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ABSTRACT. We present a design for large rotating liquid mirrors. These mirrors are stiff lightweight 
structures designed to support a thin reflective mercury surface layer. The general design features and 
fabrication techniques are described and approximate analytic formulas are derived describing the 
flexural, vibrational, and stability characteristics of these mirrors. As an example, we describe in detail 
the 2.7-m mirror of the UBC/Laval liquid mirror observatory. We conclude by considering the 
feasibility of employing this design for very large liquid mirrors. 

1. INTRODUCTION 

The recent demonstration of a diffraction-limited 1.5-m 
rotating liquid mercury mirror (Borra et al. 1989), opened 
a new era in the design of large ground-based zenith- 
pointing optical telescopes. This development combined 
with the advent of large-format CCD detectors which can 
compensate for the Earth's rotation by operating in a time- 
delay integration or drift-scanning mode (McGraw et al. 
1980; Wright and McKay 1981; Gibson and Hickson 
1992), makes the serious consideration of large liquid mir- 
ror telescopes (LMTs) possible. 

Liquid mercury can provide an excellent surface for the 
reflection of light. The reflectivity of mercury ranges from 
79% at 3100 A to 90% at 13,000 A (Hass and Hadley 
1963; Schultz 1957) making it competitive with aluminum, 
particularly in the red region of the spectrum. Mercury has 
some inherent advantages over aluminum in that its sur- 
face can be cleaned regularly to maintain a high reflectivity 
whereas large aluminum mirrors are rarely realuminized 
more than once per year and suffer some degredation due 
to oxidation and the presence of dust. Although mercury 
vapor is toxic. Borra et al. ( 1992) ñnd that, within several 
hours, a transparent surface layer forms on the mercury 
which supresses evaporation to below detectable limits. It 
is therefore unlikely that mercury toxicity will present a 
serious problem. 

Large LMTs may offer an economical alternative to 
conventional telescopes for certain projects such as wide- 
area surveys. Because of the relatively low cost and sim- 
plicity of the liquid mirrors, it may in the near future be 
possible to build LMTs with greater collecting area than 
even the largest conventional telescopes. 

Work involving liquid mirrors is being conducted by 
several groups (Borra et al. 1992; Vasil'ev 1985; Potter 
1991 ). The largest astronomical liquid mirror of which we 
are awaré is that of the 2.7-m LMT collaboration of the 
University of British Columbia (UBC) and Laval Univer- 
sity (Gibson and Hickson 1991; Hickson et al. 1990). Lo- 
cated near Vancouver, this telescope saw first light in 1992 
September and is expected to become operational by 1993. 
Its primary scientific role will be in conducting surveys of 
galaxies and quasars in a 20' wide band of sky centered at 

approximately 49° declination. Tfie telescope/and associ- 
ated scientific programs will be described in detail in future 
papers. In this paper we describe the design and construc- 
tion of the mirror. 

Borra (1982) has shown that in order to obtain good 
image quality, the angular velocity of rotation must be 
uniform to within —10~5, and the surface of the mercury 
must be free of vibration-induced surface waves and other 
nonuniformities, to within a fraction of wavelength of 
light. This may be achieved by supporting the mirror with 
an air bearing and driving it by a synchronous motor con- 
trolled by a quartz oscillator. Borra et al. ( 1992) have also 
developed a technique which allows a relatively thin ( —2 
mm) mercury layer to be used, thereby reducing the 
weight of the mirror significantly. 

In larger liquid mirrors of this type, three design con- 
straints become particularly severe. First, the mirror must 
support a heavier mercury load without undue flexing. In 
particular, the mirror flexure should be less than of order 
1/10 of the thickness of the mercury layer. At the same 
time, the entire structure must be as light as possible, to 
allow it to be supported by an air, or possibly an oil, bear- 
ing. Second, both the mirror, and its support system must 
be stiff in torsion about a horizontal axis in order to avoid 
instability that can result from the horizontal flow of mer- 
cury due to tilt of the mirror axis (Content 1992). Finally, 
the fundamental resonant frequency of the mirror must be 
as high as possible, in order to suppress the amplitude of 
surface waves caused by any small vibrations transmitted 
to the mirror. Thus, it is very important that the mirror be 
relatively light yet stiff, and have high intrinsic vibration 
damping. 

