

Fig. 3 compares equation (2.12) (with amrg = 0.25 and 
Tmrg/rdyn = 0-5) with the results of simulations of merging 

Figure 3. A comparison of the merger time-scale given by equation 
(2.12), with amrg = 0.25 and r^rg/rdyn =0.5, with the results of 
numerical simulations (Navarro et al. 1995 ). 

satellites performed by Navarro, Frenk & White (1995). In 
these simulations, cold, dense, baryonic condensations are 
identified during the collapse and formation of a galaxy halo. 
The evolution of these satellites is then followed as they orbit 
in and eventually merge at the centre of the galaxy halo. The 
symbols in Fig. 3 show the time at which these mergers take 
place, measured from the formation time of the halo in units 
of the dynamical time, as a function of the satellite mass. 
There is a wide distribution of merger times, reflecting the 
variety of initial satellite orbits, but there is also a clear trend 
towards shorter merger times for more massive satellites in 
accordance with our simple model. Our scaling law is there- 
fore an approximate model for the merging of galaxies within 
DM haloes in the mass range considered. In order to decide 
whether a satellite galaxy has merged with the central galaxy 
of the new halo, we compare its merger time-scale, Tmrg, to 
the lifetime, tl, of the new halo, i.e. the time between its 
formation epoch and either the required output time or the 
time at which the halo merges again, whichever is earliest. 
Galaxies for which rmrg > tl retain their own identity as satel- 
lite galaxies or cluster members. Those for which rmrg < tl 

merge together at the centre of the common halo and are 
assigned the circular velocity of this new system. In the event 
that no galaxies merge according to this rule, we select the 
one with highest circular velocity to be the dominant galaxy 
on to which any gas cooling during the lifetime of the new 
common halo will accrete. 

2.4 Stellar population synthesis 

Given a star formation history, a stellar population synthesis 
model gives the observable properties of the emerging stellar 
population, e.g. its spectral energy distribution (SED), 
absolute magnitude and colours, as a function of time. This 
technique, pioneered by Tinsley (1972, 1980), is based on 
theoretical and observational studies of stellar evolution. The 
models assume that stars are born with masses distributed 
according to a universal initial mass function, at a rate 
governed by a star formation rate (SFR). The model stars are 
then evolved according to theoretical evolutionary tracks. 
Using empirical or theoretical calibrations, the predicted 
colours or spectra of the composite population are obtained. 
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Several problems arise when implementing this technique. 
First, poor theoretical understanding of the physics of 
convection and the late stages of stellar evolution after the 
onset of helium core burning introduces uncertainties in the 
treatment of horizontal branch, asymptotic giant branch 
(AGB) and post-AGB stars (see e.g. Renzini & Fusi Pecci 
1988). In some stellar population synthesis models, these 
stellar classes are completely ignored or introduced in a 
semi-empirical way. A fully satisfactory procedure for 
dealing with these late stages of stellar evolution has not yet 
been developed (see e.g. Renzini 1989). Therefore large 
uncertainties still exist in the spectral evolution in the near- 
infrared, where AGB stars could play an important role, and 
in the ultraviolet, where the post-AGB stars might make a 
substantial contribution. Another major problem is the way 
in which these models deal with stars of different chemical 
compositions and the chemical evolution of the system. 
Composite stellar systems might contain stars with a wide 
range of metallicities. In particular, the cores of giant ellipti- 
cal galaxies are believed to contain stars that are consider- 
ably more metal-rich than those in the solar neighbourhood, 
and stellar libraries do not cover the complete range of metal 
abundances. In addition, theoretical stellar evolutionary 
tracks for metal-rich stars are difficult to compute precisely 
because of uncertainties in the opacities, and so are less 
reliable than solar-abundances ones. 

Several authors have used population synthesis techniques 
with varying degrees of success, making different sets of 
assumptions when dealing with the problems mentioned 
above (see e.g. Tinsley 1972, 1980; Tinsley & Gunn 1976; 
Bruzual 1983; Renzini & Buzzoni 1986; Arimoto & Yoshii 
1986, 1987; Guiderdoni & Rocca-Volmerange 1987, 1990; 
Aragon, Gorgas & Rego 1987; Buzzoni 1989; Chariot & 
Bruzual 1991; Bruzual & Chariot 1993). Out of this wide 
selection, we have chosen the model of Bruzual & Chariot 

(1993).1 It includes up-to-date stellar evolution calculations 
that minimize inconsistencies in the physical modelling of 
different stellar mass ranges. The stellar evolutionary tracks 
cover all the relevant stages of stellar evolution, from the 
main sequence to the remnant stage, including AGB and 
post-AGB stars, although these are included in a somewhat 
semi-empirical way. A very important consideration is that 

‘The Bruzual & Chariot (1993) models include a revision of the 
incorrect main-sequence lifetimes in the input stellar tracks of 
Maeder & Meynet (1989), and correct a normalization error in the 
model of Chariot & Bruzual (1991). 

t/Gyr 

Figure 5. The evolution with time of the absolute MB magnitude 
(normalized to 1 M0), and B-V and V-K colours for a single-age 
stellar population. The solid lines show the evolution for the Scalo 
(1986) IMF and the dashed lines show that for the Miller & Scalo 
(1979) IMF, as given in Fig. 4. 

Figure 4. Comparison of three IMFs. Solid line: Scalo (1986); dotted line: Salpeter (1955); dashed line: Miller & Scalo (1979). Here,/(m) dm 
is the mass fraction in stars of mass m to m + dm. Each IMF is approximated by a series of power-law segments f(m)^m~x (following the 
notation of Tinsley 1980) and normalized so that the total mass is 1 M0- 
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the method employed to build the models - called by these 
authors ‘isochrone synthesis’ - allows one to follow accur- 
ately the evolution of arbitrarily short bursts of star forma- 
tion. An important drawback of this model, also present in 
most of its competitors, is the assumption of solar metallicity, 
and hence the neglect of the effects of chemical evolution. 
Unfortunately, models that include chemical evolution, like 
those of Arimoto & Yoshii (1986, 1987), do not contain 
important stages of stellar evolution and are unreliable for 
very short bursts of star formation. 

Bruzual & Chariot’s models produce an acceptable fit to 
the 2000 À-2 pm integrated SEDs of present-day galaxies of 
all spectral types, despite the fact that chemical evolution is 
ignored and solar metallicity is used. The explanation for this 
could be that the average global metallicity of giant ellipticals 
is not far from the solar value even if the central regions are 
considerably metal-rich. 

We use the IMF of the solar neighbourhood (Scalo 1986) 
as our fiducial choice. Fig. 4 compares the Scalo (1986) IMF 
with the Salpeter (1955) and Miller & Scalo (1979) IMFs in 
the interval 0.1 < m < 125 M©. The mass locked in objects of 
mass m<0.1 M0 (brown dwarfs, planets, etc.) we will 
specify by the parameter T, which we define as the total mass 
in stars divided by the mass in luminous stars with mass 
greater than 0.1 M0. We allow ourselves the freedom to 
adjust this parameter in order to obtain a reasonable match 
to the bright end of the present-day galaxy luminosity 
function. We will investigate the effect of changing both the 
shape and the upper mass cut-off of the IMF. 

The output of Bruzual & Chariot’s model is the integrated 
SED of the stellar population as a function of age t and wave- 
length A (normalized for 1 M0). From the SED of a single 
stellar population (instantaneous burst), ^¿(O? we compute 
the SED, Sx{t), of the composite stellar population of each of 
the galaxies in our model by performing the convolution 
integral 

s,(t) (2.13) 

where the star formation rate is given by equation (2.5). 
Using filter response curves, we compute broad-band 
observed magnitudes and colours at any redshift. We present 
results for Johnson B and K, and Kron-Cousins / bands (see 
e.g. Aragón-Salamanca et al. 1993 for details). Fig. 5 shows 
some examples of the model results for a stellar population 
formed in one single instantaneous burst: the evolution with 
time of the absolute MB magnitude (normalized to 1 M0) and 
the V-K and B — V colours. 

The models also provide the number of Lyman continuum 
photons, which allows us to compute the luminosity of the 
Ha emission line, for Case B recombination, as a function of 
the total current SFR (see e.g. Kennicutt 1983). This line 
luminosity can then be used as a useful measure of the 
present star formation rate in external galaxies. In the 
absence of extinction, we find 

SFR 
L(Ha) = 9.40 x 1040 r^ergs"1 (2.14) 

M0yr 

for the Scalo IMF with an upper mass cut-off of 125 M0. 
This result, obtained with a completely independent stellar 
evolution calculation, agrees with that of Kennicutt (1983) 
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within 20 per cent, the difference being mainly due to the use 
of a slightly different IMF. Extinction and [N n] contamina- 
tion have not been included in the calculations because we 
will compare our results with observational data that have 
been corrected for these effects (see Section 4). 

