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ABSTRACT 
We develop analytic methods for studying the formation of galaxies by gas condensation within massive 

dark halos. Our scheme applies to cosmogonies where structure grows through hierarchical clustering of a 
mixture of gas and dissipationless dark matter. It is an elaboration of the ideas of White & Rees. We adopt 
the simplest models consistent with our current understanding of N-body work on dissipationless clustering, 
and of numerical and analytic work on gas evolution and cooling. We also employ standard models for the 
evolution of stellar populations, and construct new models for the way star formation heats and enriches the 
surrounding gas. Although our approach is phenomenological, we avoid assumptions which have no clear 
physical basis. Our methods allow us to predict star formation as a function of location and time, and so the 
following properties of the galaxy population: current star formation rates and halo X-ray luminosities; 
current luminosity functions both for galaxies and for virialized systems; relations between present luminosity, 
circular velocity, metallicity, and stellar or total M/L ratio; the history of the OB star contribution to the 
metagalactic ionizing flux; and the distribution of faint blue (star-forming) galaxies in both apparent magni- 
tude and redshift. In this paper we give detailed results only for a cold dark matter universe with Q = 1 and 
H0 = 50 km s-1 Mpc-1, although our methods are easily applied to other models. Even for this case, predic- 
tions depend strongly on the mean baryon density, on the fluctuation amplitude, on the models for heating 
and metal enrichment by massive stars, and on the initial mass function with which stars form. Our most 
successful models require a large baryon fraction (O^/Q ^0.1) and efficient heating and enrichment of halo 
gas. They then approximately reproduce the characteristic luminosities of galaxies and of galaxy clusters, the 
observed relations between galaxy properties, and the kind of bias needed to reconcile Q = 1 with the 
observed kinematics of galaxy clustering. However, the amplitude of this bias is too small, and additional 
sources of bias must be invoked. Our luminosity functions contain significantly more faint galaxies than are 
observed. This is a serious discrepancy which may be alleviated by starbursts in dwarf galaxies, by selective 
merging of such systems, and by observational selection against low surface brightness dwarfs. Successful 
models form their stars late, typically more than half of them since z = 1, making the epoch of galaxy forma- 
tion easily accessible to observation. 
Subject headings: galaxies: clustering — galaxies: formation — galaxies: stellar content — galaxies: structure 

1. INTRODUCTION 

Over the last few years the study of galaxy formation has 
become an observational science. For a long time quasars were 
the only known objects beyond redshift 1, and their relation- 
ship to galaxies and galaxy formation was very uncertain. 
There are now at least 20 galaxies with measured redshifts 
exceeding 1.5, some almost as distant as the most distant 
known quasars. Although almost all of these are strong radio 
sources, their spectra appear to be dominated by starlight, and 
in many cases they show the presence of large and distributed 
star-forming regions (Spinrad 1989). The interpretation of 
these spectra in terms of stellar populations is controversial 
(see Spinrad 1989; McCarthy et al. 1987; Lilly 1988; Cham- 
bers, Miley, & Joyce 1988; Chambers & Chariot 1990), but it 
seems clear that they are undergoing star formation episodes 
which are much more vigorous than those seen in nearer radio 
galaxies. Some of the properties of these systems are quite 

1 Present address: Institute of Astronomy, Madingley Road, Cambridge 
CB3 0HA, UK. 

similar to those expected for a protogalaxy in the later stages of 
formation (e.g., Baron & White 1987). 

Evidence for substantial evolution of the galaxy population 
in the recent past has also been accumulating. It is more than 
10 years since Butcher & Oemler (1978) discovered that some 
galaxy clusters at relatively modest redshift (z ~ 0.3) contain a 
population of blue galaxies not present in their nearby 
counterparts. Recent work (e.g., Gunn 1989) has shown that 
this blue population is heterogeneous and reflects higher levels 
both of star formation and of nuclear activity in the recent 
past. The counterpart of this phenomenon in the general field 
seems to be the excess of blue galaxies found in galaxy counts 
at faint magnitude levels (Peterson et al. 1979; Tyson & Jarvis 
1979; Kron 1980; Ellis 1987; Tyson 1988). In particular, the 
total flux observed from faint blue galaxies in the very deep 
CCD counts of Tyson (1988) is so large that the associated star 
formation may account for the production of a substantial 
fraction of the entire heavy-element content of galaxies, and 
perhaps also for a similar fraction of their stellar content 
(Cowie 1988). This population may therefore be the long- 
sought population of “ primeval ” galaxies, although deep spec- 
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troscopic surveys have so far found most blue objects at 
brighter magnitudes (ntj < 22.5) to be relatively normal 
systems at modest redshift and with elevated star formation 
rates (Colless, Ellis, & Taylor 1989; Colless et al. 1990). 

Absorption lines in quasar spectra are a window on proper- 
ties of the intergalactic medium, and may also teach us some- 
thing about galaxy formation. The damped Lya systems at 
z ~ 2-3 studied by Wolfe (1989) are particularly interesting in 
this context. The column densities of these clouds appear quite 
similar to those of present H i disks in galaxies (although their 
metal and dust content may be lower; Pettini, Boksenberg, & 
Hunstead 1989; Fall & Pei 1989). However, the total amount 
of neutral gas they contain can be calculated directly from 
Wolfe’s observations, and exceeds the abundance of neutral 
gas in nearby galaxies by an order of magnitude. Indeed, the 
abundance Wolfe finds is comparable to the present mass 
density in stars. An intriguing possibility is thus that the 
observed clouds contain the raw material for most of the stars 
in galaxies. Although this material has been assembled into 
large cool units by the time it is observed, it has apparently still 
to be converted into stars. Further indirect evidence that the 
universe may be very active on galactic scales at z ~ 2 comes, 
of course, from the strong evolution of the quasar and radio 
galaxy populations, which reach their peak volume densities at 
this epoch (see, e.g., Green 1989). 

This rapidly changing observational situation demands a 
critical réévaluation of theories of galaxy formation. There has 
been substantial progress in constructing such theories over 
the last decade, but comparisons with observation have 
focused mainly on current properties of the galaxy population 
and of large-scale structure. There is now a need for evolution- 
ary predictions to compare with observed objects at high red- 
shift. In addition, there is a need for more detailed models of 
galaxy formation to exploit the rapidly growing body of infor- 
mation on the multicomponent nature of stellar populations in 
our own Galaxy, and so, by extension, in other spirals (see 
Gilmore, Wyse, & Kuijken 1989). Both these problems involve 
severe difficulties. In principle, they require understanding the 
dynamics of turbulent, multiphase, self-gravitating, and star- 
forming clouds in which cooling, radiative heating, and shock 
heating are all of major importance. In addition, they require 
quite detailed modeling of the stellar populations which form, 
and of the radiative transfer effects which determine their 
observable emission. Ab initio treatment of these processes is 
not feasible, and real progress is likely only if heuristic models 
are built which maintain close contact with observation. The 
present paper combines recent numerical and analytic work on 
the evolution of structure and on the evolution of stellar popu- 
lations to derive “plausible” predictions for the observable 
properties of young galaxies. We focus specifically on the 
major uncertainties inherent in any such prediction. Although 
we work within the cold dark matter model, our methods can 
be applied to other currently popular models; many of the 
sources of uncertainty are common to all models. 

As a theory for galaxy formation, the cold dark matter 
(CDM) model continues a major line of research from the 
1970s. Almost single-handedly, Peebles (1970, 1973, 1974, 
1980; Peebles & Dicke 1968) established the hierarchical clus- 
tering or “isothermal” scenario in which structure builds up 
through the continual aggregation of nonlinear objects into 
larger and larger units. A theory for the development of the 
mass distribution in this model was presented by Press & 
Schechter (1974) and tested using the first published cosmo- 
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logical iV-body simulations. The large program of Aarseth, 
Gott, & Turner (1979), following earlier studies of individual 
clusters (Peebles 1970; White 1976), showed how such simula- 
tions could be used both to follow hierarchical clustering from 
quasi-linear initial conditions and to present the results in a 
way that allowed direct comparison with observation. An inde- 
pendent advance was the realization that the characteristic 
stellar mass of galaxies could be viewed as arising from the 
cooling properties of protogalactic gas clouds (Binney 1977; 
Rees & Ostriker 1977; Silk 1977). A final ingredient was the 
hypothesis that dark matter was present in substantial quan- 
tities around individual galaxies as well as in clusters and 
groups of galaxies (Ostriker, Peebles, & Yahil 1974; Einasto, 
Kaasik, & Saar 1974). White & Rees (1978, hereafter WR) 
combined these elements in a unified scheme; a dominant dissi- 
pationless background of dark matter of unspecified type was 
assumed to cluster hierarchically, carrying with it gas which 
cooled and condensed to form galaxies in the cores of heavy 
halos. Further work within this picture showed it to account 
both for the angular momentum structure of spiral and ellip- 
tical galaxies (Fall 1979; Fall & Efstathiou 1980; Barnes 1990) 
and for the overall scaling properties of the galaxy population 
(Faber 1982; Gunn 1982). WR calculated a galaxy luminosity 
function for their model and found it to predict the right char- 
acteristic luminosity but too many faint galaxies, a problem 
which carries over to the present extension of their theory. 

This body of work led to the conclusion that random phase 
fluctuations with a power-law index n = —1 (in | <5fe|

2 oc k") 
were needed to explain the scaling properties of galaxy clusters 
(e.g., Fall 1979), and that n = —2 could explain the scaling 
properties of galaxies (Faber 1982; Gunn 1982). Thus, when 
the CDM power spectrum was derived (Peebles 1982; Blu- 
menthal & Primack 1983) and found to have just these proper- 
ties, it provided a beautiful a priori justification for the initial 
conditions which had previously been postulated ad hoc to fit 
the observations. A synthesis of these earlier galaxy formation 
ideas was included by Blumenthal et al. (1984) in their presen- 
tation of the CDM model. An explicit demonstration that the 
CDM power spectrum leads to clustering very like that 
observed was provided by the iV-body simulations of Davis et 
al. (1985) and White et al. (1987a, b). The latter studies also 
incorporated the notion of biased galaxy formation. This grew 
out of Kaiser’s (1984) explanation of the strong clustering of 
Abell clusters through the statistical properties of high peaks in 
Gaussian noise. It was developed collaboratively during a 1984 
workshop at the Institute for Theoretical Physics in Santa 
Barbara, and published almost simultaneously by a number of 
workers (Davis et al. 1985; Bardeen et al. 1986; Bardeen 1986; 
Kaiser 1986; White 1986). The main attraction of the idea is 
that it may reconcile observation with the theoretical 
“imperative” that Q = 1. Throughout this paper we shall 
assume that Q = 1, and our models therefore require bias, 
perhaps arising through the “natural” mechanism described 
by White et al. (1987a) and further investigated by Frenk et al. 
(1988) and Carlberg & Couchman (1989). It is still uncertain 
whether this mechanism can work and whether its predictions 
are consistent with observation (Cole & Kaiser 1989; White, 
Tully, & Davis 1988; Eder et al. 1989). Our methods allow us 
to estimate how such bias affects the M/L ratios of rich clus- 
ters. The results suggest that it may need to be enhanced by 
dynamical segregation effects during cluster formation (Barnes 
1985; Evrard 1987; West & Richstone 1988; Carlberg 1991). 

Studies of galaxy formation within the CDM model have so 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
91

A
pJ

. 
. .

37
9.

 . 
.5

2W
 

WHITE & FRENK Vol. 379 54 

far been rather limited. One approach has been to identify the 
locations and characteristic internal velocities of forming gal- 
axies with those of dark halos in iV-body simulations. This 
allows one to verify that the CDM model can produce the 
correct abundance of objects as a function of circular velocity, 
and to measure the bias in their spatial distribution (Frenk et 
al. 1985, 1988; White et al. 1987a). It also gives considerable 
insight into the dynamical environment in which the galaxies 
must form. However, it does not permit the calculation of 
galaxy luminosities, nor does it allow an investigation of the 
overmerging problem first discussed by WR. This problem 
arises because both simulation results and analytic arguments 
suggest that the dark halos of galaxy clusters should have 
little substructure; galaxies must therefore be able to avoid 
merging as clusters form and their halos amalgamate. Inclu- 
sion of a dissipative component in the simulations permits a 
crude treatment of both these problems, and results from a first 
investigation by Carlberg & Couchman (1989) are very encour- 
aging. However, cooling processes can only be treated sche- 
matically in this kind of work, and no attempt has so far been 
made to treat the stellar populations of galaxies (and so their 
observable properties) in a realistic way. 

More detailed cooling arguments were applied to the CDM 
model by Blumenthal et al. (1984), whose assumptions about 
galaxy formation parallel those of WR. In particular, they 
assumed that perturbations of gas and CDM virialize as homo- 
geneous spheres. A single cooling time then applies to each 
system; if it is sufficiently short, the gas turns into stars, other- 
wise no galaxy forms. Blumenthal et al. did not attempt to 
describe the time development of galaxy formation or to calcu- 
late a galaxy luminosity function. However, a first analysis of 
these problems was given by WR for their hierarchical clus- 
tering models. They found that cooling gas had to make stars 
with an efficiency well below unity for their models to work; 
following Larson (1974a), they assumed this efficiency to be 
proportional to the depth of the galactic potential well. Even 
simpler models for galaxy formation in a CDM universe have 
been considered by Schaeffer & Silk (1985) and by Evrard 
(1989); these avoid any explicit treatment of cooling and 
instead investigate the consequences of simple ad hoc rules for 
galaxy formation. None of this work addresses the influence of 
halo structure on cooling and star formation rates; in fact, the 
cooling time will be strongly position-dependent in a real halo, 
and at least some cooling is expected in the densest parts of 
every system. In addition, these early models did not consider 
the stellar populations in galaxies, and so made no evolution- 
ary predictions that can be compared with recent faint galaxy 
data. A first approach to these problems came with Baron & 
White’s (1987) study of galaxy formation within “generic” 
hierarchical clustering. This work investigated the general 
appearance of forming galaxies, but did not attempt specific 
predictions for a CDM universe. 