In this paper we describe a mirror design which has 
sucessfully met these criteria for diameters as large as 3 m. 
Developed originally for the UBC/Laval 2.7-m LMT, it 
has been the basis for the construction of four large liquid 
mirrors. Two 2.7-m mirrors, one for the UBC/Laval LMT 
and one for the University of Western Ontario Lidar Fa- 
cility, and a 3.0-m mirror for NASA (Hickson 1993) were 
built at UBC, and a 2.5-m liquid mirror has been built at 
Laval University (Borra 1992a). 

The basic design is described in Sec. 2, and its mechan- 
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Fig. 1—Mirror cross section showing structural elements. The upper 
surface is parabolic and supports a thin mercury layer. Depressions seen 
in the upper surface are grooves needed to overcome surface tension 
effects at the inner and outer edges of the mercury layer. 

ical characteristics are evaluated. Section 3 describes the 
construction techniques used in building the 2.7-m mirror, 
and in Sec. 4 we consider larger mirrors and discuss mod- 
ifications to the basic design which might allow the con- 
struction of mirrors with diameters as large as 8 m. 

2. MIRROR DESIGN 

2.1 Mechanical Design 

The essential structural elements of our design are 
shown in Fig. 1. The mirror is of composite construction, 
consisting of a strong skin surrounding a lightweight core. 
An aluminum hub serves to stiffen the central region of the 
mirror, and allows precise centering of the mirror on the 
air bearing and drive system. An aluminum ring attached 
to the rim of the mirror retains the mercury. The rim also 
contains hard points for the attachment of balance weights. 
The upper surface of the mirror is filled to a depth of ~ 1 
cm with a spun-cast layer of polyester resin which supports 
the mercury. 

The skin of the mirror, which bears tensile and com- 
pressive stresses, consists of structural fibers in an epoxy 
matrix. Several types of materials are available for use as 
reinforcing fibers, the most appropriate being woven fab- 
rics consisting of fibers of glass, Kevlar, or graphite. Fiber- 
glass is the least expensive and is simple to work with, but 
gives lower performance than the other fabrics. For exam- 
ple, Kevlar has a modulus of elasticity about 50% greater 
than that of Fiberglass and weighs 15% less. However, its 
cost is about three times that of Fiberglass. Graphite has 
an elastic modulus about 30% greater than that of Kevlar, 
and a comparable density. Its cost is currently about three 
times that of Kevlar. For small mirrors Kevlar is probably 
the most suitable choice. For large mirrors, graphite may 
be more suitable because of its higher specific stiffness. All 
these materials are available in a range of fabric types with 
bidirectional (BID) or unidirectional weaves. The former 
has comparable stiffness and strength in directions parallel 
and perpendicular to the weave and is most suitable for 
covering surfaces with compound curvature. 

Because these fabrics are anisotropic, several layers 
must be used with different orientation angles to give a skin 

Table 1 
Material Properties 

material ρ Ε σ 
(kg/m3) (GPa) (GPa) 

Fiberglass1 1513 ÏKÔ 035 
Kevlar2 1179 22.3 0.36 
graphite3 1280 29.0 0.36 
styrofoam 32 0.02 0.35 
epoxy4 1140 3.32 0.45 

Notes: 
1. Type RA7725 BID Ε-glass fabric in epoxy matrix 
2. Kevlar 49 type 281 BID fabric in epoxy matrix 
3. Type 584 BID graphite fabric in epoxy matrix 
4. Hexcel 2410/2183 epoxy/hardener 100/45 volume ratio 

which has roughly homogeneous mechanical properties. 
The upper and lower skins of the 2.7-m mirror consist of 
four plys of Kevlar-49, type 281, BID cloth oriented 22.5° 
to each other. These plys overlap 10 cm at the rim of the 
mirror, and overlap 5 cm onto the aluminum hub. Two 
additional plys extend from the center of the mirror to 2/3 
of its radius and 2 more plys extend from the center to 1/3 
of the radius. 