3 MODELLING STRATEGY 

3.1 The algorithm for galaxy formation 

We now describe how we graft together the ideas of the 
previous section to form one complete algorithm to follow 
the formation and evolution of a galaxy population in a 
hierarchical universe. The block model provides us with a 
description of the sequence of halo formation and merging, 
and forms the framework in which we embed our approxi- 
mate treatment of the physics of gas heating and cooling, star 
formation and galaxy merging. 

It is worth recalling all the parameters that must be set in 
order to specify our model completely. The first category of 
parameters, A0, Q0, Qb, //0 and a8, defines the cosmological 
model. With the exception of Qb, we have chosen not to vary 
these in this study and, for illustration, we have adopted the 
standard parameters of the well-known cold dark matter 
model. Next is the model of star formation and feedback. 
Here we have chosen to be guided by the numerical simula- 
tions of Navarro & White (1993). As described in Section 
2.2, the one controlling parameter in these models is /v, 
which quantifies the amount of energy from SNe and evolv- 
ing stars that is dumped as kinetic energy into the intra- 
galactic gas. This, in turn, controls the star formation rate 
and the amount of gas that is ejected from a galaxy. The para- 
meters a, Fhot and ahot have the values required to fit the 
results of these simulations. The zero-point, x%, of the 
equation governing the star formation rate we treat as a free 
parameter. Next we must specify the IMF with which stars 
form. We adopt a standard, observationally determined, IMF 
for stars with masses in the range 0.1 < m/M0 < 125 but, in 
addition, we assume that, along with these visible stars, 
brown dwarfs are formed, so that the total mass in stars isT 
times larger than the mass in visible stars. Finally, the para- 
meters and amrg, which together determine the time- 
scale for the merger of galaxies within one common DM 
halo, are also fixed by reference to the numerical simulations 
of Navarro, Frenk & White ( 1994). 

The computational steps involved in evolving a realization 
of the block model are as follows. 

(i) We set all the model parameters, including the output 
redshift. 

(ii) We create a realization of the block model, typically 
with total mass Mblock = 8 x 1015 M0//z, and 20 levels of 
subdivision. We choose the density perturbation assigned to 
the top level of the block model in a systematic fashion from 
a Gaussian of width a(Mblock), so that a set of n realizations 
gives a fair sample of both large-scale underdense and over- 
dense regions. 

(iii) Starting with the lowest level of the hierarchy, we 
select a halo that formed earlier than the required output 
redshift. 

(iv) We determine the physical parameters of this halo. 
We compute its mass, MH, from its position in the hierarchy 

and then, from its formation redshift, calculate the halo 
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circular velocity, Fc, and virial temperature, rvir, using 
equations (2.2) and (2.3). 

We compute the lifetime, of the halo. This is the elapsed 
time between the formation redshift of the halo and the 
earlier of either the redshift at which the halo is subsumed 
into a larger halo or the selected output redshift. 

(v) If the halo formed from the merger of other haloes, all 
of which had masses below the resolution limit (i.e. it is a halo 
in the lowest level of the hierarchy), then we set the mass of 
hot diffuse gas in the halo to QbMH and set the gas tempera- 
ture to be the virial temperature, rvir, of the halo. Otherwise, 
we loop over all the galaxies that find themselves within this 
new common halo as a result of the merger. 

We merge the hot diffuse gas from each of these haloes 
and, under the assumption that the shocks induced by the 
merger will efficiently heat the gas, we set its temperature to 
the virial temperature of the common halo. Then, using 
equation (2.12) for each galaxy, we compute the merger time- 
scale, Tmrg, within the new common halo. 

If rmrg < i,, we merge both the stars and cold gas reservoir 
from this galaxy into a single galaxy at the centre of the new 
halo. The circular velocity of this central, accreting, galaxy is 
set to the circular velocity of the common halo. 

Alternatively, if Tmrg > ¿,, this galaxy remains as a satellite 
galaxy or group member with its original circular velocity, 
but without its own halo of hot gas. This has been stripped 
off and now forms part of the hot atmosphere bound to the 
common halo. We compute the mass of stars that form from 
this galaxy’s remaining cold gas reservoir by integrating the 
exponential star formation law, (2.5), over the lifetime, 
The luminosity of these stars in any required band is com- 
puted by performing the convolution integral, equation 
(2.13). We also compute, using (2.8) and (2.11), the mass of 
cold gas that is reheated as a result of the feedback process, 
and transfer this material from the cold gas reservoir of this 
galaxy to the hot, diffuse, gaseous atmosphere of the 
common halo. 

If none of the satellite galaxies satisfies the criterion for a 
merger, then the one with the largest circular velocity is 
selected to be the focus for the gas that later cools in the 
common halo. For this galaxy we retain its current value of Fc 

rather than adopting that of the new halo. 
(vi) We now use the cooling curve to compute how much 

of the virialized hot gas in the common halo can cool in the 
lifetime This amount of gas is removed from the hot virial- 
ized component and put into the cold star-forming reservoir 
of the central galaxy. 

(vii) We then compute the mass and luminosity of the 
stars that form from this new reservoir of cold gas and add 
these to the central galaxy. 

(viii) Now we move on to the next halo in this level of the 
hierarchy, and repeat this procedure from step (iv). 

(ix) Having completed all these steps for one level of the 
hierarchy, we move to the next level up in the hierarchy and 
repeat from step (iv) until the topmost level of the hierarchy 
is reached. 

(x) We then repeat the whole process again from step (ii) 
until we have made n complete realizations which fairly 
sample a Gaussian mix of underdense and overdense 
environments. Typically, we use n=5 realizations, corre- 
sponding to a total sample volume of (52 h~l Mpc)3, for 
Mblock = 8xl015MoM. 

On completion of this cycle of computational steps, we 
output a catalogue with an entry for each galaxy that exists at 
the chosen output time and, for each galaxy, we list its stellar 
mass, circular velocity, cold gas mass and luminosity in each 
required observing band. The output for z = 0 can be used to 
compile statistical properties of the present galaxy popula- 
tion, such as luminosity functions in various passbands, star 
formation rates as a function of luminosity, colour-magni- 
tude distributions, etc. We use the outputs at higher redshifts 
to construct luminosity functions in the wavebands corre- 
sponding to the observed and rest-frame B and K bands, and 
use the former to predict the B- and i^-band faint galaxy 
counts and redshift distributions. 

Our current model does not incorporate chemical enrich- 
ment, but it would be quite straightforward to extend it to 
incorporate metal production. We could compute the yield 
for our selected IMF, and this would then determine the 
metal production rate. We would then have to parametrize 
the fraction of these metals that go to enrich the cold star- 
forming gas and the remaining fraction that flows out of the 
galaxy as a hot SN-driven wind, which then mixes with and 
enriches the halo gas. The enrichment of the halo gas would 
modify the cooling time of the gas, which we could easily 
compute. Equally importantly, the gradual enrichment of the 
star-forming gas would lead to the formation of stars with a 
range of metallicities. However, the stellar population 
synthesis code that we are using assumes solar metallicity. 
For this code to be extended to follow the evolution of stellar 
populations of arbitrary metallicity would require theoretical 
isochrones and libraries of stellar spectra for a variety of 
metallicities. Supplied with the function Oa(/), describing the 
evolution of the SED of a single-age population of stars, for a 
range of metallicities both sub-solar and super-solar, this 
information would allow us to incorporate chemical enrich- 
ment within our models. 

For simplicity, we have assumed that the halo gas is not 
enriched and remains at approximately primordial abund- 
ances during the epoch of galaxy formation, while the star- 
forming gas undergoes prompt enrichment so that all stars 
form with approximately solar metallicity. This is clearly an 
oversimplification, but one which is forced upon us by the 
current state of development of stellar population synthesis 
models. The inclusion of metals would substantially increase 
the cooling rates, but this would not have a large effect, as 
cooling is already very rapid in all but the largest galaxies. 
Chemical enrichment would also modify the colours of our 
galaxies. In particular, our current model may lack blue 
metal-poor galaxies at high redshift. Finally, we neglect the 
effects of dust on the visibility of our galaxies. 