The present paper extends the methods of WR to study 
galaxy formation in a flat CDM universe. We begin by present- 
ing a simple model for the nonlinear evolution of the popu- 
lation of massive halos, which we justify by comparison with 
earlier AT-body work. This model predicts the abundance and 
internal structure of dark halos as functions of mass and time, 
as well as the way in which the halos merge with each other as 
clustering proceeds. We then use the recent numerical work of 
Evrard (1989) and the similarity solutions of Bertschinger 
(1989) to motivate a model for the accumulation and cooling of 
gas within these halos. We find, as did WR, that feedback 

processes, perhaps associated with energy injection by super- 
novae, must be invoked to reduce the efficiency of cooling and 
star formation. Otherwise, much of the gas present turns into 
stars in small objects and at early times. We explore the conse- 
quences of assuming that these feedback processes lead, in 
addition, to chemical enrichment of the circumgalactic gas. 
This leads to predictions for the star formation rate in a halo as 
a function of its mass and of redshift. At this stage the theory 
can already be compared with observed star formation rates in 
galaxies and with X-ray data for their gaseous halos. Other 
aspects which we investigate at this stage are the metallicity- 
mass relations for galaxies, the metallicity of the intergalactic 
medium, and the effect of heavy-element cooling on the overall 
galaxy formation process. The final step is to use the stellar 
population models of Bruzual (1983) to convert star formation 
histories into luminosities and thus to follow the luminosity 
and color of the stars which form. This allows us to make 
direct contact both with the luminosity function of local gal- 
axies and with observations of faint, high-redshift objects. Pre- 
liminary accounts of some of this work are given in White 
(1989, 1990). Related analyses have recently been presented by 
Cole (1991) and Lacey & Silk (1991). 

A number of the processes we model are highly uncertain, 
and our treatment of them at best schematic. This applies par- 
ticularly to the hydrodynamics of the strongly radiative and 
possibly multiphase gas, to the effect of feedback processes on 
its thermodynamic state and heavy-element content, to the 
relationships between local gas conditions, star formation rates 
and stellar initial mass functions, to the effects of dust on the 
observable emission from young stars, and to the merging 
history of stellar complexes subsequent to their formation. The 
combined uncertainties in the “predictions” of the CDM 
model from all these sources are enormous. We have therefore 
elected to study a variety of very simple models in order to get 
a first indication of the range and nature of the possibilities, 
and to try to isolate aspects of the data which are insensitive to 
some of the more uncertain elements. We do, in fact, find a 
number of relatively robust predictions for galaxy formation in 
a flat CDM universe. Most stars form quite late; feedback 
processes must be surprisingly efficient; an uncomfortably 
large baryon density is needed to get sufficiently bright galaxies 
to cool; substantial merging of intrinsically faint systems seems 
necessary to get an acceptable galaxy luminosity function; bias 
effects are too weak (without dynamical segregation) to give 
the low M/L ratios; and thus the high luminosities, of the most 
massive clusters, and dust must be relatively unimportant if we 
are to understand the observed counts of faint galaxies. 

The layout of this paper is as follows. In § 2 we discuss our 
model for the dark matter distribution and the extent to which 
it can be justified by reference to the numerical experiments of 
White et al. (1987a), Frenk et al. (1988), and Efstathiou et al. 
(1988b). Section 3 discusses the accumulation and cooling of 
gas and the energy input from supernovae. Simple models for 
chemical enrichment are presented in § 4, and stellar popu- 
lation models are introduced in § 5. At this point we set values 
of the parameters in our models so that they give the correct 
luminosity density for the present universe. In § 6 we derive 
mass-luminosity-metallicity relations for galaxies. Employing a 
variety of assumptions, we also calculate luminosity functions 
for virialized systems, for galaxies, and for star-forming 
regions. The results are compared with data on nearby systems 
as well as with counts and redshift surveys of faint galaxies. 
Finally, § 7 tries to assess the status of the CDM model in the 
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light of these results, and to pinpoint the most promising 
avenues for further investigation. 

2. THE EVOLUTION OF DARK HALOS 

By hypothesis, the dominant component of a flat CDM uni- 
verse is the dissipationless dark matter. The baryonic material 
influences the evolution of the mass distribution significantly 
only within the observed regions of galaxies, and N-body 
methods can be used to simulate the evolution of structure 
directly on all larger scales. Such simulations yield a wealth of 
information about the structure and evolution of dark halos 
(e.g., Frenk et al. 1985, 1988). For our purposes, we need to 
distill from this information the simplest analytic models which 
seem adequate to describe the structure, evolution, and sta- 
tistics of the halos within which galaxies form. We begin by 
assuming these halos to be spherical even though the simula- 
tions show them to be typically quite elongated. We model 
their density profile by that of a singular isothermal sphere, an 
approximation supported by the data of Frenk et al. (1988) 
over the range 30-300 kpc for all but the most massive halos. 
The most appropriate halo “mass” parameter is thus Vc = 
[GM(r)/r]1/2, since it is approximately independent of the 
radius at which it is measured. We obtain the abundance of 
such isothermal halos as a function of Vc and redshift z, by 
using the Press-Schechter (1974) argument in the form present- 
ed by Narayan & White (1988). 

At some very early epoch, consider spherical regions of co- 
moving radius r0, in current units. The matter in such a region 
is assumed to be part of a single collapsed structure by redshift 
z, if its linear overdensity, ô = extrapolated forward to 
that epoch, exceeds the critical value, ôc. The probability of a 
random region satisfying this condition is 

F(r0, z) = 
(2n)il2A(r0) CXP 

-¿2q + z)2l 
2A2(r0) J 

dô , (1) 

where A(r0) is the rms linear overdensity in a sphere of radius 
r0, extrapolated to the present day. Press & Schechter suggest 
that the fraction of matter in clumps with masses correspond- 
ing to initial radii in the range (r0, r0 + dr0) can be obtained 
from this as 

f(r0, z)dr0 = - 2 — dr0 . (2) 
or0 

The validity of this Ansatz is quite controversial, and, in partic- 
ular, it is hard to justify the factor of 2 which was inserted 
purely as a fudge to ensure that all the mass is included in a 
clump of some size or another. However, the identical formula 
has recently been rederived by a different route which avoids 
many of the conceptual and mathematical problems of the 
argument presented here (Bond et al. 1991); as a result its 
theoretical underpinning now seems more secure. 

For a spherical perturbation, each shell recollapses to the 
origin at a time when the mean linear overdensity interior to it 
extrapolates to the value 1.68. Narayan & White (1988) there- 
fore chose öc = 1.68, and assumed that the mean density of the 
nonlinear clumps to which the theory applies is 178/?0(1 + z)3, 
where /?0 is the present critical density. This last expression is 
derived by assuming that the outermost mass shell virializes at 
the time of collapse at one-half of its maximum expansion 
radius (see, e.g., Peebles 1980). The mass and circular velocity 

of a clump are then related to its initial size and to redshift by 

4tc 
M = — p0rl, Vc = 1.67(1 + z)1/2#0

ro > (3) 

where H0 is the present Hubble constant. Multiplying equa- 
tion (2) by the appropriate Jacobian and carrying out the dif- 
ferentiation gives the fraction of matter which is in halos of 
circular velocity Vc at redshift z : 

f(Vc,z)dVc = -(- 
2\i/2 ôc(l + z) dA 

A2 dVr 
exp dVc, 

(4) 

where equation (3) is used to express A as a function of Vc. 
Dividing by the mass of a halo with circular velocity Vc, and 
multiplying by the mean mass density of the universe, gives the 
number density of halos as a function of Vc and z, 

n(Vc, z)dVc = 
-3(1.673)<5C Ho(l + z)5/2 din A 

(2n)3,2VtA 

x exp 

din Vc 

dVc. (5) 

This is the abundance per comoving volume, in current units. 
The variance, A2, which appears in equations (1), (4), and (5) 

is related to the CDM linear power spectrum through the 
convolution 

A2(ro) = \o4nk2 dk 1 l2W2{kro) ’ 

where 

W(x) = 3(sin x — x cos x)/x3 . 

(6) 

(7) 

We take the power spectrum to have the form given by Davis 
et al. (1985). Extrapolated to the present day, and for H0 = 50 
km s-1 Mpc-1, the value we shall adopt throughout this 
paper, this gives 

\Sk\
2 = 1.94 x 104b~2k(l + 6.8/c + 12k3/2 4- 16k2)'2 Mpc3, 

(8) 

where the square of the “ biasing parameter,” b, is defined as 
the ratio of the variances of the galaxy and mass fluctuations 
within randomly placed spheres of radius r0 = 16 Mpc (see, 
e.g., Bardeen et al. 1986). (Note that this definition of b differs 
from that of Narayan & White 1988, but is consistent with 
what is now the common usage in this field.) Evaluating the 
integral in equation (6) using this expression gives a result 
which can be approximated to within 10% over the range 0.05 
Mpc < r0 < 40 Mpc by 

A(r0) = IbJfc'Hl - 0.3909rg-1 + 0.4814r^2)-10 . (9) 

This gives A(16 Mpc) = 1 for h = 1, the traditional “ unbiased ” 
normalization of the power spectrum based on the fact that the 
observed galaxy density has unit variance in a sphere of this 
radius. The N-body models of Davis et al. (1985), Frenk et al. 
(1985,1988), and White et al. (1987a, b) have a power spectrum 
amplitude corresponding to b = 2.6. More weakly biased 
models have been advocated by a number of workers. The 
most convincing arguments for smaller b come from attempts 
to fit the CDM model to the large-scale flows discussed by 
Lynden-Bell et al. (1988) and by Faber & Burstein (1988). 
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Kaiser & Lahav (1989) argue that these data can be accommo- 
dated for b ~ 1.5, although others—for example Groth, 
Juszkiewicz, & Ostriker (1989)—believe that no CDM model 
can be reconciled with them. This question is largely decoupled 
from that of evolution on galactic scales. Throughout this 
paper we will present results for b = 2.5 and for b = 1.5 in 
order to illustrate the effects of altering the normalization of 
the CDM power spectrum. 

Equations (5) and (9) provide a simple model for the abun- 
dance of isothermal CDM halos at each redshift. Notice that 
all the free parameters have been set a priori. It is clearly 
important to check that the result is an acceptable fit to simu- 
lations of nonlinear clustering. For the 375,000 Mpc3 surveyed 
by the AT-body models of White et al., our equations predict 
5057, 682, 46, and 0.5 halos at z = 0, with circular velocities 
exceeding 100, 200, 400, and 800 km s-1, respectively. The 
corresponding numbers of halos found in the simulations are 
3806, 564, 50, and 1. Similarly, for the 25,000 Mpc3 surveyed at 
higher resolution by Frenk et al. (1988), our Press-Schechter 
theory predicts 1116, 337, 45, and 3 halos with circular veloc- 
ities exceeding 64, 100, 200, and 400 km s_1; the numbers 
found were 943, 329,46, and 4. Unfortunately, this remarkably 
good agreement appears not to extend to earlier epochs. 

The halo abundances shown in Figure 11 of Frenk et al. 
(1988) are considerably smaller than we would predict for 
z > 1. On the other hand, Efstathiou & Rees (1988) used these 
same simulations (among others) to compare the abundance of 
halos as a function of mass to a slightly different version of 
Press-Schechter theory, and found good agreement at all red- 
shifts. This apparent contradiction arises because the masses 
assigned by the Davis et al. (1985) “ friends-of-friends ” group 
finder (which was also used by Efstathiou & Rees) are not 
related to the circular velocities assigned by the Frenk et al. 
algorithm through equations (3). In fact, with a constant co- 
moving linking length, the group finder bounds halos at sys- 
tematically lower overdensity (and so higher mass for a given 
circular velocity) at earlier times. This appears to reflect the 
changing slope of the CDM power spectrum. In addition, 
Frenk et al. measured 1^ at a fixed absolute density, corre- 
sponding to a much lower relative overdensity at high redshift. 
Their halo rotation curves are gently declining in the relevant 
radial range, so at early times their circular vélocités underesti- 
mate the values at an overdensity of 178, the overdensity 
appropriate for our Press-Schechter formalism. Finally, some 
of the small halos found by the group finder are not counted in 
the circular velocity diagrams because they lie within the outer 
boundary of a larger system. These effects produce the substan- 
tial apparent difference between the abundances of Efstathiou 
& Rees and of Frenk et al. However, the difference is largely 
illusory. If Vc is taken as the maximum circular velocity of a 
halo (out to an overdensity of 50, say), the N-body results at 
high redshift agree much better with our Press-Schechter 
theory. 

Because of the rather sketchy justification for the assump- 
tions made in deriving it, the Press-Schechter formalism has 
been repeatedly questioned (e.g., Peacock & Heavens 1989). As 
noted above, their final formula has gained considerably in 
plausibility as a result of the alternative derivation provided by 
Bond et al. (1991). In addition to the original tests of Press & 
Schechter (1974) and the CDM tests described above, this 
formula has been checked against N-body simulations from a 
variety of initial conditions by Efstathiou et al. (1988b). These 
experiments show surprisingly good agreement over the part of 

the mass distribution containing the bulk of the total mass. 
Nevertheless, small systematic deviations from the predictions 
are clearly visible. The most vulnerable part of the theory may 
be its predictions of the low-mass behavior of the mass dis- 
tribution; the power-law extension of this distribution to small 
objects is not well established by the iV-body work. However, it 
is important to realise that the slope of this power law does not 
determine the corresponding slope of the faint end of the 
galaxy luminosity function. According to the theory of WR, the 
latter is set by the binding energy of the typical halos present at 
early times. This determines how effectively supernova feed- 
back can suppress star formation in these objects which are the 
main formation sites for low-luminosity galaxies. Formation of 
faint objects in the present low-mass tail of the halo mass dis- 
tribution is predicted to be relatively unimportant. Thus WR 
give a “cluster” luminosity function, n(L)dL oc L~adL for 
small L, where the exponent, a, is that of the Press-Schechter 
mass function and equals (9 — n)/6 for | <5k |2 oc kn, whereas their 
“galaxy” luminosity function is n(L)dL cc L~bdL with 
fr = (13 — n)/(7 — n) at faint luminosities. Over the relevant 
range, 1 > n > — 3, the two exponents vary with n in opposite 
senses. 

The evolution of halo abundance predicted by equations (5) 
and (9) is shown in Figure 1. The two panels of this diagram 
refer to the power spectrum normalizations, b = 2.5 and 
b = 1.5, for which we will present results throughout his paper. 
(Note that these plots correct similar plots in White 1989 
which were in error. None of the later results of that paper 
were affected by this plotting mistake.) The abundance of halos 
of each circular velocity initially rises steeply as such objects 
begin to form. It reaches a peak over a rather broad redshift 
range, and thereafter declines as halos merge to form more 
massive systems. For b = 2.5 the abundance of halos with 
Vc = 400 km s “1 is peaking today, that of 200 km s “1 halos 
peaked at z ~ 1, and that of 100 km s -1 halos peaked at z ~ 3. 
For the larger initial fluctuation amplitude, h = 1.5, all these 
vents are shifted to higher redshift, the abundance of 200 km 
s-1 halos peaking, for example, at z ~ 3. [The value of (1 + z) 
at which structures are predicted to form on a given scale 
varies as 1.] In the theory of WR it is effectively the peak of 
these curves which determines the present abundance of gal- 
axies with the corresponding circular velocity. A similar 
assumption was adopted as an Ansatz in recent work by Cole 
& Kaiser (1989). 