Shear stresses are borne by the core of the mirror which 
consists of a lightweight material. A variety of core mate- 
rials are available. For small mirrors Dow styrofoam is 
probably the most convenient. It is lightweight, rigid, and 
has the additional advantage of being relatively easy to 
shape and assemble. For much larger mirrors, a material 
with a higher shear modulus than styrofoam must be used. 

Mechanical properties of various structural materials 
are listed in Table 1. The columns give density (p), 
Young's modulus (E), and Poisson's ratio (σ). For the 
composite materials, these figures refer to azimuthally av- 
eraged properties appropriate to the approximately homo- 
geneous multi-ply skins described above. As these proper- 
ties depend to some degree on the construction techniques 
used, they were determined by laboratory measurement of 
test samples (Hickson et al. 1993). 

As can be seen in Fig. 1, the bottom of the mirror has a 
conical shape. This provides increased rigidity while keep- 
ing the weight to a minimum. It also results in the thick- 
ness of the mirror being approximately constant, because 
of the parabolic shape of the upper surface, which simpli- 
fies the structural analysis. 

2.2 Structural Analysis 

The cylindrical symmetry of the mirror allows key 
structural properties to be estimated analytically (Appen- 
dix). This approximation is reasonable providing that 
shear deformation in the core can be neglected. For axi- 
symmetric deformations, the condition that must be satis- 
fied is 

htEsil-ac)/R2Ec4l (1) 

where R is the mirror radius, t and Es are the thickness and 
Young modulus of the skin, and A, Ec, and ac are the 
thickness. Young modulus, and Poisson ratio of the core. 
For dipole deformations, corresponding to an axis tilt, stiff- 
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ness of the central portion is most important, and the thin- 
plate condition is 

Table 2 
Mechanical Characteristics of the UBC/Laval 

2.7-m Mirror 
htEA\-as) 

(2) 

where is the radius of the metal hub. When the above 
conditions are satisfied, we obtain the following results: 

The ratio of the maximum deflection of the mirror to 
the thickness of the mercury layer (the deflection coeffi- 
cient) is given by the formula 

7 + 3σ5 
Ph^VM). (3) 

*Hg 64i)(l+ai) 

where pHg is the density of mercury ( 13,596 kg m-3 at 00 

C), g is the gravitational acceleration, and D is the coeffi- 
cient of rigidity, given by 

Esh
2t 

(4) 

where τ;(μ) is a function which contains the dependence of 
the deflection on the ratio μ=ΚΗ/Κ of the hub radius to 
mirror radius (Fig. 1). For the 2.7 m mirror, μ=0.15 and 
7/=0.67. 

The fundamental resonant frequency of the mirror may 
be estimated from the formula 

(5) 

where m is the mass per unit surface area of the mirror and 
mercury, and /Lq depends on μ and the azimuthal mode 
number v. Dimensionless resonant frequencies 
f^=f^{mRA/D)1/2 for several modes are plotted in Fig. 4. 
For the 2.7 m mirror the lowest frequency mode is the 
dipole v= 1, and /¿=0.656. 

In order to avoid instability due to the horizontal flow 
of mercury, both the mirror and the support system must 
be sufficiently stiff. The condition for stability is 

/+^<1, (6) 

where 71 is the dipole flexure coefficient for the mirror 

j>pHg^4 

(7) 

(8) 

(2π/^)2/> 

and Ys is the flexure coefficient for the support system 

4/c 

Here κ is the moment stiffness of the support system, i.e., 
the restoring torque per radian of axis tilt. Flexure coeffi- 
cients for the mirror design presented here may be deter- 
mined, for any value of μ, from the v= 1 curve of Fig. 4. 
For the 2.7 m mirror y1=0.06gpHg/?4/i>=0.07. 