3.2 Data 

Our model calculates all the basic observable properties of 
galaxies. Thus there is a wealth of observational data that can 
be used to constrain the results. The data that we consider 
best for the purpose of defining the properties of present-day 
galaxies are the B- and K-band galaxy luminosity functions, 
the colour-magnitude distribution of bright galaxies, galaxy 
star formation rates as a function of luminosity, and the 
/-band Tully-Fisher relation. Galaxy evolution at moderate 
redshift is then well constrained by faint B- and ZGband 
galaxy counts, and their observed redshift distribution. 
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3.3 Priorities 

Our model of galaxy formation contains many poorly known 
quantities that parametrize the uncertain physics describing 
star formation, the details of the cosmological model and the 
rate of galaxy mergers. These various parameters are 
coupled, so the effects that they have on the model interact 
with eaçh other. Therefore they cannot be varied independ- 
ently. Nevertheless, there is not infinite freedom within these 
models and the observational data place very interesting 
constraints on viable choices. 

We have chosen to present our results by first comparing a 
fiducial model with all the observational data, pointing out 
where this model compares well with the data and where it is 
found lacking. We shall then vary each parameter individu- 
ally and in combination, and note how the model predictions 
change by comparison with the fiducial model. In this way, 
we will learn which parameters are well constrained by the 
observational data, and which remain relatively uncertain. 
We will also learn which failings of the fiducial model can be 
easily remedied by small changes to the input parameters, 
and which require a drastic revision of the model. 

4 RESULTS 

4.1 Fiducial model 

In this section we make a thorough comparison of the 
properties of our fiducial model with observational data. Its 
successes and failures are summarized in Section 5. Listed 
below, and grouped according to the physics that they model, 
are the parameter values that define the fiducial model. 

Cosmology: 
Cold dark matter power spectrum; 
A0 = 0, Q0 = 1, H() = 50 km s-1 Mpc-1 and cj8 = 0.67; 
Qb = 0.06. 

Star formation and feedback: 
/v = 0.2=>a*= -1.5, Lhot= 140 km s-1 and ahot = 5.5; 
z% = 2.0 Gyr. 

Stellar population: 
Scalo IMF and T= 2.7. 

Galaxy merging: 
rig = 0.5rdyn and amrg = 0.25. 

Our fiducial model assumes the standard parameters of 
the CDM cosmology with a baryon fraction, Qb = 0.06, 
compatible with the bounds placed by primordial nucleo- 
synthesis (Walker et al. 1991). The other parameters speci- 
fied above are reasonable and have been chosen primarily to 
produce a model that has an acceptable 5-band luminosity 
function. The effect of varying these parameters will be con- 
sidered in Section 4.2. 

4.1.1 Luminosity functions 

Fig. 6 compares both the blue and infrared galaxy luminosity 
functions of the fiducial model with observational data. The 
5-band data are taken from Loveday et al. (1992) and 
converted from their observed to Johnson B assuming 
5 = + 0.2 (see Metcalfe et al. 1991). The -band data are 
those of Mobasher, Sharpies & Ellis (1993). 

Each model luminosity function has a power-law form at 
faint magnitudes and a break at the bright end. The existence 
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of a break is the result of the cooling criterion of equation 
(2.4). Its actual position depends on the choice of IMF and, 
in particular, on the mass locked up in non-luminous stars. 
Thus the characteristic luminosity, L*, is inversely propor- 
tional to our parameter T. In this fiducial model, the value of 
T= 2.7 is chosen as a compromise between producing a good 
fit to the bright, exponentially falling, end of the 5-band 
luminosity function and simultaneously fitting the iC-band 
luminosity function. We do not have unlimited freedom in 
our choice of T, since it directly determines the stellar mass- 
to-light ratios of the galaxies and these are observationally 
constrained. Thus it can be considered a success that the 
value of T required to produce the observed 5-band L* 
implies a mean stellar mass-to-light ratio of 15 h M0/L0, 
which although on the high side is not inconsistent with 
observations. 

The faint-end slope of the 5-band luminosity function is 
steeper than the estimate of Loveday et al. (1992). These 
authors find that the best-fitting Schechter function has a 
faint-end slope of a = 0.97 ±0.15, while the faint-end slope 
in our model has ««1.5. Nevertheless, it is a significant 
improvement over the very steep, « ^ 2, functions found by 
WF, Cole (1991) and Kauffmann et al. (1993). The reason 
for this improvement is that we have adjusted the parameters 
controlling feedback (Section 2.2) and mergers (Section 2.3) 
to achieve a shallower luminosity function. [Some of the 
models of Lacey et al. (1993) with strong feedback also 
produce a relatively shallow faint-end slope.] Having tuned 
the parameters in this way, there is no further freedom in the 
model, and so it is gratifying to see that we simultaneously 
achieve a good fit to the iGband luminosity function. It is 
also worth noting that estimates of the luminosity functions 
in clusters (e.g. Sandage, Binggeli & Tammann 1985; Impey, 
Bothun & Malin 1988) often find steeper faint-end slopes 
than that of the field luminosity function plotted in Fig. 6. An 
even better match to the two field luminosity functions would 
be achieved if the brightest galaxies were redder than in our 
fiducial model. This point is discussed in detail in the next 
section. 

4.1.2 Colours and star formation rates 

One of the primary challenges to models of galaxy formation 
is the broad colour distribution exhibited by galaxies in the 
local Universe, which reflects a wide variety of star formation 
histories. This broad range is clearly demonstrated in the 
histograms of B -K colour shown in Fig. 7. The spread in 
current star formation rates as measured by the Ha lumino- 
sity (see Section 2.4 and equation 2.14) is shown in Fig. 8. It 
can be seen that, with the exception of the faintest bin, which 
contains only nine galaxies, the colour distribution and there- 
fore the range of star formation histories is roughly inde- 
pendent of 5 magnitude. This observation implies that 
galaxies with older, redder stellar populations (ellipticals) are 
as bright in the 5 band as galaxies with young stellar popula- 
tions (spirals). Since in hierarchical scenarios the most 
massive galaxies generally form at more recent times, this 
observation poses a severe challenge which has not been 
sucessfully met by previous galaxy formation models of this 
type (see Lacey et al. 1993, and references therein). Simply 
put, hierarchical models have traditionally been unable to 
create luminous, red, elliptical galaxies. 
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(a) B-band Luminosity Function (b) K-band Luminosity Function 

Figure 6. The luminosity functions in the B and K bands in the fiducial model. The 5-band data displayed in (a) are the luminosity function 
estimated by Loveday et al. (1992) from the Stromlo-APM redshift survey. We have added 0.2 to their magnitudes to convert from their bi 
band to the standard Johnson B. The K-band data displayed in (b) show the infrared luminosity function estimated by Mobasher et al. (1993). 

tí-K 
Figure 7. Histograms of the B-K colour distribution for various values of the 5-band absolute magnitude. The data (broken lines) are from 
Mobasher et al. (1986), and show the actual numbers of galaxies in the data set. The model (solid lines) has been normalized to enclose the 
same area as the data in each plot. 

A comparison of our fiducial model with observations of 
colours and Ha luminosities of galaxies at the current epoch 
reveals some notable successes and a few failures. As can be 
seen in Figs 7 and 8, our fiducial model produces galaxies 
that span most of the observed range of B — K colour and 
Ha luminosity. Other colour indices show the same be- 
haviour with, for instance, B —I colour spanning the range 
1.6 to 2.1. This colour range indicates a true variety of star 
formation histories, since our model does not include 

sources of scatter which exist in observations of real galaxies, 
such as metallicity variations, variations in extinction by dust, 
and observational error. More significantly, there is no trend 
for the model galaxies that are brighter in the 5 band to have 
bluer colours than galaxies with lower blue luminosities. We 
count this as a major success, particularly given the failure of 
other models in this regard. Note that, had we included 
metallicities, we would have probably found a trend for more 
massive galaxies to be more metal-rich, and hence our 
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39 39.5 40 _40.5 41_ 41.5 
log Hot/h 2 ergs s 1 

log Hcx/h 2 ergs s 1 

39 39.5 40 _40.5 41_ 41.5 
log Hot/h 2 ergs s 1 

log Hot/h 2 ergs s 1 

Figure 8. Histograms of the distribution of the Ha-line luminosity for star-forming galaxies at various fixed Æ-band absolute magnitudes. The 
data (broken lines) are from the Kennicutt (1983) survey of spiral galaxies. The model (solid lines) is in general agreement with the data. The 
lower limit of the plot at 1039 /*~2 erg s -1 is roughly the lower limit of the observations. Only an upper limit to the Ha flux was reported for 
most of the Sa galaxies and a few of the Sab galaxies observed by Kennicutt. The Ha fluxes of elliptical and SO galaxies, which were not 
included in the Kennicutt sample, are also normally below the limit of this plot. In total, the fraction of galaxies in these magnitude ranges 
without detectable Ha emission at the approximate limit of the Kennicutt survey (1039 h~2 erg s-1) ranges from about 40 per cent in the 
brightest bin to about 20 per cent in the faintest bin. For comparison, the fraction of model galaxies with Ha fluxes lower than 1039 h~2 erg s_ 1 

is 22 per cent for the brightest bin, 7.4 per cent for galaxies with -2Q<MB< - 19, 0.6 per cent for galaxies with - - 18, and less 
than 0.1 per cent for galaxies in the faintest bin. 

models would have reproduced the well-known trend that 
brighter galaxies are slightly redder than fainter ones (e.g. 
Visvanathan & Sandage 1977; Mobasher, Ellis & Sharpies 
1986). 