The final aspect of dissipationless clustering which we will 
need to model is the merging of halos with time. This is neces- 
sary in order to identify the systems which currently contain 
stars formed at high redshift. There are two aspects to this 
problem. The first is to identify the current halos which contain 
old stars. This requires a model for halo merging, which we 
base on an extension of the Press-Schechter theory due to 
Bond et al. (1991) and Bower (1991). This allows us to con- 
struct a luminosity function for nonlinear galactic systems, by 
which we mean isolated galaxies, galaxy groups, and galaxy 
clusters; it also allows us to estimate their mass-to-light ratios, 
gas-to-star ratios, and mean metallicities. The second and 
more difficult problem is to identify the individual galaxies 
which contain stars formed at earlier epochs. This requires an 
understanding of when and how galaxies merge as their halos 
coalesce. The simplest extreme assumption, following WR, is 
that galaxy merging is negligible ; as we shall see, this appears 
to lead to an unacceptable luminosity function. 

The time evolution of the merging process in hierarchical 
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Fig. 1.—Abundance of dark matter halos as a function of redshift and circular velocity. These abundances were calculated using the Press-Schechter theory (eq. 
[5]) for cold dark matter models (eq. [9]). Each curve is labeled by the circular velocity (in km s_1) of the population, {a) Biasing parameter b = 2.5 {b) Biasing 
parameter b = 1.5. 

clustering has been studied in some detail by Frenk et al. (1988) 
and Efstathiou et al. (1988b). The statistics of halo merging are 
complex, but many aspects of it are well modeled by the fol- 
lowing simple extension of the Press-Schechter theory. Con- 
sider a region of initial comoving radius rl9 entirely contained 
within a larger region of radius r0. Bower (1991) shows that the 
probability that these two regions will have mean linear over- 
densities ¿i and ô0 is given by 

f(ôu 0^0^00 = 
(l+zfdô^ÔQ 

27tA0(Af - Ag)1/2 

x exp (1 + z)2 

2 
(¿i - ¿o)2 

. AÍ — Ao 
(10) 

where Ax and A0 are given by equation (9) evaluated at tt and 
r0, respectively. This formula assumes that all points in the 
interior of the larger volume are equally likely to be contained 
in the smaller volume; this is a plausible but highly nontrivial 
assumption which is responsible for the simplicity of the result. 
An exactly equivalent formula was derived by Bond et al. 
(1991) through an entirely different chain of reasoning. Given 
equation (10), an argument directly analogous to that which 
gave equation (4) produces an expression for the fraction of 
matter which is in clumps of circular velocity V1 at redshift zl5 
and later in clumps of circular velocity F0 at z0 < zx : 

/(Ki, V0, z1; ZoidV^Vo 

2<5c
2A1(z1 - z0)(l + z0) dA1 dA0 

7t(A2 - A2)3/2A2 

ÿ 
2 

x exp < — — 

dV, dV0 

(zi - ¿o)2 + (1 + zo)r 

A? A¿ A¿ 
dVidVo, (11) 

provided that 1^/(1 + z^112 < V0I(\ + z0)1/2, corresponding to 
the requirement < r0. When integrated over or F0, this 
reduces to equation (4) at zx or z0, respectively. One can 
combine this expression with equation (4) to get the condition- 

al probability densities, 

/(K0, z01 K,, z,) = f{Vu K0, z1? zQ)lf{Vu z,) , 

/(Kl5 zx I K0, z0) = /(Kl5 K0, z15 z0)//(Ko, z0) . 

The first of these gives the probability that material which was 
in a halo of circular velocity Ki at Zi will end up in a halo with 
K0 at z0, while the second is the probabiity that material which 
is in a halo with K0 at z0 had previously been in a halo with 
circular velocity V1 at zx. One can show that these expressions 
obey the integral relations 

f{V0, z01 Vu Zl) = 
z01 V2, z2)f(V2, z21 Vu Zi)dV2 , 

(13) 

f(Vu Zl I V0, z0) = [7(n, z, I V2, z2)f(V2, z21 V0, z0)dV2 , 

when z1 > z2 > z0. Thus this model has all the analytic 
properties required of a consistent picture for the merging of 
halos. Furthermore, Bower (1991) and Bond et al. (1991) show 
that it also gives a good fit to N-body data on halo merging. 
We shall use this model to assign the stars and the metals 
formed at each time to the halos present at later times. This 
allows us to follow the depletion and enrichment of gas as star 
formation proceeds. We will, however, require further assump- 
tions to model the merging of galaxies. 

3. COOLING AND STAR FORMATION 

Beyond a redshift of 100 or so, we expect a fraction, Qb, of 
the universe to be in the form of cool, near-uniform gas. Once 
structures with 1^ > 10 km s-1 begin to appear, the associated 
gas will be collisionally ionized by the shocks associated with 
collapse and virialization. There are then two efficient mecha- 
nisms by which it can cool and collapse further relative to its 
dark matter halo. The first is inverse Compton scattering of 
microwave background photons. At redshifts exceeding 10, 
this process can remove the thermal energy of the gas on time 
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scales shorter than the age of the universe (e.g., Peebles 1971). 
The second process is radiative cooling by bound-bound and 
bound-free transitions; we find below that this is also efficient 
enough at these epochs to produce very short cooling times. As 
a result we will make no error by neglecting inverse Compton 
cooling in the analysis that follows. At recent times halos form 
with high enough equivalent virial temperature (kT > 2 keV) 
for free-free transitions (thermal bremsstrahlung) to dominate 
the cooling. This is the relevant regime for the X-ray-emitting 
gas in rich galaxy clusters. Unfortunately, the most critical 
temperature regime for galaxy formation is one to two orders 
of magnitude cooler, where the cooling rate is quite sensitive to 
the assumed heavy-element content. As a result we will find 
that our models depend significantly on the way we treat pro- 
togalactic chemical enrichment. The relatively high metal 
abundance of the X-ray gas in clusters is a clear indication that 
such enrichment is unlikely to be negligible. (See Sarazin 1986 
for a comprehensive review of the intracluster medium.) 

The properties of rich clusters also provide us with a direct 
argument for the appropriate value of Qb to insert in our 
models. Gas cooling times are considerably longer than the age 
of the universe throughout the main body of these systems. 
Thus, the mass ratios of gas, dark matter, and stars not only 
are directly measurable but are plausibly unchanged since the 
epoch of cluster formation. The Coma Cluster is perhaps the 
best-observed rich cluster. Within l/i-1 Mpc the optical and 
X-ray data are reliable, and can be used to derive masses 
without extrapolation and with little model dependence. The 
gas constitutes about 4.6/i_1'5% and the galaxies about 6% of 
the total mass. The former number is taken from the analyses 
of The & White (1986,1988), Merritt (1987), and Hughes (1989) 
and is unlikely to be in error by more than 30% ; the latter uses, 
in addition, a mean stellar M/L taken from Table 4.2 of Binney 
& Tremaine (1987) and is accurate to better than about 50%. 
In our models Qb is identified with the ratio of baryons to dark 
matter within the regions of halos from which cooling takes 
place. Since we adopt Q = 1 and H0 = 50 km s"1 Mpc -\ the 
Coma Cluster data (which are in no way atypical of clusters in 
general) suggest that we should take Qb ~ 0.19. 

While this value of Qb is only marginally inconsistent with 
older bounds from the standard theory of cosmic nucleo- 
synthesis (e.g., Yang et al. 1984), more recent analyses suggest 
that the maximum allowed baryon density could be as small as 
6% for our chosen value of H0 (Olive et al. 1990). The cluster 
data certainly do not allow such a small ratio of baryons to 
dark matter. This apparent discrepancy could be eliminated in 
at least three ways. A baryon density ^ 0.19 is allowed if 
primordial nucleosynthesis occurred in a weakly inhomoge- 
neous medium (Applegate & Hogan 1985; Kurki-Suonio et al. 
1990). Alternatively, one could abandon the assumption that 
Q = 1 and choose, for example, Q = 0.2 and = 0.04, so that 
Qb/il = 0.2, the ratio suggested by the Coma data. The flat 
geometry predicted by the inflationary model could then be, 
rather inelegantly, preserved by introducing a cosmological 
constant. Finally, one could imagine that baryons are, for some 
reason, substantially overabundant in clusters. For example, 
cooling might concentrate gas toward the centers of dark halos 
at early stages of the clustering hierarchy, and this separation 
might be partially preserved when the halos later merge to 
form the observed clusters. This idea is supported by the 
inferred presence of cooling flows in the centers of many clus- 
ters, but appears contradicted by the fact that the cluster gas is, 
if anything, inferred to be less concentrated than the dark 
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matter (Sarazin 1986; Hughes 1989). In the context of our 
models it also sits somewhat uncomfortably with the claim we 
make below that strong feedback effects are required to 
prevent excessive cooling and star formation at early epochs. 
On the other hand, we shall see that our models fail to produce 
bright galaxies for values of Qb as small as 0.05, so some con- 
centration effect must be invoked if we are to avoid the conclu- 
sion Q < 1. 

In the local universe the visible regions of galaxies contrib- 
ute less than 1% of the closure density. If we adopt Qfc ~ 0.19 
and assume that all star formation produces visible stars, then 
gas must be converted into stars with an overall efficiency well 
below 10%. This turns out to be a stringent constraint on our 
models. For such values of Q,b (or, more generally, for such 
ratios of gas to dark matter) cooling is so effective in the dark 
halos present at moderate redshift that all their contained gas 
can cool. In this situation the supply of gas is limited by the 
overall accretion onto halos, rather than by cooling, and over- 
production of stars (or at least of cold gas) can be avoided only 
by assuming that star formation pumps energy into the 
remaining halo gas with high efficiency. 

Once significant cooling starts within a halo, it seems likely 
that it will continue and even accelerate as the gas shrinks to 
higher and higher density. This process can only plausibly be 
arrested by the formation of a gaseous disk or the formation of 
stars. Star-forming regions dump energy into the surrounding 
gas through photoionization, stellar winds, and supernova 
explosions, and may halt or even reverse the collapse. At late 
times it is very difficult to specify the state of the gaseous 
component; it might well have the multiphase structure engen- 
dered in the local interstellar medium by similar processes (e.g., 
McKee & Ostriker 1977). As each new structure collapses, the 
associated gas will be shocked, and in some circumstances it 
may be heated to the new virial temperature and effectively 
rehomogenized within its halo. However, cooling rates may be 
short enough for the multiphase structure to survive the 
shocks, and it is then unclear how the dynamics of the gas 
component should be modeled. Studies of the interstellar 
media of interacting galaxies, where similar physical conditions 
prevail, may provide some observational insight into this 
problem. In this paper we treat it in a way which clearly over- 
simplifies the dynamics, but which should be appropriate to 
obtain a plausible estimate of the star formation rate as a 
function of halo mass and of epoch. 

We assume that, as a halo forms, the gas initially relaxes to 
an isothermal distribution which exactly parallels that of the 
dark matter. The hydrostatic equilibrium equation then relates 
the gas temperature to the circular velocity of the halo, 

kT = ^ßmpVf, or T = 35.9(^^y K , (14) 

where jump is the mean molecular weight of the gas, which we 
fix by assuming a fully ionized gas which is 25% helium by 
mass. At each radius in this distribution we can then define a 
cooling time as the ratio of the specific energy content to the 
cooling rate, 

tool« = I ^ fcT /n2
e(r)MT), (15) 

2 t¿mP I 

where pg(r) is the gas density profile and ne(r) is the electron 
density. Substituting in our assumed density profile and gas 
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composition gives 

tcooi(r) = 
1927tGmp r1 

49/9 Qb MMm
P Vç/2k) ’ 

(16) 

where fg is the fraction of the initial baryon density which 
remains in gaseous form. A cooling radius can now be defined 
as the point where the cooling time is equal to the age of the 
universe, 

Lool^cool) = jH0 '(1 + z) 3/2 . (17) 
We distinguish two different cases. When rcool is larger than the 
virialized region of a halo, cooling is so rapid that infalling gas 
never comes to hydrostatic equilibrium. The supply of cold gas 
for star formation is then limited by the infall rate rather than 
by cooling. When rcool lies deep within the halo, the accretion 
shock radiates only weakly, a quasi-static atmosphere forms, 
and the supply of cold gas for star formation is regulated by 
radiative losses near rcool. 

We consider the virialized part of a halo to be the region 
within which the mean overdensity is 200. Its radius and mass 
are therefore defined by 

rvir = 0.1Ho1(l +z)-3/2Kc , 
(18) 

Mvir = O.lG-'Ho'(l + z)-3/2Fc
3 . 

This choice is motivated by the simple spherical collapse model 
discussed above (before eq. [3]). However, additional support 
comes from simulations of the collapse of rich clusters carried 
out with a hybrid AT-body/smoothed particle hydrodynamics 
code (Evrard & Davis 1988; Evrard 1989). These models show 
the accretion shock to be close to, but perhaps a little outside, 
the radius given by equation (18). Thus, when rcool > rvir, we 
are in the accretion-limited case in which infalling gas never 
reaches hydrostatic equilibrium. We obtain an expression for 
the accretion rate by differentiating the second of equations 
(18) with respect to time, and multiplying by the fraction of the 
mass of the universe which remains in gaseous form : 

Minf(Fc,z) = 0.154QbFc-
3G-1 . (19) 

Note that, except for the weak time dependence offg, this infall 
rate does not depend on redshift. 

In the opposite limit, rcool rvir, the halo will contain a 
quasi-static atmosphere of hot gas. Evrard’s simulations 
provide some justification for our assumption that the dis- 
tribution of this gas will parallel that of the dark matter. His 
models (which include no radiative energy losses) produce clus- 
ters in which the gas is nearly isothermal and is distributed 
very similarly to the dark matter. Cooling will cause a flow of 
gas into the central regions of such a halo in a manner exactly 
analogous to that envisaged for cooling flows in galaxy clusters 
(e.g., Fabian, Nulsen, & Cañizares 1984). A simple expression 
for the inflow rate is 

Mcooi^o z) = 4npg(rcooycool 

= \fgnbH0(\ + z)3'2 z). (20) 

Despite the rather naive basis for this equation, exact similarity 
solutions for cooling flows by Bertschinger (1989) show that it 
is approximately correct for a rather wide range of halo and 
gas structures. For the particular isothermal model that we 

have adopted, the coefficient should, perhaps, be reduced by 
28%. However, we will see that the true situation is probably 
more akin to a galactic fountain than to Bertschinger’s single 
phase flow. The proper coefficient is therefore quite uncertain, 
and we have preferred to retain the simple assumption of equa- 
tion (20). From equations (16) and (17) we see that 

'•cool +Z)_3/4 . 