The mechanical characteristics of the UBC/Laval 2.7-m 
mirror are shown in Table 2. The predicted value of the 
deflection coefficient, from (3) is 0.11. Laboratory mea- 
surement of the completed mirror indicated a deflection 
coefficient of 0.13. The small difference is likely a result of 
shear deformation since for this mirror htEs{l—Gc)/R2Ec 

parameter value 
radius (R) 1.33 m 
hub radius {Rh) 0.20 m 
core thickness {h, typical) 0.12 m 
skin thickness (i, central) 2.0 mm 
focal length 5.00 m 
mass (empty) 120 kg 
mass (with 2mm Hg) 270 kg 
deflection factor {Cmax/tHg) 0.13 
dipole flexure coefficient (71) 0.22 
resonant frequency (empty) 27 Hz 
resonant frequency (with 2mm Hg) 18 Hz 

=-0.2. For the 2.7-m mirror, the thin-plate approximation 
fails badly for dipole deflections as htEs(\—ac)/R2

hEc~9. 
As a result, the predicted dipole flexure coefficient (71 

=0.07) is considerably lower than the measured value of 
0.22. 

The lowest resonant frequency occurs for dipole vibra- 
tions. For the 2.7-m mirror, the thin-plate approximation 
predicts a resonant frequency of 48 Hz with no mercury 
load and 32 Hz with a 2 mm thick mercury layer. Because 
of shear deformation, the true values are expected to be 
lower by a factor of 1.8( ^0.22/0.07). 

The principal factors determining the strength are the 
thickness of the core and skins, the strength of the skin, 
and the diameter of the hub. As can be seen from the above 
formulas, for a given mirror diameter, the stiffness in- 
creases in proportion to the skin thickness and the square 
of the core thickness. The deflection and flexure coefficients 
are inversely proportional to the stiffness, but the resonant 
frequency increases only as the square root of the stiffness. 
The design can be scaled homologously to larger mirrors. 
The deflection, flexure coefficients, and (approximately) 
the resonant frequency, are unchanged when the skin 
thickness increases in proportion to the square of the mir- 
ror radius, t oc R2, as long as the thin-plate conditions ( 1 ) 
and (2) are met. It may, of course, be more practical to 
modify the design for large mirrors, by increasing the rel- 
ative thickness h/R, for example. In addition, increasing 
the diameter of the aluminum hub improves the mirror 
performance significantly. The hub should therefore be 
made as large as is practical. 

3. CONSTRUCTION TECHNIQUES 

Fabrication of the mirror follows standard techniques of 
composite construction (e.g., Marshall 1989). For the 2.7- 
m mirror, construction proceeded as follows: Core seg- 
ments were cut from blocks of styrofoam using a hot-wire 
cutter. This consisted of a 1.2-m length of 1 mm diameter 
stainless-steel wire stretched on a light rigid frame and 
connected to the secondary circuit of a variable trans- 
former. After cutting, the individual segments were aligned 
and glued together by two-component polyurethane foam. 
After assembly and bonding to the aluminum hub, the 
circumference of the foam core was trimmed by fixing the 
hotwire in a vertical position, then rotating the entire foam 
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core on the mirror bearing. In a similar manner, the bot- 
tom surface of the foam core was trimmed to the conical 
shape. 

Lamination of the Kevlar skin began with the lower 
surface. The mirror was inverted and the foam surface was 
prepared by filling any small dents or cracks in the core 
with polyurethane foam and sanding the entire lower sur- 
face and rim of the core as well as the metal hub that 
would be bonded to the skin. Pores in the foam were then 
filled with a light mixture of epoxy and glass microspheres. 
Consecutive layers of Kevlar cloth were then applied and 
laminated with Hexcel type 2410 resin and type 2183 hard- 
ener. This resin has relatively low toxicity, low exothermic 
heat production, and minimal shrinkage upon curing. 

When the lower Kevlar skin had cured (about 24 hr at 
25 0C), the mirror was placed right side up on the bearing. 
The upper surface of the foam core was then machined to 
produce an accurate parabola. For the UBC 2.7-m and 
NASA 3.0-m mirrors, this was done by employing a two- 
axis translation stage carrying a rotating cutter. 

After machining, the upper surface of the mirror was 
prepared and covered with Kevlar in the same manner as 
the lower surface. The upper and lower skins overlap 10 
cm on the rim. When the epoxy had cured, blind nuts were 
installed, to provide attachment points for the metal rim 
and counterweights. The nuts for the 2.7-m mirror were 
made from 2.5 cm diameter stainless-steel disks containing 
tapped holes to receive screws which hold the metal rim of 
the mirror, in addition to larger holes for balance weight 
bolts. They were installed by first cutting oversized holes 
through the Kevlar skin and into the foam around the 
mirror circumference. The metal rim and blind nuts were 
glued to the rim of the mirror with flox—a mixture of 
cotton fibers and epoxy. A final strip of Kevlar was applied 
to the upper surface, lapping up over the metal rim in order 
to securely bond the rim. 