Since our fiducial model is the first of its type explicitly to 
produce a colour-magnitude relationship in agreement with 
observation (without metallicity effects), it is instructive to 
consider how this occurs in detail. The two key processes 
are, first, that the objects which eventually merge to form 
many of the most massive galaxies form their stars early and, 
secondly, that these new larger galaxies fall into larger poten- 
tial wells and thereby lose any remaining reservoir of gas 
which could have cooled and maintained star formation. 

The primary weakness of the fiducial model regarding the 
properties of galaxies at the current epoch is that it fails to 
produce galaxies with colours as red as those of many normal 
elliptical galaxies. As Fig. 7 shows, our reddest galaxies fall 
short by about 0.3 mag in B-K. This is a major problem 
since, at face value, it implies that none of our galaxies is as 
old as the elliptical and lenticular galaxies which make up a 
fair fraction ( ~ 30 per cent) of all of the galaxies observed in 
magnitude-limited samples. It is natural to ask whether this 
discrepancy might be due to shortcomings in the understand- 
ing of the late stages of stellar evolution. It is important to 
note that the models reproduce the B-K colours of ellipti- 

cal galaxies approximately 14 Gyr after a burst of star forma- 
tion. The red galaxies in our fiducial model have bluer 
colours because they are primarily composed of stars with 
ages of roughly 9 Gyr, and the stellar population models 
suggest that such objects are bluer than observed elliptical 
galaxies. 

The discrepancy between the colours of the reddest 
galaxies in our fiducial model and those observed for early- 
type galaxies is not easily explained, except in terms of ages. 
The age problem may be either in the ages of the oldest 
galaxies in our fiducial model or in the time that it takes to 
produce red galaxies in the stellar population model, but 
other explanations do not appear to be viable. For example, 
although corrections for dust extinction are a significant 
source of uncertainty for the intrinsic colours of spiral 
galaxies, they are not believed to be important in ellipticals. 
The colour difference between the fiducial model and 
observations cannot be entirely explained by differences 
between the metallicity of the observed galaxies and the solar 
metallicity of the stellar spectra used in the stellar population 
model. First, the difference in colour for the reddest galaxies 
persists over a range of magnitudes, including galaxies with 
luminosity near L*, which are observed to have approxi- 
mately the metallicity assumed in the stellar population 
models. Secondly, the observed colours are integrated 
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colours and so should be consistent with an average metal- 
licity close to solar, rather than with the supra-solar metal- 
licities derived from spectra of the central regions of bright 
ellipticals. 

4.1.3 Faint galaxy number counts 

Traditionally, faint counts have been used to constrain the 
evolution of galaxies at moderate redshift. Fig. 9 shows blue 
and infrared faint galaxy number counts. The plots show the 

(a) B-band Counts 

(b) K-band Counts 

Figure 9. Differential galaxy number counts, N, per magnitude and per square degree as a function of apparent magnitude in the B and K 
bands. The raw counts have been divided by a pure power law with slope 0.6, so as to expand the useful dynamic range of the figure. Thus 
Euclidean number counts would appear as a horizontal line. In each figure the number counts produced by the fiducial model are shown by the 
solid curve. The dashed curve is the no-evolution model of Metcalfe et al. (1993). The 5-band data in (a) are taken from Maddox et al. (1990b) 
(APM), Jones et al. (1991), Metcalfe et al. (1991), Lilly, Cowie & Gardner (1991), Tyson (1988) and Heydon-Dumbleton, Collins & 
MacGillivray (1989) (EDSGC). Where necessary, magnitudes have been converted to Johnson B by assuming B = bi + 0.2. The K-band data 
in (b) are taken from Glazebrook, Peacock & Collins (1994), the Hawaii Wide Survey (HWS), the Hawaii Medium Deep Survey (HMDS) and 
the Hawaii Deep Survey (HDS) as reported by Gardner, Cowie & Wainscoat (1993). 

© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 



19
 9

4M
N

R
A

S.
27

1.
.7

81
C

 

A recipe for galaxy formation 795 

raw number counts after divison by a power law with the 
Euclidean slope of 0.6. This has the desirable effect of 
compressing the ordinate of the figure, thereby increasing the 
dynamic range and emphasizing the differences between the 
predictions and the data. 

The bright APM and Edinburgh-Durham Southern 
Galaxy Catalogue (EDSGC) galaxy counts are based on 
automatic scans of Schmidt photographic plates and are 
therefore subject to different sources of systematic error 
from those affecting the deeper counts estimated from CCD 
images. The near-Euclidean slope found for the bright 
counts (5 < 18) is impossible to reproduce in any smoothly 
varying model of galaxy evolution. Thus, as can be seen in 
Fig. 9, both our fiducial model and a no-evolution model, 
shown as the dashed curve (Metcalfe et al. 1993), over- 
produce the bright galaxy counts. In our model this excess is 
directly attributable to the shape of the 5-band luminosity 
function which has more faint galaxies, i.e. a steeper faint-end 
slope, than the Loveday et al. (1992) estimate from the 
Stromlo-APM redshift survey. 

Overall, the faint galaxy number counts predicted by the 
fiducial model are in remarkably good agreement with the 
observed B- and iC-band counts. The predicted 5-band 
counts faintwards of 5 = 23 are slightly low in comparison to 
the observed counts. However, our model is considerably 
closer to the observations than a simple no-evolution model. 
For example, at 5 = 25 the no-evolution model is a factor of 
4 below the observed counts, while our fiducial model is only 
36 per cent too low. We shall see in Section 4.2.4 that, in fact, 
the 5-band counts are quite sensitive to details of the shape 
of the assumed IMF. 

4.1.4 Faint galaxy redshift distribution 

A strong constraint on galaxy evolution models that seek to 
explain the 5-band counts is their shallow observed redshift 
distribution. Models that invoke luminosity evolution to 
produce the steep 5-band counts invariably predict a high- 
redshift tail in the galaxy distribution. In Fig. 10 we compare 
our fiducial model with the recent data of Colless et al. 
(1993), who now have a 95 per cent complete redshift 
sample of galaxies with blue magnitudes in the range 
21 < bj < 22.5. 

Compared to the observed distribution, the fiducial model 
predicts a slight excess of galaxies at very low redshift. This 
feature is directly related to the faint-end slope of the galaxy 
luminosity function, which is steeper for this model than 
observed. The fiducial model does not produce a tail of high- 
redshift galaxies and has a low median redshift, as low as or 
lower than the observed distribution. Thus the reason why it 
produces higher counts than a no-evolution model is princi- 
pally galaxy merging rather than luminosity evolution. This 
conclusion is reinforced in Section 4.3.1 where we present 
the predicted evolution of the galaxy luminosity function. 

4.1.5 The Tully-Fisher relation 

We now turn to the Tully-Fisher correlation between galaxy 
luminosity and circular velocity. This correlation is of a 
distinctly different nature from the other statistical proper- 
ties of the present-day galaxy population that we have con- 
sidered so far. In this case, we compare the luminosity of a 
galaxy with a dynamical property, Fc, which, in our model, is 

Figure 10. The redshift distribution of galaxies selected at an 
apparent magnitude of 5 = 22, compared to the observed redshift 
distribution of Colless et al. (1993). The histogram is the observed 
redshift distribution and the solid curve the prediction of our 
fiducial model. The two distributions have been normalized to 
enclose equal areas. 

determined purely by the DM halo in which the galaxy 
formed. The observed Tully-Fisher relation applies to 
undisturbed spiral galaxies. We have made no attempt to 
classify morphologically the galaxies in our model, which 
must therefore be interpreted as containing an admixture of 
spirals, ellipticals and irregulars. Despite this complication, 
the comparison proves to be very interesting. 