Substituting this in equation (20), we find 

Mcooi^(4^)3/2(i + ^)3/4 ; 

the inflow rate due to cooling decreases with time, and is quite 
sensitive to the gas fraction. 

The gas supply rates predicted by equations (19) and (20) are 
illustrated in Figure 2. To construct these diagrams, we used 
cooling functions, A(T), appropriate to a pure H/He mixture 
(a) and to gas enriched with heavy elements (b). Our cooling 
functions are interpolated from Figure 9.9 of Binney & 
Tremaine (1987), but the actual metallicity and gas content of 
halos are evolved according to the detailed models we discuss 
in § 4. The particular models used for Figure 2 both start with 

= 0.1 and have fluctuation amplitude b = 2.5. The admix- 
ture of heavier elements increases the values of Mcooi substan- 
tially (up to a factor of 5) in halos with circular velocity in the 
range 50 km s~1 < 1^ < 500 km s-^ where we expect the bulk 
of galaxy formation to occur. In any particular halo, the rate at 
which cold gas becomes available for star formation is not 
simply Mcool, but rather the minimum of Mcool and M{n{. If the 
cooling time is shorter than the infall time (Minf < Mcool), all 
the accreted gas can cool and no more than this can be avail- 
able for star formation. Conversely, if the infall time is shorter 
than the cooling time (Mcooi < Min{\ only the gas that can cool 
is accreted. For small halos and at early times, the gas supply is 
infall-limited. In the halos of present-day bright galaxies, on 
the other hand, the gas supply is regulated by cooling (unless 
fgQb is large and contamination by heavy elements is very 
efficient). In the following we assume that the rate at which gas 
is made available for star formation is min (Mcool, Minf). 

The predicted gas content of galaxy halos suggests an imme- 
diate test of the framework we have constructed so far. Accord- 
ing to the models of Thomas et al. (1986), the bolometric X-ray 
luminosity of the region within the cooling radius of a galactic 
cooling flow is 

Lx - 2.5Mcool F
2 . (21) 

(The coefficient here is only approximate, since it depends on 
the assumed structure of the cooling flow and of the galactic 
potential well.) The predictions of this formula are superposed 
on Figure 2. For large circular velocities the mass cooling rates 
correspond to quite substantial X-ray luminosities. This radi- 
ation will be emitted with a near-isothermal spectrum at a 
characteristic temperature given by equation (14). This is given 
on the upper horizontal axis in Figure 2. A present-day bright 
spiral with Vc = 250 km s_1 is predicted to have a halo tem- 
perature. of only 0.19 keV and a cooling radius in the range 
100-300 kpc, depending on the enrichment model. Such emis- 
sion is too cool and too diffuse to have been detected easily by 
the Einstein satellite, but should be measurable with careful 
observations by ROS AT. [Note that the luminosity scales as 
(/0Qb)3/2 and the surface brightness as (fgClb)1/2.'] Bright ellip- 
ticals are thought to have massive halos with even larger values 
of Vc. Although some, like M87, do show the kind of X-ray 
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Fig. 2.—Gas infall rate and cooling rates in dark matter halos as a function of circular velocity and redshift. The infall rate (dotted line) is essentially independent 
of redshift; the cooling rates (solid lines) are given for redshifts z = 0,1, 3,7, and 15 (from bottom to top). Dashed lines give present-day X-ray luminosities in ergs s -1 

produced by gas cooling at the given rate in each halo. The predicted temperature of this emission is given on the upper abscissa, (a) A cooling function for gas of zero 
metallicity is assumed, (b) A cooling function for gas enriched according to the models of § 4 is assumed. In both cases, = 0.1 and the biasing parameter b is 2.5. 

properties we predict (Fabricant & Gorenstein 1983; Stewart 
et al. 1984), the emission from most implies a gas fraction much 
smaller than fgQb ~ 0.05-0.1 (Thomas et al. 1986; Fabbiano 
1989). We are therefore forced to argue that such galaxies have 
lost their original gaseous halos, either as a result of inter- 
actions with their environment or because early supernovae 
blew them away. Only the central ellipticals in clusters are at 
rest with respect to their environment and may have been able 
to retain “ their ” gas. Although this is quite plausible, it seems 
a slightly unsatisfactory patch for the model. A similar patch 
for spirals would be much less plausible, since their formation 
probably demands a relatively quiescent environment. Future 
data will provide an important test of our ideas. Note, 
however, that energy injection from current star formation 
may affect the gas structure in spiral halos (see below) and so 
complicate the interpretation of X-ray observations. 

We can take the gas supply rates of equations (19) and (20) 
and the halo abundances of equation (5) and integrate forward 
from high redshift to find out what happens if all the cold gas is 
assumed to turn into stars. For > 0.05, much of the gas is 
used up well before the present. This is unacceptable, since the 
density contributed by the observed stars in galaxies is less 
than 1 % of the critical value. This problem of overly rapid star 
formation was noted by WR, who solved it by invoking feed- 
back processes along the lines of an earlier suggestion by 
Larson (1974b). Larson realized that the energy input from 
young stars and supernovae could easily drive all the gas out of 
a small protogalaxy before more than a small fraction of it had 
been converted into stars. He suggested that this inefficiency 
might account for the low metallicities of dwarf galaxies. WR 
found that it could also cure their gas consumption problem, 
and Dekel & Silk (1986) gave a detailed reworking of the argu- 
ments and applied them to the CDM model. The energy avail- 
able from stellar sources can be estimated fairly reliably. 
Unfortunately, however, the effective heating of the gas is 

highly uncertain because it depends on the unknown efficiency 
with which the energy is deposited in the gas. The gas absorbs 
the radiative output of young stars very inefficiently; heating 
from stellar winds and supernovae may be much more effec- 
tive, but there can be substantial radiative losses while the 
shocks propagate through residual cold gas surrounding the 
star-forming region. Such losses are very important in the local 
interstellar medium, but it is hard to anticipate their size in the 
much more active environment expected during galaxy forma- 
tion. We are again forced to adopt an extremely simplistic 
model. 

With a standard stellar initial mass function (IMF), about 
one supernova is expected for each 100 M0 of stars formed. 
The kinetic energy of the ejecta from each supernova is about 
1051 ergs. Thus, we write the effective heating rate of the halo 
gas due to star formation at rate M* as 

dE/dt = €0 M*(10Q km s ~x)2 . (22) 

The single parameter e0 hides a multitude of sins, including 
uncertainties in the IMF, in the energy output of supernovae 
and stellar winds, and in the efficiency with which this energy is 
deposited in the hot halo gas. It is unlikely to exceed unity, and 
could be much smaller. Dekel & Silk (1986) found e0 ~ 0.02 
from a calculation of supernova remnant evolution in a 
uniform medium. Their detailed assumptions are difficult to 
justify, and there is observational evidence that supernova- 
driven winds in some starburst galaxies require much higher 
efficiencies (Chevalier & Clegg 1985; Heckman, Armus, & 
Miley 1990). The superwinds discussed by Heckman et al. are 
particularly relevant; their data suggest that almost all the 
supernova energy is escaping from the starburst regions. 
However the inferred temperature and speed of the winds 
(~ 108 K and ~2000 km s-1) seem rather large for the energy 
to be effectively absorbed by the outer halo gas in the way that 
we assume. For the time being we retain our very simple 
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o model, we admit our inability to calculate e0, and instead we 
< treat it as a free parameter to be fixed by requiring that our 

models reproduce the observed luminosity density of the uni- 
^ verse. Note that in reality €0 may well be a function of M*, Vc, 

and z, rather than a constant. Equation (22) with its adjustable 
coefficient thus represents a significant and poorly justified 
assumption of our theory. 

Stellar energy input will counteract radiative losses in the 
cooling gas and tend to reduce the supply of gas for further star 
formation. The energy dissipation rate associated with gas 
supply processes is ~MtVç, where, as argued above, gas is 
effectively supplied at a rate Mt = min (Mcooi, Min{). We will 
assume that star formation is self-regulating in the sense that 
M* takes the value required for heating (eq. [22]) to balance 
dissipation in the material which does not form stars (i.e., 
dE/dt = (Mt — M*)Vc). This produces the following model for 
the star formation rate : 

M*(VC, z) = e(Vc) min (Mcool, Minf), 

e(Fc) = 1/[1 + eo(700 km s“1/^2] . 

For large Vc the available gas turns into stars with high effi- 
ciency because there is no energy source sufficient to prevent 
cooling and fragmentation ; for smaller objects the star forma- 
tion efficiency € is proportional to F2 (and is inversely pro- 
portional to the efficency e0 with which supernova energy is 
thermalized). However, it is possible, and perhaps even likely, 
that the cooling gas will often settle into a centrifugally sup- 
ported disk and proceed to form stars on a longer time scale. 
To the extent that such cold gas eventually makes stars, this 
possibility does not much affect our model. Such a latency 
period is probably required if our model is to explain the large 
amount of cold gas observed at z ~ 2 in the form of damped 
Lya QSO absorption systems (Wolfe 1989). 

The assumption of self-regulation at small Vc seems plausible 
because the time interval between star formation and energy 
injection is much shorter than either the sound crossing time or 
the cooling time in the gaseous halos we are considering. In 
our model a forming galaxy is effectively a large-scale version 
of the self-regulating gas clouds invoked by Silk & Norman 
(1981) in their own dissipational model for galaxy formation. 
However, other possibilities can be envisaged. For example, 
Dekel & Silk (1986) suggested that supernovae not only would 
suppress cooling of the halo gas but would actually expel it 
altogether. (Note that this is not necessary for their arguments 
about the surface brightness and metallicity of dwarfs to be 
valid. A self-regulating model would produce the same results 
if external influences are assumed to remove the halo gas at 
some stage.) Ostriker & Cowie (1981) assumed that so many 
supernovae could go off at once that an explosive shock would 
be driven to large distances through the surrounding inter- 
galactic medium. While we find these possibilities less plausible 
than the less energetic self-regulation we assume, they certainly 
cannot be excluded without more detailed modeling of the 
cooling and star formation processes. Note that they require 
more star formation than our model because more energy is 
required to expel the gaseous atmosphere to infinity than just 
to prevent it from cooling. We do allow for the additional 
possibility that self-regulation may induce bursting behavior 
rather than a uniform depression of the star formation rate. We 
model this by taking stars to form at the maximum rate 
allowed by the supply of gas, but only during bursts with a 
short duty cycle. (We do not need to assume a duration for the 
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bursts.) Specifically, we assume that stars form at a rate a 
fraction Fb of the time, where 

M^b(Vc, z) = min (Mcool, Minf), Fh = e(Vc). (24) 

Averaged over time, equations (23) and (24) obviously give the 
same star formation rates. However, active systems will be 
rarer and brighter if star formation takes place in a bursting 
mode. 

It is interesting to compare the star formation rates predict- 
ed by equations (23) and (24) with those observed in spiral 
galaxies. To make definite predictions, we must adopt values 
for Qb, for e0, and for the metallicity of the cooling gas. Since 
we use £0 to set the total stellar luminosity density of our 
models, it turns out to depend on all of our assumptions 
including those concerning chemical enrichment and stellar 
populations which we have not yet discussed. In Figure 3 we 
show predicted star formation rates at various epochs for six 
models, two in which heavy elements are assumed never to mix 
into the cooling gas and four which employ the favored mixing 
model of § 4 below. We give results for our two standard values 
of the bias parameter b and for Qb = 0.05, 0.1, and 0.2. In each 
case e0 is chosen to reproduce the observed luminosity density; 
the required value increases with metallicity, with fluctuation 
amplitude, and with Q&, and reaches quite large, perhaps im- 
plausible values. For each model the solid lines correspond to 
the nonbursting case (eq. [23]); star formation rates for the 
bursting case during its on state (eq. [24]) are given by the 
dashed lines (cooling rate) or by the straight dotted line (infall 
rate), whichever is smaller. Notice that at almost all Vc the star 
formation rates are inferred to be higher at early epochs. 
Notice also that we predict feedback effects to be important in 
the formation of all but the most massive galaxies for which 

^ MCOoi- (This is indicated by the fact that the solid lines 
always lie below the corresponding dashed lines.) Only if Qb is 
small and enrichment effects are weak does our required effi- 
ciency resemble the values advocated by Dekel & Silk (1986). 
Notice that the dependence of star formation rate on fluctua- 
tion amplitude b is quite weak when the efficiencies are set to 
produce the observed mean luminosity density. The star for- 
mation curves in Figure 3 are all substantially steeper than the 
infall line, which is itself proportional to halo mass (see eqs. 
[18] and [19]). This means that stars form preferentially in the 
most massive systems. The result is a bias which goes part way 
toward reconciling a flat universe with the observed mass-to- 
light ratios of galaxy clusters. We discusss this process in more 
detail below. 

Kennicutt (1983) gives estimated star formation rates for 
spiral galaxies with a wide range of luminosities and Hubble 
types. We plot his data on top of the predictions in Figure 3, 
using a standard Tully-Fisher relation to convert from MB to 
Vc (Pierce & Tully 1988). It is interesting that these observed 
rates are quite comparable to those we predict for the non- 
bursting model. If anything, the observed rates are somewhat 
high. Thus, it seems that cooling halos of the kind we are 
discussing can indeed provide sufficient infall of cold gas to 
solve the apparent depletion problem in the disks of many 
spirals (e.g., Larson, Tinsley, & Caldwell 1980; Kennicutt 
1983). Only the smallest galaxies have star formation rates 
approaching the predictions of our bursting models. This 
accords with the common claim that bursting behavior is most 
prevalent in low-mass, irregular systems but is less important 
in large galaxies (Gerola, Seiden, & Schulman 1980; Thuan 
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log(VcAm s !) log(Vc/km s !) 
Fig. 3.—Star formation rates in dark matter halos as a function of circular velocity and redshift. Solid lines give the star formation rates in models with 

continuous star formation (eq. [23]). The corresponding rates in bursting models (eq. [24]) are the minimum of Mcool (dashed line) and Minf (dotted line). In each case, 
results are given for redshifts z = 0, 1, 3, 7, and 15 (from bottom to top). Different panels correspond to different combinations of model parameters as shown. The 
biasing parameter b and the efficiency e are defined in eqs. (8) and (23), respectively; the parameter y is the yield discussed in § 4. The crosses give star formation rates 
measured by Kennicutt (1983) for present-day spirals. 