The final surface of the mirror was formed by spincast- 
ing. Borra (1992b) has found that Hexcel type 3138 poly- 
urethane resin is suitable for spincasting large mirrors. The 
resin and hardener were mixed by hand, to avoid air en- 
trainment which would result in bubbles, and applied in 
one operation while the mirror was rotating. 

The completed 2.7-m mirror is shown in Fig. 2. The 
mirror is covered with a 2 mm thick mercury layer with a 
surface of high optical quality. The mirror is being sup- 
ported by a Rank-Pneumo model RT-14002 14" air bear- 
ing. The mirror has recently been tested and found to be of 
excellent quality, producing star images with half-widths of 
less than 2 arcsec, limited only by the atmospheric seeing. 

4. DISCUSSION 

Although approximations were made in deriving the 
formulas presented here, the results should be of sufficient 
accuracy to allow an evaluation of the design. A finite 
element analysis has been made of a mirror design similar 
to this one by Arrien (1990). His results are in general 
agreement with the analytic formulas and confirm the ex- 
cellent structural performance of this type of mirror. 

FIG. 2—The completed 2.7-m mirror, rotating on its air bearing, support- 
ing a 2 mm thick mercury layer of optical quality. 

When considering the scaling of this design to larger 
mirrors, several factors must be considered. For homolo- 
gous scaling, where h/R and Rh/R are fixed, the skin 
thickness t must increase as R1. However, it is essential 
that the stability condition (6) be met. Since the stiffness of 
the mirror against dipole distortions depends strongly on 
the rigidity of the hub and central region of the mirror, it 
is important that shear deformation be minimized. In par- 
ticular, the conditions (1) and (2) must be satisfied, de- 
spite the increase in t. It will therefore be necessary to 
adopt a core structure which has a significantly higher 
shear modulus than styrofoam, at least in the central re- 
gion of the mirror. Possible solutions include a composite 
or metal honeycomb core, or a network of composite fiber- 
reinforced ribs. Considerable gains can be made by making 
the metal hub as large as possible. By increasing μ=Rh/R, 
the relative flexure (η) is reduced, and the thin-plate con- 
dition (2) becomes less stringent. Further gains may be 
obtained by making the hub symmetric, with an upper 
diameter as large as the lower diameter. Cost savings can 
also be realized by adopting a skin thickness that decreases 
with radius. Further discussion of these and related topics 
is given by Hickson (1993). 

Some weight and cost savings would occur if the spun- 
cast surface layer could be eliminated. This could possibly 
be done by constructing the mirror upside down on top of 
a carefully made and rigidly supported parabolic mold 
which would give the desired surface finish. Such a mold 
could be machined, or made from a spuncast mirror. This 
may be a particularly attractive way to make mirrors for an 
array where the cost of making the mold is offset by the 
savings in manufacturing the individual mirrors. Another 
option for very large mirrors, would be to make individual 
segments, each covered with a Kevlar or graphite skin. All 
segments could be made from a single mold and then 
joined to form a complete mirror. This could also be a 
cost-effective way to produce arrays of large liquid mirrors. 

The design described here has been used to make suc- 
cessful mirrors of up to 3 m in diameter. By increasing size 
and stiffness of the hub, it should be possible to employ this 

© Astronomical Society of the Pacific · Provided by the NASA Astrophysics Data System 



ASTRONOMICAL LIQUID MIRRORS 505 

basic design for mirrors in the 4 to 5 m class. By adopting 
stiffer core materials, and graphite skins, it may be possible 
to extend this design to mirrors of the 8 to 10 m class. 

We thank L. Robertson and R. Content for comments 
on an earlier version of the manuscript. This work was 
supported by grants from the Natural Sciences and Engi- 
neering Research Council of Canada. 