Fig. 11 compares the infrared Tully-Fisher relation in our 
fiducial model with observational data. The dashed line 
shows the locus of the best-fitting Tully-Fisher relation as 
determined by Pierce & Tully (1992). The square and 
triangular symbols give the locii of a sample of spiral 
galaxies compiled from new and published cluster data 
(Young et al., in preparation) and a sample of elliptical 
galaxies from the Coma cluster (Lucey et al. 1991), respec- 
tively. The Tully-Fisher relation of the model is offset from 
the observed relation. The slope of and the scatter about the 
mean relation, however, are in reasonable agreement with 
the observations, although it should be noted that the scatter 
in the observed correlation includes instrumental scatter. At 
1^ = 200 km s-1, the fiducial model gives L°c V3

C
6 and a 

scatter of 0.5 mag, compared to the slope and scatter deter- 
mined by Pierce & Tully of 3.5 and 0.3 mag respectively. 
This is very encouraging: simple models that incorporate 
cooling in each generation of haloes, but ignore feedback and 
assume that all cold gas is converted into stellar populations 
with the same mass-to-light ratio, predict a shallower slope, 
L °c Fj, and a scatter of ~ 1 mag (Cole & Kaiser 1989). 

The Tully-Fisher’ relation for the model, however, is 
significantly offset from the observed relation. The locus of 
elliptical galaxies [which have been placed on this plot by 
assuming a mean F-/=T.17 and an effective circular 
velocity given by Vc = f3¡\.\oXT>, as in Frenk et al. (1988)] 
overlaps that of the model, but the locus of the more numer- 
ous spiral galaxies is quite distinct. The offset from the spiral 
correlation can be viewed as a vertical displacement on Fig. 
11, in which case the model galaxies are 1.8 mag too faint, or 
as a horizontal displacement, in which case the model circu- 
lar velocities are 60 per cent too large. The latter interpreta- 
tion is more telling, since the galaxy luminosities have already 
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Figure 11. The infrared Tully-Fisher relation between /-band magnitude and circular velocity. The dashed line shows the locus of the best- 
fitting Tully-Fisher relation as determined by Pierce & Tully (1992), scaled to a Hubble constant //0 = 100 km s~1 Mpc - ^ The open squares 
are a sample of spirals compiled from new and published cluster data (Young et al., in preparation), and the triangles are a sample of ellipticals 
from the Coma cluster (Lucey et al. 1991) which have been placed on this plane by defining an effective circular velocity in terms of the 
observed velocity dispersion, Vc = ^/l.l cr1D. The points are the galaxies of the fiducial model. 

been normalized to the bright end of the observed galaxy 
luminosity function. The offset in the Tully-Fisher relation is 
a very robust prediction of our model, and cannot be signifi- 
cantly reduced by altering the model feedback parameter, 
merger parameters or IMF. 

The circular velocities that we have assigned to our model 
galaxies are the circular velocities of the DM haloes in which 
they formed. The scalelength of the galaxy is, of course, 
much smaller than that of its surrounding DM halo; thus in 
equating these two circular velocities we are implicitly 
assuming that the combined halo/galaxy circular velocity 
curve is flat over a wide range of scales. This may not be a 
good approximation. Blumenthal et al. (1986), Barnes (1986) 
and Navarro & White (1993) have shown that dissipation 
may, in fact, concentrate the baryonic component by a sig- 
nificant factor and so boost the galactic circular velocity 
above that of the surrounding halo (see also Persic & Salucci 
1990). This effect, however, is in the wrong direction to help 
to eliminate the offset in our model. We can think of no 
plausible systematic effect that would lower the galactic 
circular velocity below that of its surrounding halo, although 
some such systematic effect remains a possibility. 

The origin of the offset can be understood in terms of the 
number density of haloes, ^H(Fc)dFc, as a function of 
circular velocity. This is fixed by the CDM power spectrum 
and our choice of normalization, a8. The luminosity, L*, of a 
typical galaxy, defined by the break in the observed galaxy 
luminosity function, can be related to a typical circular 
velocity, F*, using the observed Tully-Fisher relation. If the 
model were consistent with the data the number density of 
haloes of circular velocity V* should approximately equal 
the number density of galaxies of luminosity L*: 

0h(F*)« ^(L*). For the CDM model, however, we actually 
find 0H(F*)> ^(L*). Around F*, ^H(^c) is a decreasing 
function of Fc. Thus, to match the galaxy number density in 
our model to the observed luminosity function, we are forced 
to adopt a mass-to-Ught ratio such that the galaxies with a 
given Fc end up being too faint. Possible solutions to this 
problem may require alteration of the cosmological model, 
for example by lowering the value of Q0, which directly 
reduces the number density of haloes, or by having a power 
spectrum with less small-scale power such as in the mixed 
(hot and cold) dark matter model (Davis, Summers & 
Schlegel 1992; Taylor & Rowan-Robinson 1992; Klypin et 
al. 1993) so that fewer haloes with circular velocities around 
F* are produced. 

4.2 Sensitivity to model parameters 

In the following subsections we consider the effects of 
varying the model parameters away from the values of the 
fiducial model. For each parameter variation, we highlight 
the model predictions that are appreciably changed, while 
noting those that are little affected. This exercise is particu- 
larly useful, as it teaches us which observations cdnstrain 
which physical processes. 

4.2.1 Feedback and mergers 

The most important parameters in our model are /v, which 
determines the strength of the feedback process whereby SN 
energy regulates further star formation, and r® rg and amrg, 
which together determine the frequency of galaxy mergers. 
The parameter amrg has only a minor influence, as the fre- 
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quency of galaxy mergers is primarily determined by r^rg. 
An increase of/v increases the fraction of gas that is expelled 
from galaxies forming in shallow potential wells, i.e. haloes 
with low circular velocities. A decrease of T^rg increases the 
merger frequency of galaxies in groups and clusters. These 
two processes have a strong influence on the shape of the 
galaxy luminosity function, and consequently on the faint 
galaxy number counts and redshift distribution. It is neces- 
sary to vary both parameters simultaneously, since their 
effects are strongly coupled. To illustrate this, we concentrate 
on the behaviour of the 5-band luminosity function; the 
variation of the A^-band luminosity function is similar. 

Fig. 12 shows the change in the shape of the present-day 
5-band luminosity function as the merger time-scale, T^rg, is 
varied, while the feedback parameter is kept at its fiducial 
value of /v = 0.2. The data displayed in this and the two 
subsequent figures are the 5-band luminosity function 
estimated by Loveday et al. (1992). The case of no galaxy 
mergers, r^rg » rdyn, produces the luminosity function with 
the steepest faint-end slope and the fewest very bright 
galaxies. A decrease of r® rg flattens the luminosity function 
by causing faint galaxies to merge with each other and with 
bright galaxies. The curve of intermediate slope corresponds 
to our fiducial model, r^rg = 0.5rdyn. A shorter merger time- 
scale, ^^=0.1^, reduces further the number of faint 
galaxies, at the expense of creating, by mergers, a few excess- 
ively bright galaxies which give a power-law tail to the lumin- 
osity function at the bright end. 

Fig. 13 shows the change in the shape of the present-day 
5-band luminosity function as the merger time-scale, r^rg, is 
varied, and the strength of stellar feedback is reduced by 
setting /v = 0.01. For each value of T^rg, the faint-end slope of 
the luminosity function is steeper than the corresponding 
curve from Fig. 12. As before, an increase of the merger rate 
does flatten the slope of the luminosity function, but, since 
feedback has not inhibited the formation of low-luminosity 
galaxies, the effect is not as strong as in Fig. 12. Once again, 
at the bright end of the luminosity function, a high frequency 
of mergers, r® rg = 0.1 rdyn, has a detrimental effect, giving rise 
to a power-law tail of bright galaxies. 

Finally, Fig. 14 shows how for the moderate merger rate 
of the fiducial model, T®re = 0.5rdyn, the faint end of the 
luminosity function steepens as /v is reduced. The curve with 
the shallowest slope corresponds to /v = 0.2, while the steeper 
curves are for /v = 0.1 and 0.01. A luminosity function with a 
sufficiently shallow faint-end slope extending brightwards 
all the way to the bright exponential cut-off can only be 
achieved by a combination of strong feedback and some 
merging of faint galaxies. 