1985; Struck-Marcell & Scalo 1987; Arimoto & Tarrab 1990). 
Notice also that for large and efficient enrichment the pre- 
dicted star formation rates in halos with Vc ~ 500 km s-1 

approach 100 M0 yr-1 and seem too large to be consistent 
with observation. This problem may be related to the observed 
lack of OB stars in present-day cooling flows in clusters; in 
these systems the initial mass function seems to differ substan- 
tially from that in the solar neighborhood. In our models it is 
tempting to identify this difference with the transition between 
halos in which feedback effects dominate (low Vc) and ones in 
which feedback is unimportant (high Vc). 

4. CHEMICAL ENRICHMENT MODELS 

Figures 2 and 3 show that the enrichment of the gas in 
galaxy halos can have a substantial effect on cooling rates and 
so on the inferred history of star formation. Since our models 
require substantial heating of the halo gas by star formation 
activity, it seems plausible that substantial amounts of pro- 
cessed material could be mixed into gas out to the cooling 
radius. There are at least two observational indications that 
this kind of process does indeed occur. The [Mg n] 
absorption-line systems observed at relatively low redshift in 
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quasar spectra seem almost always to be associated with 
bright, actively star-forming galaxies (Bergeron 1988). These 
enriched clouds are typically seen several optical diameters 
away from the galaxy center, suggesting that halos are enriched 
to large radius as a consequence of star formation. The second 
indication is the mean metallicity of the X-ray-emitting gas in 
rich clusters. Although the metallicity of the gas is a factor of 2 
or 3 lower than that of the galaxies, the total metal contents in 
the two components are comparable, at least within the region 
where they are observed. Apparently, a substantial fraction of 
the heavy elements produced by the stars was not retained by 
the galaxies; even quite bright galaxies must therefore have 
contaminated the surrounding medium. Since the galaxies 
have higher metallicity than the gas, they must have held on to 
some of their metals, for the situation would otherwise resem- 
ble the solar neighborhood where the mean metallicity of the 
gas exceeds that of the stars (e.g., Tinsley 1979). In addition, the 
systematic increase of galaxy metallicity with luminosity sug- 
gests that large galaxies retained more of their heavy elements, 
a property which is natural to link to their greater star forma- 
tion efficiency as expressed in equation (23) or equation (24). 
Models of this type were first proposed by Larson (1974b) and 
were explored further by Dekel & Silk (1986) among others. 

To explore the effects of enrichment on our galaxy formation 
picture, we will compare models in which it is neglected to 
models in which it occurs with maximum efficiency. The first 
case is equivalent to assuming that the heavy elements pro- 
duced by star formation never leave the galaxy center, and so 
do not affect gas cooling rates. In this case, the mean metal- 
licity of the stars is equal to the yield (defined as the mass of 
metals produced per unit mass of long-lived stars formed), and 
the mean metallicity of the halo gas is zero (Tinsley 1980a). In 
the other extreme case, we assume that the metals are uni- 
formly mixed with the cooling gas, but not beyond it. This 
leads to the highest plausible metallicity in this gas, and thus to 
the maximum plausible effect on its cooling rate. For a given 
halo the enrichment equations can be set up as follows. Let 
Mt(t) be the total mass of gas available for star formation (i.e., 
the minimum of Minf and Mcool from eqs. [19] and [20]), and 
let Mh(t) be the mass of gas heated by supernovae. Our hypoth- 
eses for star formation are that M* = €(Vc)Mt, and that Mh = 
Mt — M*. Further, for a given halo let Z0, Zh, and Z* be the 
metal abundances by mass in the initial gas, the heated gas, 
and the stars, and let y be the yield. Then one finds 

dM* 
dt h dt 

and (25) 

d(MhZh) ^dM ^ dM, 
dt ~Zo dt +(y~Zh)-dT- 

The mass of metals in stars increases as metals are incorpo- 
rated from the surrounding gas, while that in gas is increased 
by expansion of the cooling or accretion radius and by stellar 
ejecta, but is decreased by the metals lost to stars. The solution 
of these equations which is relevant to our models is the simple 
one 

Z*(FC, z) = e(Vc)y + Z0(FC, z) . (26) 

This is the metallicity we use to estimate cooling rates in equa- 
tion (16); the zero-enrichment case corresponds to setting 
y = 0. In this rather crude model the metallicity of the stars 

formed in a given halo depends primarily on Vc and is almost 
independent of position and time. This is in rought accord with 
the weak observed correlation between age and metallicity in 
the solar neighborhood, but it cannot explain the observed 
metallicity gradients in spiral disks. The spread of metallicities 
in the Galactic bulge would have to be ascribed to the merging 
of systems which originally had very different values of Vc. 
However, it probably does not make sense to try to interpret 
the model in such detail. 

It remains to specify the initial metallicity, Z0(J^, z), in equa- 
tion (26). This depends on the enrichment history of the gas in 
each particular halo. We address this problem by using equa- 
tions (11) and (12) to specify how the stars and metals produced 
by star formation at one epoch are distributed among the halos 
present at a later time. Thus the mean mass and metallicity of 
stars in a halo are given by 

M*(Fc, z)n(Fc, z) = dVM^V, z') 

xn(V,z')f(Vc,z\V9z'), (27) 

and 

M*(Fc, z)Z*(Fc, z)n(Vc, z) = 00 dV M*(V, z')n(V, z') 
Jo 

Z,(F,z')/(Fc,z|F,z'). (28) 

The fraction of the baryons remaining gaseous (fg in eq. [3]) 
and the metallicity Z0 of this gas can then be obtained from 

fg(Vc,z)=l-MJ(QbM) (29) 

and 

Z0(Fc,z) = (/;1-l)(y-ZJ, (30) 

where M is the total halo mass from equation (3). 
When metal enrichment is included, these assumptions add 

the yield, y, as a further parameter of our models. Rather than 
taking y as fixed by the initial mass function and the theory of 
stellar nucleosynthesis, we have elected to treat it as a free 
parameter and to choose its value so that the mean metallicity 
of all the stars formed by z = 0 is about 0.7 times the solar 
value. This is an arbitrary but plausible choice. Because of 
equations (27)-(30) the mean metallicities of stars and gas, Z* 
and Z0, and the fraction of the baryons in stars,/* = \ —fg, are 
a function of Vc in present-day halos. Figure 4 illustrates this 
dependence in the same models for which star formation rates 
are illustrated in Figure 3. The fraction of the gas converted to 
stars increases rapidly with and then levels off, reflecting the 
Vc dependence of the star formation efficiency. The metallicity 
distributions in Figures 4b and 4c show a roughly similar 
behavior, although in the case of Z* the leveling off occurs only 
at rather large values of Vc unless Qb is small. The various 
wiggles in these curves reflect similar features in the star forma- 
tion rates of Figure 3 and can be traced back to features in the 
cooling functions, A(T). Notice that the dependence on fluctua- 
tion amplitude b is very weak compared with that on baryon 
density Q,b or on the treatment of enrichment. 

In halos like that of our own Galaxy the curves of Figure 4 
predict that a fraction ~0.015/Qfe of the gas has turned into 
stars with approximately 70% of the solar metallicity, while the 
gas is about 2.5 times less metal-rich. In halos which corre- 
spond to rich clusters of galaxies the star fraction is similar, the 
stellar metallicities are up to a factor of 2 higher, and the gas 
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1 1.5 2 2.5 3 
log(VcAm s"1) 

Fig. 4.—(a) Fraction of baryons locked up in stars in present-day dark 
halos as a function of circular velocity. The six curves correspond to the six 
models of Fig. 3 and are labeled by the panel identifier from that figure, (b) 
Mean metallicity of gas in present-day halos for the metal-enrichment models 
shown in (a), (c) Mean metallicity of the stars in the metal-enrichment models 
shown in (a). 

metallicities are slightly lower. These metallicity trends are 
qualitatively similar to those observed, and it seems likely that 
some fiddling with our model could give quantitative agree- 
ment with the rather sparse data available. However, we 
argued above that data on the Coma Cluster and other rich 
clusters imply that roughly 30% of the baryons in such systems 
are in the form of stars, and that roughly 19% of the cluster 
material is baryonic. It is clear that for Qb = 0.19 our models 
would predict a star fraction about a factor of 3 too small. This 
is a facet of another problem which we discuss further below. 
Although the formation of stars is biased toward massive 

systems in our models, the bias seems smaller than that 
required observationally if the real universe is, as our models 
assume, flat. This formation bias must therefore be supple- 
mented by other effects if our models are to match observation. 

5. STELLAR POPULATIONS 

In order to compare our models directly with the observed 
properties of galaxies and galaxy clusters, we need to make 
some assumptions about the kind of stars that form. For this 
paper we have chosen to assume that stars always and every- 
where form with the same initial mass function (IMF). This is a 
critical and poorly justified assumption with important conse- 
quences. For example, we discount the possibility that under 
some circumstances substantial amounts of baryons might 
have turned into planet-like objects. As a result we are forced 
to interpret the small observed fraction of baryons in visible 
stars (Q* < 0.01) as the consequence of inefficient star forma- 
tion. The highly effective feedback efficiencies required to 
produce this could be avoided if most star formation occurred 
at large radii and produced essentially invisible objects. Such a 
situation is indeed suggested by the properties of observed 
cooling flows (e.g., Fabian, Nulsen, & Cañizares 1991), and 
arguments in favor of it are presented by Thomas & Fabian 
(1990) and Ashman & Carr (1991). 

Even after electing for a universal IMF, we need to decide 
which one to use. For our purposes the properties needed are 
rather simple. We require a relation between the mass-to-light 
ratio of a stellar population and its age, for which we adopt the 
approximate form 

(M/LXí) = (M/L)o(i/10 Gyr)y, (31) 

and a relation between the UV luminosity of a star-forming 
region and the star formation rate, which we take as 

L = Luy(MJlMöyr-1). (32) 

In this second expression Luv is the power per unit frequency 
and is roughly constant over the wavelength range 1000-3000 
Â. (See the synthetic spectra of star formation bursts in White 
1989, 1990). For IMFs of standard form (M/L)0 is determined 
mainly by the relative abundance of turnoff stars (M ~ 0.7 
M0) and the lower mass objects which contain most of the 
mass, y depends on the slope of the IMF in the 1-3 M0 mass 
range for the age range (0.5-10 Gyr) which interests us, and Luv 
reflects the abundance of high-mass stars (M > 10 M0) relative 
to that of the component which dominates the total mass. We 
have used an updated version of Bruzual’s (1983) spectral evo- 
lution program (G. Bruzual 1988, private communication) to 
estimate these parameters for various popular fits to the IMF 
of the local Galactic disk. The original Salpeter power law 
[n(M)dM oc M“135 dM] truncated at 0.08 and 75 M0 leads to 
the parameter set 

((M/L)0, y, LJ = (20.7, 1.09, 2.7 x 1027), (33) 

where the mass-to-light ratio parameters are for the B band, 
and the units of Luv are ergs s_1 Hz“1. Choosing the more 
detailed IMF fit of Miller & Scalo (1979) gives the parameter 
set (6.6, 1.15, 8.6 x 1027), while the revised IMF of Scale’s 
major (1986) review gives (4.5,0.90,3.6 x 1027). 

Since Scale’s IMF is undoubtedly the best overall assess- 
ment of the available observational data, it would seem a priori 
to be the one which we should choose. However, in practice, 
these parameters cause us trouble. The normalization, (M/L)0, 
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is so small that it leads to a mean galaxy mass-to-light ratio 
which seems unacceptably low. In our models, this is in part 
due to the relatively late epoch at which the bulk of the stars 
form, but the same problem has been noted previously in more 
traditional galaxy evolution models (e.g., Guiderdoni & 
Rocca-Volmerange 1987). In addition, Scale’s IMF has a 
number of marked characteristic mass scales. This seems rather 
surprising from a theoretical point of view and may reflect the 
heterogeneous data sources and lines of argument on which he 
is forced to draw. In any case, we have preferred to use the 
parameters given by the simple Salpeter model (eq. [33]). 
These probably overestimate the mass in faint stars, and so the 
mass-to-light ratios of old systems. This uncertainty in the 
low-mass end of the IMF has no significant impact on our 
feedback arguments. The fraction of baryons locked up in stars 
is small in all our models, so the amount of remaining gas 
depends only weakly on the IMF. Since this gas must be kept 
hot by supernovae and we normalize to the current observed 
luminosity density, the critical parameter is the number of 
supernovae produced per unit current luminosity. This ratio 
varies by more than a factor of 3 among the above IMFs, but 
the effects of this uncertainty are masked in our models by the 
freedom we allow ourselves in fixing the efficiency and yield 
parameters, €0 and y. Similarly, the uncertainty in (M/L)0 

scarcely influences our models because we normalize to the 
observed luminosity density, and so automatically obtain the 
right overall abundance of stars; the models just have to decide 
what kind of objects to put them in. Uncertainties in Luv trans- 
late directly into uncertainties in the magnitudes we predict for 
high-redshift galaxies. As a result they affect the comparisons 
we make below with recent data on counts and spectroscopy of 
faint objects. 

6. RESULTS 

The treatment of stellar populations in the last section 
finally completes the specification of our models. The primary 
observational datum which we use as a constraint is the lumi- 
nosity density of the universe. For this parameter we take the 
value given by Efstathiou, Ellis, & Peterson (1988a), 

= 9.7 x 107 Lq Mpc-3 , (34) 

which, according to these authors, has an rms uncertainty of 
about 35%. When we make a specific model, we choose the 
parameters €0 (eq. [23]) and y (eq. [25]) so that the final lumi- 
nosity density matches equation (34) and the mean metallicity 
of the stars is 70% of solar, except that in models with no 
enrichment we simply set y = 0 and then adjust e0 alone to fit 
^B. With these constraints the only parameters that remain 
free are the fluctuation amplitude b and the baryon density Qb. 
In addition, we can switch our treatments of enrichment and 
bursting on or off. Together these two parameters and two 
switches define the degrees of freedom which we explore below. 
From a practical point of view it is unfortunate that the best 
estimates of the luminosity density of the universe are in the B 
band. In models such as ours, where present star formation 
rates are not small compared with the past average, a signifi- 
cant fraction of the present luminosity density at B is predicted 
to come from stars with ages of 109 yr or less. This is not ideal, 
since our goal is to normalize the total stellar content of the 
models. However, equation (34) appears to be the best direct 
observational constraint available, and, together with the 
parameters of equation (33), it leads to stellar mass densities in 
our models which are on the range normally assumed. 