APPENDIX; MIRROR STRUCTURAL ANALYSIS 

An analytic structural analysis of the mirror can be 
made by assuming that the mirror thickness h and skin 
thickness t are constant. In our design h typically varies 
with radius by less than 20%. The assumption of constant 
t, is also not a bad one. Numerical calculations (Hickson 
1993) indicate that flexure with a skin whose thickness 
decreases linearly with radius to half the central value is 
less than 15% greater than flexure with a constant- 
thickness skin. So while it is more efficient to allow the 
thickness t to decrease with radius, the results can be ap- 
proximated by constant t when t is taken to be the central 
thickness. 

Because of the homogeneity of its construction, the free 
portion of the mirror (that not supported by the hub) may 
be treated as a thin (almost) flat plate undergoing deflec- 
tion due to a uniform pressure Ρ normal to its surface. In 
this approximation, shear deformations within the core are 
assumed to be negligible. We therefore require that the 
ratio of shear deformation to skin extension be small. For 
axisymmetric flexure, this gives the condition 

Ä^(l-ac)/Ä2^l, (9) 

where R is the mirror radius, Ε is Young's modulus, σ is 
Poisson's ratio, and the subscripts c and s refer to the core 
and skin, respectively. For dipole deformations (corre- 
sponding to an axis tilt), stresses are concentrated near the 
hub, so the more stringent condition 

htEs{ \—ac)/R1
hE 1, (10) 

where Rh is the radius of the hub, applies. 
Under the flat-plate approximation (in cylindrical coor- 

dinates ηφ,ζ), with the ζ axis coinciding with the symme- 
try axis of the mirror, the perpendicular deflection f(r) 
satisfies the equation 

DtfÇ=P,(11) 

where Δ2 is the biharmonic operator 

, η d a ι (92 \2 

(12) 

and D is the flexural rigidity 

rh/i Ε , 
ζ dz 

-h/2 

rh/2 Ε 
D~J —h/1 

(13) 

(see, for example. Landau and Lifshitz 1959). Performing 
the integration, D becomes 

D= 
E,h2t ΕΛ2 

2(1-σ2) + 12(1-σ2) ' (14) 

Because Kevlar has a much higher Young's modulus than 
styrofoam, the second term contributes typically less than 
1 % of the total stiffness. 

We assume that the central area of the mirror, within 
the radius of the hub is rigidly supported, and that the 
rim of the mirror is free. At the inner edge, r=Rh we have 
the inner boundary conditions 

f=0, 

9ζ 
dr =0, 

(15) 

(16) 

and at the rim of the mirror, we have the outer 
boundary conditions 

drA£+ 
(1—σ) 13¾ 

r d =0, 

dr2 ' 

where Δ is the Laplacian operator 

The general solution may be written 

(17) 

(18) 

(19) 

(20) 

where |· is a particular solution of the inhomogeneous 
equation ( 11 ) and β is the general solution of the bihar- 
monic equation Δ2β=0,and has the form 

oo 
β= Σ X(21) 

v=0 

where ν is a positive integer and 

X0=a0
Qr'

l-\-a\r'l\rír+a0
1\nr+a%v=0, 

^^a^+ajr+e^hxH-aJ/A·, v=l, 

^=ajr2+v+avrv+avr2-v+avr-v) v>1) (22) 

where the a] (/=0,1.2,3) are constants determined by the 
boundary conditions (10)-(13). For loads of the form 

P=Ar ηβίνφ, 

a particular solution is 

ξ= [(n+4)2—ν2] [(n+2)2—ν2] 2Tr «+4 

(23) 

(24) 

1. Deflection 

For the simple case of a uniform mercury load 
P=gpHgtHg, where pHg and iHg are the density and depth 
of the mercury layer and g is the gravitational acceleration, 
the deflection is 
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RK/R 

Fig. 3—Relative deflection of the mirror, under a uniform mercury load, 
as a function of the relative hub diameter μ=Κ/ΚΗ. 