A change in the shape of the galaxy luminosity function 
has a knock-on effect on the faint galaxy counts and their 
redshift distribution. A steeper faint-end slope produces an 
increased contribution to the galaxy counts from intrinsically 
faint nearby galaxies. This slightly increases the predicted 
counts and skews towards shallower redshifts the distribu- 
tion of galaxies selected at an apparent magnitude of 5 = 22. 
Apart from this effect, these parameter changes have very 
little influence on any of the other statistics considered in 
Section 4.1. 

4.2.2 Star formation time-scale 

In the fiducial model and its variants considered above, the 
star formation time-scale is kept fixed at r% = 2.0 Gyr. We 

now consider the effect of varying r*, while retaining the 
dependence on Vc given by equation (2.10). Thus we shall 
keep the relative star-forming efficiency implied by the 
feedback model with /v = 0.2, and only investigate the effect 
of globally increasing or decreasing the star formation time- 
scale. 

Alteration of the star formation time-scale affects mainly 
the mean and scatter of current star formation rates and the 
colours of present-day galaxies. Adoption of a larger value of 
r% suppresses star formation and the associated reheating of 
gas by young stars and SNe at early times when the age of the 
universe was comparable to or smaller than r*. As a result, 
at the present day there are fewer old red stars and more 
cold gas to fuel current star formation. Fig. 15 compares the 
distributions of galaxy colours produced for r% = 4.0 Gyr 
with those of our fiducial value, = 2.0 Gyr. For the longer 
star formation time-scale, the mean colour is bluer by 
approximately 0.3 mag. The effect on the current star 
formation rates can be seen in Fig. 16. The low value of t% in 
the fiducial model produces both galaxies with high current 
star formation rates and galaxies that have nearly exhausted 
their reservoirs of cold gas and therefore have very low 
current star formation rates. With the larger value of r%, the 
median star formation rate is slightly greater and the scatter 
is much reduced. For both values of r% the total mass of stars 
formed and their 5-band mass-to-light ratio are much the 
same. As a result, a change of râ in this range has very little 
effect on any of the other galaxy properties that we have 
studied: the luminosity function, the galaxy number counts or 
the Tully-Fisher relation. If were increased even further 
to the point where it became comparable or larger than the 
present age of the universe then, relative to the fiducial 
model, star formation would be suppressed at all epochs and 
less stars would be formed overall. 

Finally, we tried decreasing t% below 2.0 Gyr to see if this 
would shift the colour distribution even further to the red 
and provide a better match to the observed colour distribu- 
tion. However, galaxies do not become significantly redder 
for values of r%^2.0 Gyr. In this regime, the initial epoch of 
star formation is determined by the time at which the first 
potential wells are assembled in which efficient star forma- 
tion can occur, and not by the ratio of the star formation 
time-scale to the age of the universe. 

4. 2.3 Baryon fraction 

An increase of the assumed baryon fraction, Qb, affects both 
the gas cooling rates through equation (2.4) and the amount 
of material available for star formation. We have considered 
the effect of changing the baryon fraction from Qb = 0.06 
which, for //0 = 50 km s-1 Mpc-1, is the upper bound 
allowed by nucleosynthesis considerations (Walker et al. 
1991), to Qb = 0.2 which, again for HQ = 50 km s-1 Mpc" ^ is 
close to the baryon fraction inferred by White et al. (1993b) 
from an inventory of the Coma cluster. Such a large change 
increases the total mass of stars formed by a large factor and, 
if T were left unaltered, would increase the luminosity of each 
galaxy by a similar factor. The mass fraction in non- 
luminous stars can be increased by increasing T. This results 
in very little net change to the model luminosity function, but 
at the expense of requiring stellar mass-to-light ratios of 80 h 
M0/L0 which are excluded by observations. The excessively 
large mass that is turned into stars could be reduced by 
greatly increasing r*, so reducing the number of stars 
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Figure 15. Histograms of the B-K colours at various fixed B-band absolute magnitudes. The solid lines show the distributions for the fiducial 
model with star formation time-scale r* = 2.0 Gyr, while the broken lines show the distributions corresponding to r* = 4.0 Gyr. 

Figure 16. Histograms of the Ha-line luminosity for star-forming galaxies at various fixed B-band absolute magnitudes. The solid lines show 
the distributions for the fiducial model with star formation time-scale rj = 2.0 Gyr, while the broken lines show the distributions corresponding 
to T* = 4.0 Gyr. 
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formed, but this has the unwanted side-effect of making the 
mean galaxy colours excessively blue. 

A more modest increase in Qb is permissible and, in this 
case, the effects on the model predictions are much the same 
as decreasing the star formation time-scale as discussed 
above. Thus an increase of Qb leads to a larger spread in 
galaxy colours and star formation rates. 

4.2.4 Initial mass function 

The stellar initial mass function (IMF ) determines the 
spectral evolution of the stellar populations that are formed. 
Although the IMF is reasonably well determined in the solar 
neighbourhood (Scalo 1986), there is little evidence that it is 
universal. It is therefore important to identify which aspects 
of our model are sensitive to the choice of IMF. 

We first consider varying the high-mass cut-off but other- 
wise retaining the form of the Scalo IMF (Fig. 4). As the 
high-mass cut-off is reduced from 125 M0 to 30 M0, we find 
that, with the exception of the Ha flux, there is no noticeable 
change in any of the statistical properties studied in Section 
4.1. The Ha flux, used to measure the star formation rate, is 
quite sensitive to the high-mass cut-off in the IMF because 
the majority of Lyman continuum photons that are degraded 
to produce Ha are produced in very massive stars. Thus a 
poor choice of the cut-off mass could lead to systematically 
high or low Ha fluxes, while variations of the cut-off from 
galaxy to galaxy could lead to an increased scatter in the 
inferred star formation rates. 

We next consider changing the overall shape of the IMF. 
Instead of using the Scalo IMF of the fiducial model, we 
switch to the Miller & Scalo (1979) function shown by the 
dashed curve in Fig. 4. The Ha luminosities are again 
affected, since the two IMFs have different numbers of very 
high-mass stars. However, the other properties of the 
present-day galaxy population are, again, virtually 
unchanged. The robust nature of these results is very re- 
assuring. 

The 5-band faint galaxy counts and associated redshift 
distribution, however, are quite strongly affected by this 

Figure 17. The predicted redshift distribution of galaxies selected 
at an apparent magnitude of # = 22, compared to the observed 
redshift distribution of Colless et al. (1993). The solid line shows the 
prediction for a model with the same parameters as the fiducial 
model, except that the stars are assumed to form with the 
Miller-Scalo rather than the Scalo IMF (see Fig. 4). 

change of IMF. Fig. 17 shows that the redshift distribution is 
significantly deeper than that of the fiducial model. This 
behaviour is consistent with the passive evolution of the two 
different stellar populations illustrated in Fig. 5. Relative to 
the luminosity at late times (¿^10 Gyr), the Miller-Scalo 
IMF produces more luminosity for the first 2-3 Gyr. 
Together with the relatively late epoch of galaxy formation in 
these models, this implies that galaxies at moderate redshift 
are brighter with the Miller-Scalo IMF that they are in the 
fiducial model. This added ‘luminosity evolution’ deepens 
the redshift distribution and also boosts the faint galaxy 
number counts, as can be seen in Fig. 18. 

4.3 Predictions 

In Section 4.1 we made a thorough comparison of a fiducial 
model with existing data on galaxy populations. We now 
present some predictions of this fiducial model which may be 
testable by observations in the not too distant future. 

4.3.1 Evolution of the galaxy luminosity function 

Our fiducial model predicts substantial evolution of the 
galaxy luminosity function at look-back times accessible with 
current observational techniques. In the observer’s B and K 
bands there are four distinct processes that determine the 
evolution of the luminosity function: the incorrection, the 
passive evolution of stellar populations, star formation, and 
galaxy merging. The incorrection is most severe in the blue, 
where at redshifts z ^ 1 the rest-frame ultraviolet, produced 
predominantly by young stars and stars in advanced stages of 
stellar evolution, is shifted into the B band. The evolution 
observed in the B band can therefore be quite different from 
that observed in the K band. 