Before describing the detailed properties of our models, it is 
perhaps worth reviewing how we calculate them in practice. 
We pick a logarithmically spaced grid in (J^,, 1 + z)-space, 
usually with 100 points in each direction and with 10 km 
s_1 < < 3000 km s-1 and 0 < z < 30. We then integrate 
forward step by step from high redshift. At each time we calcu- 
late the abundance of halos of each Vc from equation (5), and 
their star formation rates from equation (23). We then evaluate 
the total mass of stars formed in such halos during the time 
step, and the mass of metals they contain (eqs. [25] and [26]). 
Through equations (27) and (28) we distribute these stars, their 
metals, and their luminosity both among the halos present at 
the next time step and among those present at z = 0. This 
provides the gas content and gas metallicity of the new halos 
through equations (29) and (30), so that we have all the infor- 
mation required for the next interval of star formation. At the 
end of the calculation (i.e., at z = 0) we compare the mean 
luminosity density and metallicity of the stars with the values 
we require as standard, and we adjust the model parameters €0 
and y iteratively to obtain agreement. 

With all our analytic apparatus in place, we now give a 
systematic exposition of the properties of our models. To 
explore their sensitivity to the remaining parameters, we have 
calculated cases with fluctuation amplitudes b = 2.5 and 
b = 1.5, with baryon densities Qb = 0.2, 0.1, and 0.05, and both 
with and without enrichment of the halo gas. We also consider 
both bursting and nonbursting models, although this only 
affects the properties discussed in § 6.4 below. We begin by 
describing some of the global properties of the models, in par- 
ticular their star formation rates as a function of redshift and 
halo size. We then analyze the star content of present-day 
halos, producing a luminosity function of “ virialized systems ” 
which can be compared directly with observation. This calcu- 
lation avoids the need for any explicit treatment of the merging 
of galaxies (as opposed to halos) and so sidesteps the question 
of how often galaxies merge when their halos coalesce. If such 
merging is assumed negligible, it is possible to calculate galaxy 
luminosity functions, and relations between galaxy luminosity, 
metallicity, and circular velocity. We carry out these calcu- 
lations and show that while the models reproduce the form of 
the observed relations between Vc, Z, and L relatively easily, it 
seems impossible to reproduce the observed luminosity func- 
tion without substantial loss of faint galaxies through merging. 
Finally, we calculate luminosity functions for the young star 
component of our galaxies as a function of redshift, and use 
them to predict counts and redshift distributions of faint blue 
galaxies. 

Obviously many aspects of our models could be varied 
within the general framework we have set up. It is, in fact, the 
ease with which the consequences of various hypotheses can be 
investigated which is the main strength of our approach. 
Although we concentrate here on a direct elaboration of the 
ideas of White & Rees (1978) within a flat CDM universe, most 
other hierarchical clustering models can be studied with minor 
variations of our techniques. 

6.1. Global Properties 
In Table 1 we give a variety of properties of our standard set 

of models. For each Qb and b we list the values of e0 and y 
which reproduce our standard luminosity density and stellar 
metallicity. The required feedback efficiency increases strongly 
with mean baryon density, is substantially increased by the 
inclusion of the cooling effects of heavy elements, and in 
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TABLE 1 
Characteristic Properties of Galaxy Formation Models 

O* (M/LL C,h (M/L)h 

0.20. 
0.10. 
0.05. 
0.20. 
0.10. 
0.05. 
0.20. 
0.10. 
0.05. 
0.20. 
0.10. 
0.05. 

2.5 
2.5 
2.5 
1.5 
1.5 
1.5 
2.5 
2.5 
2.5 
1.5 
1.5 
1.5 

3.1 
1.8 
1.05 

0.22 
0.04 
0.002 
0.45 
0.06 
0.001 

3.7 0.81 
2.2 0.22 
1.2 0.03 

1.37 
0.33 
0.03 

7.0 
8.6 

11.3 
9.0 

11.5 
15.6 

5.5 
6.3 
7.8 
7.8 
9.1 

11.3 

0 
0 
0 
0 
0 
0 
0.68 
0.73 
0.70 
0.68 
0.70 
0.71 

0 
0 
0 
0 
0 
0 
0.12 
0.15 
0.14 
0.14 
0.16 
0.16 

1.1 x 1010 

3.0 x 109 

6.0 x 108 

8.4 x 1010 

2.0 x 1010 

3.4 x 109 

2.9 x 1010 

1.5 x 1010 

4.5 x 109 

1.5 x 1011 

4.9 x 1010 

1.3 x 1010 

217 
146 
83 

431 
289 
173 
273 
218 
155 
484 
364 
230 

0.60 
0.67 
0.62 
0.62 
0.78 
0.99 
0.45 
0.45 
0.53 
0.49 
0.64 
0.61 

1.4 x 109 

2.6 x 108 

4.1 x 107 

6.9 x 109 

4.1 x 108 

1.8 x 107 

8.1 x 109 

3.4 x 109 

6.7 x 108 

1.8 x 1010 

4.8 x 109 

5.5 x 106 

173 
97 
62 

329 
155 
64 

245 
202 
116 
410 
267 
145 

6.3 
7.4 
9.0 

10.5 
12.6 
17.5 
5.0 
5.4 
6.6 
8.3 
9.3 

12.1 

3.2 
3.9 
5.0 
5.2 
6.6 

10.1 
2.2 
2.6 
3.4 
3.9 
4.6 
6.1 

1.0 
1.3 
1.8 
1.5 
2.2 
3.7 
0.7 
0.8 
1.1 
1.1 
1.4 
2.1 

general is higher for the larger fluctuation amplitude (smaller 
value of b). For the more extreme parameter combinations, 
feedback must be implausibly efficient if overproduction of 
stars is to be avoided. On the other hand, with Qb = 0.05 and 
no enrichment it is quite difficult for enough material to cool to 
make the observed stars, and feedback must be almost negligi- 
ble. When enrichment is included, the yield which reproduces 
our fiducial stellar metallicity (70% of solar) is a strong func- 
tion of the mean baryon density, reflecting, as discussed below, 
the Clb dependence of the epoch when stars form. However, the 
mean metallicity of the residual gas (Zg in Table 1) is almost 
independent of Q5 and y. The mean mass-to-light ratio of the 
stars at the end of the calculation decreases with increasing Qb, 
with increasing b, and with the inclusion of cooling by heavy 
elements. This is simply a reflection of the typical stellar age 
(see eq. [31]); there is an almost perfect correlation between 
(M/L)^ and z50, the redshift by which 50% of the final stars 
have formed. 

This median redshift is listed in Table 1 along with the red- 
shifts z1 and z10 corresponding to the epochs when 1% and 
10% of the stars have formed. It is clear that stars are formed 
later in models with large Qb, with large h, and in which metal 
cooling is important. In most of the models, however, z50 < 1, 
and it is worth asking whether this can be consistent with 
observation. One can argue that roughly half the observed 
stars in the universe are in galaxy disks (Schechter & Dressier 
1987) and that in our own Galactic disk all the stars seem to be 
quite young, at least compared with globular star clusters 
(Demarque & McClure 1977; Freeman 1989). Thus, the propo- 
sition that most stars formed recently is not a priori absurd. A 
counterargument may be that bright systems are seen at high 
redshift which appear to consist almost entirely of old stars. 
Unfortunately, it is not yet clear how representative these 
systems are and exactly what limits can be put on their ages 
(e.g., Chambers & Chariot 1990). Perhaps new extremely deep 
counts in the near-infrared will begin to show us what fraction 
of galaxy light had already come from “ old ” systems by z = 1 
(Cowie et al. 1990). 

The history of star formation is illustrated in more detail in 
Figure 5, where we show the mean star formation rate as a 
function of redshift. The peak rate occurs at redshifts between 
about 2 and 10 and has a value between about 0.1 and 1 M0 
yr-1 Mpc-3. Both the peak rate and the peak redshift depend 
inversely on Qb and y and are decreased by the inclusion of 
metals. Using the standard IMF which we have adopted, these 

rates can be converted directly into production rates for ion- 
izing radiation. If these hard photons escape their proto- 
galaxies, they may ionize the diffuse intergalactic medium. It is 
interesting that our peak star formation rates approach those 
needed for a medium containing 10% of the critical density to 
pass present limits from the Gunn-Peterson test, even those 
derived from high-redshift quasars (Shapiro & Giroux 1989). 
In our model such photoionization is probably needed because 
much of the gas is in halos which have virial temperatures too 
low to ensure sufficient collisional ionization. In fact, we 
predict that for b = 2.5, about two-thirds of the gas has yet to 
be incorporated in a halo hotter than 104 K by a redshift of 3; 
for h = 1.5 the corresponding fraction is 40%. Clearly, ioniza- 
tion by a UV background must be invoked to keep this gas 
invisible. The nonuniform distribution of gas and its clumping 
around the sites of UV emission make a proper analysis of this 
issue quite tricky. 

In addition to exploring the distribution of star formation in 
time, we can study its distribution with respect to halo circular 
velocity. The top two panels of Figure 6 show the mass of stars 
formed per unit volume per unit In Vc. These distributions vary 
substantially with our model parameters. Stars tend to form in 
halos with smaller circular velocity when Qb is small, when b is 
large, and when heavy-element cooling is negligible. Thus, for 
Qb = 0.05, b = 2.5, and no enrichment, this function peaks at 
about 50 km s-1, and most stars form in halos with circular 
velocities between 20 and 100 km s" ^ Including enrichment or 
increasing Qb to 0.2 shifts the peak to 100 km s-1, and, in the 
latter case, many stars form in halos with circular speeds as 
large as 300 km s-1. For b = 2.5 and Qb = 0.1 or 0.2, most 
stars form in halos with Vc ~ 200 km s“1 when enrichment is 
included. However, when the fluctuation amplitude is 
increased to b = 1.5, significant numbers of stars form in halos 
with Vc > 500 km s-1, and indeed the peak of the distribution 
occurs near this velocity for the extreme model with Qb = 0.2 
and heavy-element cooling. This seems implausible. Bright 
elliptical galaxies can have measured (one-dimensional) veloc- 
ity dispersions of order 300 km s-1, and so inferred circular 
velocities of order 500 km s “1 ; indeed, the measured circular 
velocity of M87 is about 660 km s_1 at 200 kpc (Fabricant & 
Gorenstein 1983). However, such galaxies are quite rare, and it 
seems unlikely that their stars formed in recent cooling flows, 
as predicted by our model. This difficulty appears related to 
the well-known problem associated with cluster cooling flows, 
which we have already mentioned. Gas appears to be condens- 
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Fig. 5. -Mean star formation rate per unit volume as a function of redshift. Dashed lines correspond to models with metal enrichment, and solid lines to models 
without enrichment. In each case, the three curves correspond to different values of the mean baryon density:^ = 0.05, 0.1, and 0.2. Values of the other parameters 
in these models are given in Table 1. (a) Biasing parameter b = 2.5. (b) Biasing parameter b = 1.5. 
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Fig. 6. (u) Mass of stars formed per unit volume as a function of the circular velocity of the object in which they were formed. Dashed lines correspond to models 
with metal enrichment, and solid lines to models without enrichment. In each case, the three curves correspond to different values of the mean baryon density: 
Qb = 0.05, 0.1, and 0.2. The biasing parameter isb = 2.5; values of other parameters are given in Table 1. (b) As in (a), for b = 1.5. (c) Mean star formation rate per 
unit volume as a function of halo circular velocity and redshift. Dashed lines correspond to the enrichment model with Qb = 0.1, b = 2.5, and solid lines to the 
no-enrichment model with Qb = 0.2, b = 1.5. In each case, different curves correspond to different redshifts: z = 7,3,1, and 0. 
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So ing into stars at a substantial rate, and yet there is no sign of 

; the massive stars associated with “normal” star formation 
¿ (e.g., Fabian et al. 1984). 
^ The last panel of Figure 6 illustrates how star formation 
S shifts progressively to deeper and deeper halos. We pick two 
^ models and plot the mean star formation rate per unit volume 

per unit In Vc [in units of M0 yr_1 Mpc-3 (Inl^)-1] at red- 
shifts of 7, 3,1, and 0. As the redshift decreases, the peak of star 
formation moves to larger Vc. In the model with Qft = 0.2, 
b = 1.5, and no enrichment, the total star formation rate also 
declines substantially, since z = 1 (cf. Fig. 5). Most of the 
present-day star formation in this model is inferred to be 
occurring in halos with 200 km s-1 < < 1000 km s-1. The 
upper limit of this range seems very large, and is another mani- 
festation of the “ cooling-flow problem ” referred to in the last 
paragraph. Even at z = 1 star formation is predominantly in 
halos with Vc ~ 400 km s-1. The situation is less extreme and 
more plausible for Qfc = 0.1, b = 2.5, and heavy-element 
cooling. In this case there is rather little star formation for 
Vc > 500 km s-1, and most stars form in halos with Vc ~ 200 
km s"1 both at z = 1 and at z = 0. Note that in almost all our 
models the total amount of star formation drops rapidly as the 
circular velocity decreases below 100 km s-1; the precipitate 
drop at 16 km s"1 is due, of course, to the fact that our cooling 
functions assume no significant cooling below a temperature of 
104 K. 

6.2. The Luminous Content of Halos 
In § 4 we discussed how the content of present-day halos can 

be calculated, and we gave formulae relating halo circular 
velocity to gas and star content and to metallicity (eqs. [27]- 
[30]). Once a particular IMF has been chosen, similar methods 
can be used to obtain the mean present luminosity, L, of halos 
as a function of Vc : 

Ct0 f00 f(V 0\V z) 
L(Vc)n(K, 0) = dt\ dVM*(F, z)n(K, z) . 

Jo Jo (M/L)(i0 -1) 

(35) 

In this expression t0 is the present age of the universe, and the 
stellar mass-to-light ratio (evaluated at t0 — t) is given by equa- 
tion (31). The luminosity so obtained can be combined with the 
mass of equation (18) to produce a mass-to-light ratio for 
halos. We plot this quantity in Figure 7 for our 12 standard 
models and compare it with the mean M/L of 714 which our 
adopted luminosity density and Hubble constant imply for the 
universe as a whole. At large Vc, mass-to-light ratios are 
approximately independent of circular velocity, implying L oc 
F3, while for small Vc they vary approximately as F“2, imply- 
ing L oc F3. 