PR* 
Ç=64D je4—μ4—8(.¾2 In In 

2 
"î [ (3+σ){λ: —μ — 2μ 1η(χ/μ)} 1+σ+(1—σ)μ 

—μ2(μ2—4 Ιημ—2){(1—σ)(χ2—μ2) 

+2(1 +σ)\η{χ/μ)}] , μ<Λ:<1, 

ζ=0, 0<Λ:<μ, (25) 

where χ—r/R and ß=Rh/R. 
The maximum deflection occurs at the rim (* = 1 ), and 

has the form 

where 

£max ξον (/^ ) » 

7+3σ 
^0=ΜΏΓΪ+σ)PR (27) 

and 'ί7(μ)=^(Λ:=1,μ)/^(λ:=1,μ=0) is plotted in Fig. 3. 
It is evident from the figure that the deflection decreases 
rapidly as the relative diameter of the hub increases, being 
about a factor of two smaller for μ=0.2. 

Since the deflection is proportional to the pressure Ρ 
which is in turn proportional to the thickness tHg of the 

mercury layer, it is convenient to define a dimensionless 
deflection factor as the ratio of the maximum deflection to 
the thickness of the mercury layer 

Cmax 7 -f" 3(7 . 
^=64^(1^)^^^- 

(28) 

It should be noted that the deviation of the surface from 
parabolicity is considerably less than the deflection, being 
less than 0.1£max over almost the entire range of μ. 

2. Vibration 
Vibrations of the mirror about its equilibrium position 

may be treated by making the replacement 

~d?~ 
P= —m ■ (29) 

in Eq. (11). Here τ is time and m is the mass per unit 
surface area of the mirror, assumed to be constant. 

Writing 

£(τ)=£ cos(<üt) (30) 

(with ξ implicitly a function of r and ψ), we obtain 

Α2ζ=λζ,(31) 

where 

3 m 

~D (32) 

Thus, the vibrational modes of the mirror are the eigen- 
functions of the biharmonic operator, with characteristic 
frequencies given by 

ω- 
D 

m ' (33) 

(26) The most general eigenfunction is 

ζ= {aolv{kr) +axJv{kr) +a2Kv{kr) +a3Yv{kr)]eivt 
(34) 

where Iv,Jv,Kvf and Yv are the usual Bessel and modified 
Hessel functions and A:4=/1. a0, ax, and a3 are constants 
to be determined from the boundary conditions. The con- 
dition that ζ be single-valued requires that ν take only 
integer values. 

Substituting (34) in Eqs. (15)-(18), and using well- 
known properties of the Bessel functions gives the equa- 
tions 

Ιν{μχ)α0+^(μχ)αί+Κν{μχ)α2+Υν{μχ)α3=09 

{ν/ν(μχ:) -\-μχΙν+ι(μχ)}α0-\-{ν^{μχ) —μχΙν+ι{μχ)}αι-\-{νΚν{μχ) —μχΚν+ι(μχ)}α2+{νΥν(μχ) —μχΥν+ί(μχ)}α3 

=0, 

{[-^( 1-ν) (l-a)+vx2]/vU)-[^( 1-σ)-^1^+^^))00+((^(1-ν) (1-σ)-νλ:2]/ν(Λ:) 

+ [v¿(\-a)W]xJv+iix)}aí + {[^l-v){l-a)+vx2]Kv{x) + [v1i\-a)-x2]xKv+lix)}a2 

+ {[ν2(1-ν)(1—σ)-ν^2]Γν(Λ:) + [ν2(1 —a)+x2]xrv+1U)}a3=0, 
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{[ν(1-ν)(1-σ) -x2]/1,(jc) + (l-a)x/v+1(x)}a0+{[v(l—v)(l-a)+JC2]/„(A:)-(l-CT)x/v+1U)}a1 

+ {[v( 1—v) ( 1 —σ)-jc2]^*) - ( 1-σ)Λ:ΑΓν+1(Λ:)}α2+{[ν( 1-v) ( 1-σ)+X2] - ( 1-σ)Λ:Γν+1(Λ:)}β3=0, 

(35) 

where x=kR and μ is the ratio of inner to outer radii. 
These are four linear homogeneous equations for the un- 
known constants a0, al, and a3. Solutions exist only 
when the determinant of the matrix formed by the coeffi- 
cients of these constants vanishes. 