Fig. 19 shows our predicted B- and Ä^-band luminosity 
functions at various redshifts in the observer’s frame and in 
the rest frame of the galaxies. The differences between them 
demonstrate the varying importance of the ZGcorrections. In 
the rest-frame K band, the characteristic luminosity, L*, 
fades gradually with increasing redshift, while the faint-end 
slope of the luminosity function becomes progressively 
steeper. In the rest-frame B band, the evolution is more 
complicated. Between z = 0 and z = 0.4, L* remains approxi- 
mately constant and the evolution is best characterized as a 
steady increase with lookback time of the number density of 
all galaxies fainter than L*. At higher redshifts, the shape of 
the luminosity function begins to evolve rapidly. By z = 1, the 
characteristic luminosity has decreased significantly and the 
faint-end slope has become dramatically steeper. In the 
observer’s frame the evolution is not even monotonie, 
because of the changing influence of the /^-corrections. 

4.3.2 The galaxy redshift distribution at faint magnitudes 

The redshift distribution of faint galaxies places severe 
constraints on models of galaxy evolution. Our fiducial 
model is in excellent agreement with currently published 
data reaching to B~ 22 (Colless et al. 1993). With the advent 
of multislit spectroscopy, it is now becoming possible to 
obtain near-complete redshift catalogues at even fainter 
magnitudes. Surveys are currently underway at #«24 
(Glazebrook et al, in preparation) and / « 22 (Lilly et al., in 
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(a) B-band Counts 

(b) K-band Counts 

Figure 18. Differential galaxy number counts, N, per magnitude and per square degree. The data points are as in Fig. 9. The solid line shows 
the prediction for a model that has the same parameters as the fiducial model except that the stars are assumed to form with the Miller-Scalo 
rather than the Scalo IMF (see Fig. 4). The number counts are boosted above the prediction of the fiducial model, since this choice of IMF 
causes galaxies at moderate redshifts to be brighter. 

preparation). We therefore present the distributions pre- 
dicted by our fiducial model at faint apparent magnitudes. 
Fig. 20 shows the redshift distributions of optically selected 
and infrared-selected samples. In the infrared the evolving 
redshift distributions remain quite shallow even at iC = 18 
and 19. This is not the case in the B band, where a tail of 
high-redshift galaxies is predicted. This tail appears when the 
UV flux produced by young stars in these star-forming 
galaxies is redshifted into the optical band. 

4.3.3 The star formation history of the Universe 

It may be possible in future to constrain the global star 
formation history in the Universe using QSO absorption-line 
systems as a probe of the formation of metals (see Lanzetta, 
Wolfe & Turnshek 1994; Pettini et al. 1994). In our fiducial 
model the total mass density that is converted into stars by 
the present, expressed in units of the critical density, is 
Q* = 0.011. In this model Qh = 0.06, and so only 18 per cent 
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Mk — 5 log h MK — 5 log h 

Figure 19. Galaxy luminosity functions in the observer’s and galaxies’ rest-frame B and K bands at various redshifts. The top row shows the 
observer’s and rest-frame 5-band luminosity functions respectively. The bottom row shows the corresponding /Gband luminosity functions. 
The solid lines show the luminosity functions at z = 0 reproduced from Fig. 6, while the dotted, short-dashed and long-dashed lines show the 
predictions at z = 0.4,1.0 and 2.2 respectively. 

B selected redshift distribution K selected redshift distribution 

Figure 20. The galaxy redshift distribution, dN/âz, predicted by the fiducial model of Section 4.1, for surveys limited at faint apparent 
magnitudes in the B and K bands. 
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Z 
Figure 21. The history of star formation in the fiducial model of 
Section 4.1. The curve shows the mass fraction of stars formed by 
redshift z relative to the present mass in stars. 

of baryons have been transformed into stars. Fig. 21 shows 
how the mass in stars grows with time. Star formation begins 
at high redshift, z ^ 4, but the majority of stars are formed 
recently, with half the stars being formed after z « 0.9. The 
current star formation rate averaged over all galaxies can be 
expressed as Q*///0 = 0.0013; thus, at the present rate, a 
mass density corresponding to Q* = 0.0013 or 3.7 x 108 h2 

M0 Mpc “3 will be converted into stars in a Hubble time. 

4.3.4 Dark baryons 

At the present epoch, 82 per cent of the baryons are not in 
stars. Most of these baryons (57 per cent of the total) are 
associated with haloes of mass MH< 1010 M0 which, in our 
model, eject all their gas after converting only a tiny propor- 
tion into stars. The remaining 25 per cent of the baryons are 
in the form of cold, star-forming gas and hot diffuse gas, 
either confined in galaxy clusters and galaxy haloes, or 
simply expelled from lower mass field galaxies. Some of this 
gas will be hot enough to emit X-rays, but much of it is likely 
to be invisible. This gas and the mass in brown dwarfs 
implied by the value of T=2.7 constitute ‘baryonic dark 
matter’ in our model. 

5 DISCUSSION AND CONCLUSIONS 

We have presented an ab initio model of galaxy formation in 
which we attempt to understand the formation paths and 
present-day properties of galaxies, starting from a spectrum 
of primordial density perturbations. Our efforts are 
hampered by the fact that several of the relevant physical 
processes are known only in a sketchy way. The approach 
that we have adopted is to characterize these processes using 
scaling laws, inspired by simple physical considerations or by 
the results of numerical simulations. 

Our recipe for galaxy formation is quite general and can 
readily be adapted to hierarchical schemes with any initial 
conditions. In this paper, we adopted the standard cold 
matter theory as the underlying cosmogonic model. Within 
this framework, we constructed a ‘fiducial’ model by adopt- 
ing reasonable values for the model parameters. These are 
two ‘feedback’ parameters (the efficiency with which energy 
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from supernovae and stellar winds is coupled to the intra- 
galactic gas and the normalization of the star formation rate); 
two parameters that describe the stellar populations that 
form (the stellar initial mass function and the global stellar 
mass-to-light ratio); and two parameters that control galaxy 
mergers (a time-scale and its dependence on mass). Having 
fixed the fiducial values of these parameters so as to obtain a 
reasonable match to the bright end of the 5-band luminosity 
function, we calculated, and compared carefully with obser- 
vations, predictions for a number of observables, namely: (i) 
the X-band luminosity function; (ii) the B-K colours as a 
function of absolute magnitude; (iii) the Ha-line luminosity; 
(iv) the correlation between /-band magnitude and circular 
velocity; (v) the distribution of galaxy counts in the B and K 
bands as a function of apparent magnitude; (vi) the redshift 
distribution of the faint counts; (vii) the evolution of the 
luminosity function; and (viii) the history of galactic star 
formation. Some of these diagnostics are well determined 
observationally, but others, particularly (vi)-(viii), are 
genuine predictions of our model which may be tested with 
future observations. Finally, we explored the effect of varying 
the model parameters in order to assess the relative import- 
ance of the different physical processes that we have 
modelled. 

Our models are strongly constrained by our combination 
of observed galaxy properties. Their main features may be 
summarized as follows. 

(1) The shape of the galaxy luminosity function is pri- 
marily controlled by the combined effect of galaxy mergers 
and stellar feedback. For plausible stellar mass-to-light 
ratios, the B- and K-band luminosity functions predicted at 
the present day are in reasonable agreement with observa- 
tions. Although this represents a substantial improvement 
over the results of Cole (1991), White & Frenk (1991), and 
Kauffmann et al. (1993), our fiducial 5-band luminosity 
function is still steep at absolute magnitudes fainter than 
about Mb=—1S. The faint-end slope could be flattened 
further, in closer agreement with the observed field lumino- 
sity function, by increasing the strength of the stellar feed- 
back (as noted also by Lacey et al. 1993). We remain 
sceptical, however, about the need to produce such a flat 
faint-end slope. Deep surveys in Virgo (Sandage et al. 1985; 
Impey et al. 1988) and Fornax (Phillipps et al. 1987; 
Ferguson & Sandage 1988) reveal luminosity functions that 
are as steep as or even steeper than that of our fiducial 
model, as do field studies of blue galaxies (Shanks 1990). As 
Phillipps et al. have emphasized, field surveys could be 
biased against faint, low-surface-brightness galaxies. 