We predict that small halos contain rather few stars because 
of the inefficiency of star formation in such systems and in their 
progenitors. To compensate, the mass-to-light ratios of larger 
halos are predicted to be less than that of the universe as a 
whole. This latter bias is exactly the kind of effect that is 
needed to reconcile observations of the dynamical properties of 
groups and clusters of galaxies with a flat universe. However, 
the amplitude we predict is insufficient. The bias is stronger for 
models with heavy-element cooling, with large values of 
and with small fluctuation amplitudes. The first two trends are 
easily understood as reflecting similar trends in the strength of 
feedback. The greater the feedback efficiency, the greater the 
suppression of stars in small systems and so the stronger the 
bias. The trend with fluctuation amplitude arises because the 
overall mass distribution shifts toward more massive halos as b 
decreases; the suppression of star formation in small objects 
then affects less of the mass and requires less bias to compen- 
sate. Dynamical studies of groups and clusters of galaxies 
suggest mass-to-light ratios which are smaller than that 
required to close the universe by factors of 3-20, whereas the 
maximal bias given by the present models is about a factor of 2. 
This deficiency may be at least partially offset by dynamical 
segregation effects which lead to a concentration of galaxies 
toward the centers of their groups, much as galaxy light is 
concentrated at the center of individual halos (Barnes 1985; 
Evrard 1987; West & Richstone 1988). Such effects may also 
produce a systematic difference between the velocities of gal- 
axies and of dark matter particles in clusters (Carlberg 1991). 

Fig. 7.—Mass-to-light ratio as a function of circular velocity. The mass is defined within the region around the center of each halo for which the mean overdensity 
is 200. Dashed lines correspond to models with metal enrichment, and solid lines to models without enrichment. The different curves correspond to the standard 
models described in Table 1. The dotted line gives the mass-to-light ratio of the universe as a whole, {a) Biasing parameter b = 2.5. (b) Biasing parameter b = 1.5. 
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Our model seems to require this kind of help to be compatible 
with observation. 

The relation between circular velocity and luminosity given 
by equation (35) can be combined with our expression for halo 
abundance (eq. [5]) to yield a present-day luminosity function 
for halos : 

®AGS(L)dL = n(Vc, 0)j¿dL. (36) 

For large L this gives the abundance of galaxy groups and 
clusters as a function of their luminosity, whereas for small L 
the luminosity presumably applies mainly to individual iso- 
lated objects. This luminosity function of “ all galaxy systems ” 
(AGS) was first measured by Bahcall (1979), and has recently 
been remeasured for the CfA catalog by Moore, Frenk, & 
White (1991). It is very useful to us in the present context 
because we can calculate it without addressing the problem of 
galaxy merging; when specifying the luminosity of halos 
through equation (35), the number of separate galaxies among 
which the stars are divided is immaterial. Parameterizing the 
luminosity function by the usual Schechter form, 

O(L) oc L~a exp ( - L/L*), (37) 

Moore and coworkers found that whereas the luminosity func- 
tion for galaxies in the CfA catalog is best fitted by the param- 
eters agal = —1.1, L*>gal = 4 x 1010 Lq Mpc"3, the AGS 
function is better fitted by <xAGS = —1.35, L* AGS = lOL* ^ for 
L > 0.2L* gal. For fainter objects the AGS function must 
clearly increase somewhat less rapidly in order to remain com- 
patible with the galaxy luminosity function. At the bright end 
it cuts off less sharply than the exponential of a Schechter 
function. 

Figure 8 shows the AGS luminosity functions of our stan- 
dard models and compares them with a smooth fit to the CfA 
data. The shapes are quite similar for all models. Bumps occur 
at points where our (L, Vc) relations have sudden changes of 

69 

slope (cf. Fig. 7) and can be traced back to bumps in the 
cooling function. The exponential cutoff at the bright end 
reflects that in equation (5), so the relevant characteristic lumi- 
nosity is proportional to the cube of the characteristic circular 
velocity divided by the appropriate M/L ratio. Thus for each 
value of b the luminosity cutoff brightens as the high-mass 
M/L values in Figure 7 decrease. Brighter cutoffs occur for 
larger values of Qb and for models including enrichment. 
Models with b = 1.5 have substantially brighter cutoffs than 
those with b = 2.5 because of their larger characteristic value 
of Vc. Because of the unrealistically large M/L ratios of large 
halos in Figure 7, most models fail to produce enough objects 
with the luminosity of rich clusters, even though they all have 
enough lumps with the appropriate mass and velocity disper- 
sion (Frenk et al. 1990). In this instance the discrepancy cannot 
be removed by invoking dynamical segregation effects, since 
these do not alter the total luminosity of a lump. The faint-end 
slope of all the AGS functions flattens gradually as the bright- 
end cutoff increases, but in almost all cases the approximate 
value of “a” lies between —1.5 and —1.7. It is easy to show 
that a slope slightly flatter than —1.6 is expected for halos 
where star formation is limited by infall rather than cooling 
and where feedback is important. For some models, particu- 
larly for low b, the agreement with the observed AGS lumi- 
nosity function appears acceptable. Notice, however, that the 
observational estimates are not well defined at the small-L end 
because of the difficulty of assigning galaxies to small groups, 
and are uncertain at the high-L end because of poor statistics. 
At small L the true function should lie below the galaxy lumi- 
nosity function, which is almost certainly flatter than 
a = —1.35 (but see below). 

A number of the trends indicated in Figures 7 and 8 are 
shown more quantitatively in Table 1. The column labeled VCfh 
gives the circular velocity such that half the luminosity of the 
universe is in halos with Vc > Vc h ; the mean luminosity, Lh, 
and mass-to-light ratio, (M/L)h, of these median halos are also 
listed, the first in solar luminosities and the second in units of 

GALAXY FORMATION THROUGH HIERARCHICAL CLUSTERING 

a 

CO I 
Ü 
a 

'IS) 
O 

0 

-2 

-4 

-6 

-8 

Fig. 8—Luminosity function of “all galaxy systems.” Luminosities are in the B band. Solid and dashed curves correspond to the standard no-enrichment and 
enrichment models, respectively, described in Table 1. The dotted line represents the Schechter function fit to the galaxy luminosity function in the CfA survey. The 
heavy dashed line is a smooth fit to the AGS luminosity function estimated by Moore et al. (1991), also for the CfA survey, (a) Biasing parameter b = 2.5. (b) Biasing 
parameter b = 1.5. 
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^ the overall mass-to-light ratio of the universe. It is interesting 
; to compare the values of Vc h with circular velocities defined in 
a a similar way for the total mass, rather than the luminosity. 
5 For h = 2.5 half the mass of the universe is in halos with Vc > 
2 104 km s-1, while for b = 1.5 it is in halos with Vc > 244 km 

s_1. In the models with efficient feedback the luminosity is 
substantially biased toward the most massive halos, as shown 
both by VCfh and (M/L)h. For the AGS luminosity function of 
Moore et al. (1991) the median luminosity is 6.4 x 1010 L0. 
Without enrichment the models require both a small value of b 
and a large value of £lb to achieve such a large characteristic 
luminosity. When metallicity effects are included, a b = 2.5 
model still requires a baryon density somewhat greater than 
0.2 to produce bright enough lumps, but the b = 1.5 models 
reach the requisite luminosity for Qb slightly more than 0.1. 
Thus it seems that our models have some difficulty in accumu- 
lating the stars into sufficiently bright objects, particularly for 
the low values of Qb preferred by recent reanalyses of the con- 
straints posed by the observed light-element abundances 
(Olive et al. 1990). 

6.3. “ No-Merger ” Luminosity Functions 
If we wish to calculate a galaxy luminosity function which 

can be compared directly with observation, we must address 
the difficult question of galaxy merging. Our models fix the 
total present-day luminosity in stars, and they specify the dis- 
tribution of star formation with respect to time and halo circu- 
lar velocity. However, none of our assumptions so far allow us 
to specify the total luminosity of the galaxy (rather than the 
halo) in which particular stars are to be found today. Perhaps 
the simplest possibility is to assume that the stars formed at 
redshift z in a halo with circular velocity Vc are to be found 
today in a galaxy with luminosity 

Lnm(Fc, z) = M*(FC, z)t(z)/(M/L)(t0 - t) . (38) 

(The subscript “ nm ” here stands for “ no merger.”) Star forma- 
tion in each halo is thus taken to continue at a constant rate for 
a time equal to i(z), the age of the universe at redshift z. The 
resulting galaxy is assumed to survive until the present day and 

to have a present mass-to-light ratio corresponding to that of a 
set of stars formed at time t. For t < 2i0/3, it seems natural to 
take t = t. However, for more recent epochs a time interval of 
length i, centered at time i, would extend beyond the present. 
Thus we adopt 

í = i, t < 2i0/3 ; t = 2i0/3 , t > 2t0ß . (39) 

We can now apportion the luminosity density of our models 
into individual galaxies. We obtain a luminosity function by 
calculating the contribution to the luminosity density from 
galaxies with luminosity in the interval (L, L + dL) and divid- 
ing the result by L. Hence, 

a>nm(L)dL = L1 J^dtdVMJV, z)n(V, z)/(M/L)(t0 - t), 

(40) 

where the integration region, is defined as the set of values 
for which Lnm(F, z) is contained in the interval (L, L + dL). 
These procedures assume that a typical halo’s life span from 
formation until incorporation into a larger object is, with rela- 
tively little scatter, equal to the age of the universe when it is 
identified; that this characteristic life span is independent of 
circular velocity; and that the galaxy formed in the halo sur- 
vives as a separate entity within the larger systems with which 
the halo merges. Examination of appropriate survival prob- 
abilities generated from equation (12) supports the assump- 
tions about mean halo lifetime and its lack of correlation with 
Vc. This approximation is very similar to that employed by WR 
to calculate galaxy luminosity functions, and has the virtue of 
giving a lower limit to the effects of merging. An upper limit is 
presumably provided by the AGS luminosity functions of the 
last section. 

We give the “ no-merger ” luminosity functions for our stan- 
dard models in Figure 9 and compare them with the Schechter 
function fit to the observed galaxy luminosity function which 
we described in § 6.2. As expected, these galaxy luminosity 
functions always have a fainter cutoff and a steeper faint-end 
slope than the AGS luminosity functions of the last section. 

log(L/Le) log(L/Le) 

FIG. 9.—Galaxy luminosity function under the “ no-merger ” hypothesis. Luminosities are in the B band. Solid and dashed curves correspond to the standard 
no-enrichment and enrichment models, respectively, described in Table 1. The dotted line represents a Schechter function fit to the galaxy luminosity function in the 
CfA survey with parameters given in § 6.2 (as in Fig. 8). {a) Biasing parameter b = 2.5. (b) Biasing parameter b = 1.5. 
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The cutoffs are rather less abrupt than that of the Schechter 
function, although the shape at bright luminosities is reason- 
ably well fitted by some of the models with metal enrichment. 
For h = 1.5 the cutoff is clearly too bright for the models with 
Qb = 0.2, while it is much too faint for all models with Qb = 
0.05. At faint magnitudes the slopes are always much steeper 
than that of the Schechter function, a problem already recog- 
nized by WR. It seems plausible that this deficiency might be 
partially remedied by the loss of faint objects due to merging. 
However, it seems unlikely that flatter slopes than those of 
Figure 8 can be achieved by this process. As discussed in § 1, 
this difficulty is a consequence of the large number of faint 
galaxies which form at early times, rather than of the steep halo 
mass function predicted by Press-Schechter theory for a CDM 
universe. The faint-end slope of the luminosity function could 
also appear flatter if the extreme effects of feedback which our 
models postulate cause many small galaxies to have unusually 
low surface brightness. They might then be missed in the 
surveys from which field liminosity functions are constructed. 
The slope of our luminosity functions at faint luminosities 
could also be made shallower by suppressing star formation in 
small systems by more than the factor of equation (23). 
However, the observed value, a ~ 1.1, does not seem attainable 
for any plausible parameters in the context of models where 
the suppression is a function of Vc. Another possibility is that 
this slope is affected by bursting behavior (see below; see also 
Lacey & Silk 1991). Note that the observed galaxy luminosity 
function is actually quite uncertain at these faint magnitudes. 
Surveys of dwarf galaxies in the Virgo (Sandage, Binggeli, & 
Tammann 1985; Impey, Bothun, & Malin 1988) and Fornax 
(Phillipps et al. 1987; Ferguson & Sandage 1988) clusters 
produce luminosity functions which rise steeply toward faint 
magnitudes; Shanks et al. (1991) also find a very steep faint-end 
slope for theluminosity function of blue galaxies in the field. 

As stars form, our models keep track of their metallicity, 
their location, and their time of formation. We can thus calcu- 
late properties of our “no-merger” galaxies using weighted 

versions of equation (40), e.g., 

<xynm^>nm(L)dL 

^‘11 
dtdVM^V, z)n(V, z)X(V, z)/(M/L)(t0 - t) , 

(41) 

where the property X might be galaxy circular velocity 
(assumed to equal that of the halo), metallicity, mass-to-light 
ratio, or the square of any of these quantities (required in order 
to estimate the scatter around the mean value at each L). 
Results for our standard models are shown in Figures 10-12. 

In models where feedback is important the slope of the rela- 
tion between luminosity and mean circular velocity is close to 
VcocL0-25 for these “no-merger” galaxies. This is a conse- 
quence of our cooling and feedback models (eqs. [20] and 
[23]), as was noted previously by Cole & Kaiser (1989). We 
find that the predicted scatter around this “ Tully-Fisher” rela- 
tion is quite small, typically well under 20% rms in Vc at 
L = 1010 L0 and well under 30% at L = 109 L0. At brighter 
luminosités where feedback becomes negligible the relation 
steepens toward oc L0 5. In all cases our models predict too 
large a circular velocity for a given luminosity when compared 
with the observed Tully-Fisher relation (indicated by a dotted 
line in Fig. 10). The discrepancy is typically a factor of 2 for 
b = 2.5 and becomes more severe for b = 1.5. This is a serious 
difficulty and is related to the luminosity function problems 
discussed above; too large a fraction of the stars, is predicted to 
be in faint galaxies with small circular velocities. 

A metallicity-luminosity relation can be calculated for 
models that include enrichment. We find Z* oc L0 3 when 
Qb = 0.2, and a weaker dependence for smaller baryon den- 
sities (see Fig. 11). This is similar to, but somewhat stronger 
than, the observed relation (Faber 1973; Visvanathan & 
Sandage 1977; Persson, Frogel, & Aaronson 1979; see also 
Tinsley 1978). There are two sources for this relation in our 
models. The first is the general increase in metallicity with time. 
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Fig. 10.—Circular velocity of galaxies in the “no-merger” hypothesis vs. their Æ-band luminosity. Solid and dashed curves correspond to the standard 
no-enrichment and enrichment models, respectively, described in Table 1. The dotted line shows the observed “Tully-Fisher” relation measured by Pierce & Tully 
(1988) after correction to H0 = 50 km s_1 Mpc-1 and to random viewing angle, (a) Biasing parameter b = 2.5. (b) Biasing parameter b = 1.5. 
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log(L/L0) 
Fig. 11.—Metallicity-luminosity relation for “no-merger” galaxies. The curves correspond to the standard models with metal enrichment described in Table 1. 

(a) Biasing parameter b = 2.5. (b) Biasing parameter h = 1.5. 