Since this determinant is implicitly a function of k and 
therefore A, solutions λ] (/=0,1,2,...,), for which the de- 
terminant vanishes, may be found numerically. The corre- 
sponding frequencies ft are then given by Eq. (33) 

(36) 

The fundamental frequency for each mode is determined 
by the smallest eigenvalue λζ. 

Figure 4 shows dimensionless fundamental frequencies 
7o=/o(/7lR4/Z)) 1/2= (AqÄ4) 1/2/2π, as a function of μ, for 
the four lowest modes (v=0,...,3). For μ < 0.39, the lowest 
frequency mode is v= 1 which corresponds to dipole dis- 
tortions of the mirror. For the UBC/Laval 2.7-m telescope 
μ=0.15 and the lowest frequency is f 1=0.656(D/mRA)U2 

which corresponds to 32 Hz for a 2 mm mercury load. 

3. Stability 

Instability can arise with a liquid mirror, because a local 
downward deflection of the surface results in a flow of 
liquid to that location, causing an increased pressure and 
further deflection (Content 1992). Consider a small devi- 
ation ζ of the surface from the equilibrium position which 
leaves the mean height of the surface unchanged (i.e., 
v>0). The change in pressure due to the mercury will be 
equal to gpugS* so from ( 11 ) we have 

0.2 0.3 
R./R 

0.4 

Fig. 4—Dimensionless resonant frequency /q, for the lowest four azi- 
muthal modes, as a function of the relative hub diameter. Numbers la- 
beling the curves refer to the mode number v. 

(37) 

which is an eigenvalue equation similar to (31). There will 
be a nontrivial solution (ξφΟ) only if gpHg/D is an eigen- 
value. The condition for stability, then, is 

SPng/ D<Xq, (38) 

where λ0 is the smallest eigenvalue with v>0. In terms of 
the dimensionless flexure coefficient γν, the stability crite- 
rion becomes 

yv=^<l, for all v>0. (39) 
AqV 

In terms of the resonant frequency ft, we have 

rv = 
gPHgfl4 

(2ir/S)2Z?' 
(40) 

so flexure coefficients may be estimated for any μ from the 
curves in Fig. 4. 

Consider now the effect of flexure of the mirror support 
system. An unbalanced load will result in a torque τ which 
will cause a flexure in the support system (including the 
bearing) resulting in a small tilt a in the vertical axis of the 
mirror. Because of this tilt, which we can take to be in the 
¢=0 direction, there will be a redistribution of the mer- 
cury, resulting in a pressure gpn^ar cos φ. The equilibrium 
equation ( 11 ) now gives 

DL·.1^=gpHg{ζ+ar cos φ). (41) 

The tilt angle a, however, is proportional to the torque 
Γ2π Λ oo 

r= Prcos<¡>rdrd<j) 
Jo Jo 

= Z> Γ Γ Δ2ξτ2 άνοοζφάφ, (42) 
Jo Jo 

Let the constant of proportionality be /c-1 (κ is the mo- 
ment stiffness of the support system), i.e., τ=κα. Then 
(41) becomes 

r Γ°° Δ2ξ>·2 cos 
u K Jo Jo 

(43) 

From the orthogonality of the trigonometric functions, the 
only contribution of the last term will be to the v= 1 mode, 
so we substitute ζ=χχ cos φ in order to consider the effect 
of the support system flexure. Using Δ2^1 cos φ 
=λιχι cos φ we obtain 

1 SpHg 1 , Pug ilax /AA\ Λ V =— rrl'M, (44) 
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where 

M= Γ 
Jo 

r1 dr. (45) 

Multiplying both sides of (44) by r 2 and integrating over 
r gives 

TrgPntR*SPHt 

4k 
M=0. (46) 

There will be a nontrivial solution if and only if the coef- 
ficient of M vanishes, which gives the stability criterion 

7,+7^1, (47) 

where 

. fpHg = _ 
r 11 η 

gpug (48) 
AID{Ιττ/ΙΫΒ· 

and we have defined the flexure coefficient for the support 
system by 

Ys= 4* 
(49) 

In order for the mirror to be stable, the total flexure coef- 
ficient Ys+y1 must be less than unity. 
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