(2) The colours and Ha luminosities (a measure of the 
star formation rate) of our galaxies are most sensitive to our 
assumed baryon density and star formation time-scale. Even 
neglecting metallicity effects, our colour-magnitude relation 
shows no trend for brighter galaxies to be bluer. Inclusion of 
metallicity effects would probably lead to our brighter 
galaxies being redder than our faint ones, as observed. This is 
a counter-intuitive result - in hierarchical models one naively 
expects more massive galaxies to be younger and bluer than 
fainter ones. In our model this trend is eliminated, because 
massive galaxies tend to form through mergers of fragments 
which formed stars early, and because their star-forming 
activity is quenched when they lose their reservoirs of hot gas 
as they preferentially fall into larger potential wells. Our 

© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 



19
 9 

4M
N

RA
S.

27
1.
 .

78
1C

 

804 S. Cole et al. 

models therefore demonstrate that the colour-magnitude 
relation of elliptical galaxies is not a serious objection against 
the sequence of cosmogony in hierarchical models. This we 
regard as a major success of our model. Note, however, that 
quite specific conditions are required: in the models of Lacey 
et al. (1993), the brightest galaxies do tend to be the bluest. 

(3) Although our fiducial galaxies span most of the 
observed range of colours and Ha luminosities, the reddest 
galaxies are not as red as many observed ellipticals by about 
0.3 mag in B — K. This is a serious shortcoming which cannot 
be remedied by reasonable changes in parameter values, nor, 
it seems, by appealing to metallicity effects. Rather, it appears 
to be related to an age problem - the model does not pro- 
duce galaxies with sufficiently old stellar populations. 
Indeed, about half the total number of stars are formed only 
since a redshift of 1. A modest increase in the available time 
after the beginning of structure formation would alleviate this 
problem, but this is not a parameter that we are at freedom to 
adjust within our cosmogonic framework. In a sense, this age 
problem is similar to the age problem for globular clusters in 
an Q = 1, //0 = 50 km s"1 Mpc"1 universe, not a surprising 
conclusion given that the same stellar evolutionary calcula- 
tions underly both age determinations. In assessing the 
importance of this problem, we must bear in mind that sig- 
nificant uncertainties remain in our understanding of the late 
stages of stellar evolution. 

(4) Our models give an excellent match to the observed 
number counts of faint galaxies as a function of B and K 
magnitudes and the measured redshift distribution to 
B ~22.0. There has been much debate recently on the 
critical role that mergers may play in resolving the apparent 
contradiction between the large observed number of faint 
blue galaxies and their relatively shallow redshift distribution 
(Koo 1989; Rocca-Volmerange & Guiderdoni 1990; Guider- 
doni & Rocca-Volmerange 1991; Broadhurst, Ellis & Glaze- 
brook 1992). In these studies, ad hoc merger rates were 
assumed and adjusted specifically to solve the ‘blue counts’ 
problem. Galaxy mergers are, of course, innate to our models 
and have a dominant effect on the counts. Somewhat surpris- 
ingly, we find that the predicted 5-band counts and assoc- 
iated redshift distributions are sensitive to the assumed shape 
of the IME (The iC-band data are also affected by a change 
in the IMF, but much less so.) In contrast with earher work 
(e.g. White & Frenk 1991; Lacey et al. 1993; Kauffmann, 
Guiderdoni & White 1994), our models give an acceptable 
match to the faint counts even though the faint-end slope of 
the present-day luminosity function is fairly flat. If this slope 
were flattened even further by increasing the feedback 
strength, the number counts would drop slightly, but this 
could be compensated for by a modest change in the IMF, to 
something intermediate between the Scalo and Miller-Scalo 
IMFs, with no appreciable effect on the remaining observ- 
ables. The reason why our models can simultaneously give 
acceptable faint counts and a relatively shallow present-day 
luminosity function is simply that the luminosity function 
evolves substantially with time through the combined effect 
of mergers and feedback. 

(5) Our predicted /-band ‘Tully-Fisher’ relation - the 
correlation between / magnitude and circular velocity - has a 
slope and scatter in reasonable agreement with observation. 
Our predicted zero-point for spiral galaxies, however, is 
about 1.8 mag too faint or, alternatively, our predicted 

circular velocities, at fixed magnitude, are about 60 per cent 
too large. We regard this as the most serious shortcoming of 
our model, one which was previously noted by White et al. 
(1987), Cole (1991), White & Frenk (1991), Lacey et al. 
(1993) and Kauffmann et al. (1993), and which cannot be 
removed by adjusting model parameters. As Kauffmann et 
al. emphasize, perhaps the most instructive way to interpret 
this discrepancy is as an overabundance of dark galactic 
haloes in the standard CDM cosmogony. Our model shows 
that the merger rate that gives an acceptable luminosity 
function and faint galaxy counts is insufficient to remove the 
excessive number of haloes. 

(6) Since the properties of our model galaxies are known 
at all epochs, we can make definite predictions about the 
galaxy populations expected at intermediate and high red- 
shifts. Much of the activity associated with star formation 
and galaxy merging occurs at redshifts less than 1. In particu- 
lar, we expect substantial evolution of the luminosity function 
even at quite modest redshifts, z ^ 0.4, but this evolution can 
be quite complex and depends sensitively on the band-pass 
in which the observations are carried out. We are also able to 
predict the redshift distributions expected in surveys at 
increasingly faint magnitudes. Only at 5 — 25 do we expect a 
non-negligible tail of galaxies with z > 2, but even then the 
predicted median redshift is relatively modest, z ~ 0.7-0.8. In 
the K band it would be necessary to go to K = 19 to detect an 
appreciable population beyond redshift 1. 

(7) An important prediction of our model is the existence 
of ‘dark’ baryons. Only about 20 per cent of the baryons at 
the present epoch are locked up in stars, two-thirds of which 
have mass less than 0.1 M0 (i.e. brown dwarfs, ‘Jupiters’, 
etc.). The remainder are still in gaseous form, mostly in a hot 
intergalactic phase, but with a non-negligible fraction in a 
cool phase within star-forming galaxies. Thus, in principle, 
our models have no difficulty accounting for the large 
amount of cool gas inferred at z - 2 from the study of 
damped Lya clouds seen along the lines of sight to many 
quasars (Wolfe 1988). 

Many of the essential features of our model are also 
present in the Kauffmann et al. (1993) study, but the two 
implementations are very different. Thus the Monte Carlo 
methods, the feedback mechanisms, the star formation 
algorithms and the galaxy merger rates are substantially 
different in the two approaches, as are the detailed proper- 
ties that we each chose to emphasize. Our cosmological 
model also assumes lower values of the baryon density and 
of the biasing parameter. On the whole, the results of the two 
studies are consistent with each other, and the differences 
that we do find can readily be understood in terms of differ- 
ent parameter values and/or specific prescriptions for 
modelling key physical processes. For example, the flatter 
faint-end luminosity functions that we obtain result mainly 
from the stronger feedback and the higher merger rate of 
faint galaxies relative to bright ones in our model. Our lower 
baryon density and correspondingly longer cooling time for 
the gas are largely responsible for the differences at the 
bright end of the luminosity function and, together with our 
galaxy merger rates, explain why there is no trend for the 
brightest galaxies in our model to be the bluest. The main 
shortcoming of this kind of model is present in both studies, 
although it is expressed in different ways. Kauffmann et al. 
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fixed their parameter values so as to match the properties of 
the Milky Way and its satellites and thus, by implication, the 
zero-point of the Tully-Fisher relation. As a result, the mean 
5-band luminosity density in their model turned out to be a 
factor of 2 too high. We, by contrast, fixed our parameters so 
as to match the 5-band luminosity function near the charac- 
teristic luminosity, L*, and thus obtained an acceptable 
luminosity density at the expense of an incorrect zero-point 
for the Tully-Fisher relation. 

To summarize, we have laid down a sequence of steps 
leading to a detailed model of galaxy formation, starting from 
an assumed spectrum of primordial density fluctuations. Our 
model must be credited with a number of significant suc- 
cesses, most notably its ability to match, approximately, the 
present-day galaxy luminosity function, the colour- 
magnitude relation, and the counts and redshift distribution 
of faint blue and red galaxies. This model, however, suffers 
from two major failings: its inability to produce bright 
galaxies as red as many observed ellipticals; and its inability 
to match the zero-point of the Tully-Fisher relation. These 
two problems can be traced back to the very core of the 
model - they cannot be removed simply by changing para- 
meter values, and will require a revision of some of the ideas 
developed here. Whether this revision will encompass only 
astrophysics (gas dynamics, star formation and stellar evolu- 
tion) or whether it will necessitate a modification of the 
cosmological model (the values of Q0, A0 and HQ or the input 
power spectrum) remains, at the present time, an open 
question. 
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