This results in a higher metallicity in the brighter objects which 
form later and is a rather weak effect. The more important 
effect comes from the dependence of Zh(Vc, z) on €(VC) in equa- 
tion (26). In small objects a relatively small fraction of the gas 
reservoir is turned into stars, and so a lower metallicity results. 
The strong Qb dependence in Figure 11 is caused by the depen- 
dence of feedback efficiency on baryon density. Thus our 
explanation of the observed metallicity-luminosity relation is 
very similar to that of Larson (1974b), Dekel & Silk (1986), and 
Arimoto & Yoshii (1987). The scatter we predict about this 
relation is relatively small, varying from about 30% at low 
luminosities to less than 10% at high luminosities. 

Our “ no-merger ” models also predict that the mass-to-light 
ratios of stellar populations should decrease significantly with 
galaxy luminosity (Fig. 12), this time with substantial scatter. 
This trend is a reflection of the greater mean age of stars in 

small galaxies (cf. eq. [31]). Many such objects are predicted to 
have been formed at early times when the characteristic mass 
of clustering was small. It is important to note that equation 
(41) gives luminosity-weighted averages. These are strongly 
biased toward recent epochs because the dependence of M/L 
on age is so strong in the B band. A significant fraction of the 
luminosity density of the universe is contributed by stars which 
formed in the last couple of billion years. This strong weighting 
toward the present has a significant effect on the shape and 
scatter of the relations in Figures 10-12. 

The failure of our “no-merger” hypothesis to give accept- 
able galaxy luminosity functions is shown quite clearly by the 
data in Table 1. Here we denote by Lg the luminosity such that 
half the light of the universe comes from “ no-merger ” galaxies 
with L > Lg, and by Vc g the mean circular velocity of this 
median galaxy. For our Schechter function fit to the observed 

1.2 

0 

Fig. 12.—Mass-to-light ratio of the stellar populations in “no-merger” galaxies as a function of B-band luminosity. The different curves correspond to the 
standard no-enrichment and enrichment models, respectively, described in Table 1. (a) Biasing parameter b = 2.5. {b) Biasing parameter b = 1.5. 
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luminosity function the median luminosity is about 2.5 x 1010 

Lg, corresponding to a circular velocity from the standard 
Tully-Fisher relation of about 215 km s~x. None of our models 
gives a value of Lg this big, and many of them fail by more than 
an order of magnitude. For all but the most extreme model 
with b = 2.5 even the median halo luminosity Lh is too small. 
Thus it seems that it will be hard to fix up the luminosity 
function of these models by an appeal to merging. In fact, of all 
our models, only those with enrichment and with b = 2.5 and 
Qb = 0.2, or h = 1.5 and Qb = 0.1, seem moderately close to 
producing acceptable luminosity functions; the first of these 
also gives quite a good “Tully-Fisher” relation. However, the 
faint-end slope of the luminosity function and hence the 
median luminosity could be significantly altered by the effects 
discussed earlier which are not included in our models. 

6.4. Faint Galaxy Counts 
One of the most striking observational results of recent years 

has been the detection of faint galaxy images to levels at which 
they almost cover the sky. The deepest counts have been 
carried out in the B band and have reached densities in excess 
of 4 x 105 galaxies per square degree at about 27th magnitude 
(Tyson 1988). At faint levels, an increasingly large fraction of 
objects appears blue (Peterson et al. 1979; Krön 1980; Shanks 
et al. 1984; Koo 1986; Tyson 1988; Majewski 1989). This sug- 
gests that they are active star-forming systems at redshifts of 
about 1-3. (At z > 3 the Lyman break shifts through the U 
band and greatly reduces the flux there.) A moderately high 
characteristic redshift seems indicated by the sheer number of 
objects. Indeed, the volume within z = 4 is too small to accom- 
modate the number of objects counted to mB = 27, unless the 
universe is open, the number density of galaxies has decreased 
substantially since z ~ 2, or the local luminosity function seri- 
ously underestimates the mean density of galaxies (Koo 1989; 
Guiderdoni & Rocca-Volmerange 1989). However, this simple 
expectation is not borne out by spectroscopy of blue images at 
mB < 23.5. Although these systems do seem to be actively 
forming stars, they have so far mostly turned out to be at 
relatively low redshift, z < 0.9 (Broadhurst, Ellis, & Shanks 
1988; Colless et al. 1989; Colless et al. 1990; Cowie et al. 1990). 
It seems that we may be seeing a population of relatively 
nearby bursting dwarfs that are absent from the local lumi- 
nosity function. Further observations are needed to clarify this 
very interesting paradox. 

For objects beyond z ~ 0.3 the observed flux at B comes 
from wavelengths shortward of the Balmer discontinuity and is 
dominated by relatively young stars. For 1 < z < 4 this flux 
comes from stars so massive that the luminosity is determined 
by the instantaneous star formation rate. We can thus estimate 
the faint galaxy counts at B relatively easily. The crude spectral 
model of equation (32) leads directly to an expression for the 
apparent B luminosity of a star-forming region seen at redshift 
z: 

/* = /vAv(l+z)L/47rdi, (42) 

where/v(z) is the fraction of the B bandwidth which is longward 
of the redshifted Lyman break, Av = 1.6 x 1014 Hz is the effec- 
tive bandwidth at B, L comes from equation (32), and dL is the 
standard luminosity distance, 

dL = 2c[l + z - (1 + z)1/2]/H0 . 

73 

This then gives the apparent magnitude at B as 

mB = —13.0 — 2.5 log (lB/l erg s-1 cm-2) . (43) 

Equations (32), (42), and (43) allow us to solve for the star 
formation rate, M*(mB, z), which produces an observed appar- 
ent magnitude, mB, for an object at redshift z. Comparison with 
equation (23) or equation (24) then gives the circular velocity, 
Vc(mB, z), of halos with this star formation rate. The expected 
count (per steradian) of images brighter than mB may then be 
written as 

Nc(mB) = i4 4dz T dVn(V9 z)Fb(V)(l + z)-^2d2
Lc/H0 . 

JO JVc(mB,z) 

(44) 

Here Fb is the fraction of halos which are bursting at any given 
time in the model of equation (24); Fb = 1 in the nonbursting 
model. Equation (44) will underestimate the true count, partic- 
ularly at brighter apparent magnitudes, because we have 
neglected the contribution of older stars to the observed flux. 

Our model for bursting was constructed so as to have no 
effect on the time-averaged star formation rate within halos of 
any given circular velocity. However, it substantially modifies 
the abundance and the luminosity of “ active ” halos at any 
given time. As a result, it also changes our predictions for the 
UV luminosity function of galaxies and so for counts of faint 
galaxies. This is illustrated in Figure 13, where the abundance 
of halos as a function of their star formation rate is compared 
for bursting and nonbursting versions of a model with b = 2.5, 
Qb = 0.2, and heavy-element enrichment. We have converted 
M* to a young-star luminosity using the model of equation 
(32) with a bandwidth of 1.6 x 1014 Hz. These curves have 
sharp features which can be traced back to changes in slope in 
the cooling functions. When bursting is included, the features 
become narrower and move to brighter luminosity and lower 
abundance. They thus trace the way in which star-forming 
regions of a specific circular velocity contribute to the lumi- 
nosity function in the bursting and nonbursting cases. The 
overall effect of such shifts is to brighten the characteristic 
luminosity and flatten the faint-end slope of the luminosity 
functions. At first sight this seems like a very encouraging 
change, since the “burst” functions agree much better with 
observation than the luminosity functions plotted in Figures 8 
and 9. Unfortunately, the amount of bursting seems too 
extreme to be plausible; for example, a galaxy like our own, 
with Vc = 220 km s-1, would have a star formation efficiency 
e = 0.12, and thus is assumed to be bursting, and so visible, 
only 12% of the time. Nevertheless, since a major contribution 
to the faint end of the observed luminosity function comes 
from irregular galaxies which may form most of their stars in a 
bursting mode, this kind of effect might go some way toward 
reconciling our models with observation. Broadhurst et al. 
(1988) and Colless et al. (1991) interpret their spectroscopic 
data as indicating a considerable increase in bursting behavior 
in the fainter part of the luminosity function at redshifts greater 
than 0.2. 

The inclusion or otherwise of bursting has a substantial 
effect on the counts predicted by equation (44). Results for all 
our standard models are shown for both the bursting and 
nonbursting cases in Figure 14, and are compared with a 
power-law fit to Tyson’s (1988) deep blue counts. At brighter 
magnitudes the integral count increases with increasing Qb and 
with the inclusion of enrichment, and is little affected by chang- 
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log(L/L0) 

Fig. 13.—Evolution of the luminosity function of actively star-forming regions. Results are shown for the model with = 0.2, biasing parameter b = 2.5, 
and metal enrichment. The different curves correspond to redshifts z = 7 (long-dashed line), z = 3 (short-dashed line), z = l (dotted line), and z = 0 (solid line). 
(u) Continuous star formation, (b) Star formation in bursts. 

ing the fluctuation amplitude or by bursting. For a number of 
models, particularly those which have a relatively large 
number of bright objects and include bursting, the slope of the 
counts flattens significantly at fainter magnitudes. There is no 
sign of any such change in the real data for mB < 26. A turn- 
over must be present at fainter magnitudes but has yet to be 

convincingly detected. The apparent luminosity we predict for 
an object is proportional to the parameter Luv of equation (32); 
the uncertainty in the zero point of the magnitude axis in 
Figure 14 is thus at least 1 mag. In addition, a sufficient frac- 
tion of the brighter objects are at relatively low redshift (see 
below) that the contribution of older stars to their apparent 
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Fig. 14.—Counts of faint galaxies as a function of apparent magnitude in the B band. Solid and dashed curves in each panel correspond to the six standard 
no-enrichment and enrichment models, respectively, described in Table 1. The dotted line is a power-law fit to Tyson’s (1988) counts, (u) Continuous star formation; 
b = 2.5. (b) Star formation in bursts; b = 2.5. (c) Continuous star formation; b = 1.5. (d) Star formation in bursts; b = 1.5. 
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^ magnitudes will be quite substantial. With these uncertainties 
^ in mind, it is clear that a number of the models can fit Tyson’s 
^ counts. Only the most extreme cases seem to be in clear conflict 
2 with the data. With a slight brightening of the zero point, the 

nonbursting model of Figure 13 (h = 2.5, Q = 0.2, and heavy- 
element enrichment) gives one of the better fits to the observed 
counts. Its bursting counterpart, on the other hand, has a very 
different slope than the data. 

Our models have no serious difficulty reproducing the total 
count at faint magnitudes, even though they assume a flat 
universe. The implication of this result for the arguments of 
Koo (1989) and Guiderdoni & Rocca-Volmerange (1989) is 
unclear, since part of this “ success ” may result from the unac- 
ceptable present-day luminosity function of our models. On 
the other hand, part of the success also undoubtedly comes 
from the fact that we do not assume galaxies to be conserved, 
and leave open the exact relation between the population of 
objects seen at high redshift and observed nearby galaxies. It is 
possible that a substantial amount of galaxy merging has 
occurred in the real universe, thus violating the fundamental 
assumption underlying traditional models for the evolution of 
the galaxy population (Tinsley 1980b; Guiderdoni & Rocca- 
Volmerange 1989). Certainly in the CDM cosmogony halos 
merge profusely (Frenk et al. 1988), although the merging rate 
of galaxies remains an open question. Notice that the success 
of our count models hinges on the UV luminosity of young 
stars being able to escape from each star-forming region. The 
effects of dust must therefore be relatively weak. This conclu- 
sion is independent of our detailed models. It follows from 
Cowie’s (1988) conclusion that the observed total flux of faint 
blue galaxies corresponds to the UV emission from enough 
massive stars to form a large fraction of the total heavy- 
element content of the universe. Thus a substantial amount of 
the UV radiation associated with galaxy formation apparently 
escapes absorption. 

The behavior of the counts in Figure 14 can be understood 
more clearly by studying the redshift distribution of the 
counted objects. In Figure 15 we show these distributions for 
the two models of Figure 13. Recall that the counts for the 
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nonbursting model are close to a power law in magnitude, 
whereas in the bursting counterpart there are more bright gal- 
axies and fewer faint ones, with a pronounced change in slope 
near mB = 24. The curves of Figure 15 give redshift distribu- 
tions for objects in 2 mag bins centered on = 21, 23, 25, and 
27. The additional counts at brighter magnitudes in the burst- 
ing model are due to the larger characteristic luminosity in this 
model (see the luminosity function of Figure 13). This allows 
more systems to be counted at high redshift. The count deficit 
at fainter magnitudes is due to the elimination of distant 
objects by the Lyman break, in combination with a reduction 
in the number of nearby objects caused by the shallower faint- 
end slope of its luminosity function. Indeed, the flatness of the 
functions in Figure 13a causes the curves of Figure 15b to 
coincide at low redshift. The bend in the counts can thus be 
ascribed to the characteristic distance of a galaxy approaching 
the limit imposed by the Lyman break in a model where the 
luminosity function, like that observed, has a relatively small 
number of faint systems. 

Spectroscopic data are now available for samples of blue 
galaxies down to mB = 23.5. For 187 galaxies with 20 < bj < 
21.5, Broadhurst et al. (1988) find a median redshift of 0.21. 
Near mB = 23, Colless et al. (1990) find five redshifts in the 
range 0.28-0.87 and three featureless spectra in a sample of 
eight, while Co wie & Lilly (1990) find four redshifts below 0.4 
and two flat featureless spectra in another sample of eight. This 
suggests a median redshift in the range 0.3-0.6. The median 
redshifts of the first two histograms of Figure 15 are 0.28 and 
0.58 for the nonbursting case but 0.62 and 1.12 for the model 
with bursts. The first of these seems compatible with the data, 
but the second almost certainly is not. The nonbursting case is 
also the one which fits the integral counts relatively well. A 
nonbursting model with b = 1.5, Qb = 0.1, and enrichment fits 
both the count data and the observed galaxy luminosity func- 
tions slightly better than the b = 2.5, Qb = 0.2 models of 
Figures 13 and 15, but it has median redshifts of 0.42 and 0.82 
at = 21 and 23. These seem too distant to be acceptable. 

In Table 2 we give median redshifts for the four histograms 
of Figure 15 for all our models; both bursting and nonbursting 
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TABLE 2 
Median Redshifts of Faint Galaxies 

zh (burst) zh (nonburst) 

21 23 25 27 21 23 25 27 

0.20. 
0.10. 
0.05. 
0.20. 
0.10. 
0.05. 
0.20. 
0.10. 
0.05. 
0.20. 
0.10. 
0.05. 

2.5 0 0.22 0.27 0.60 
2.5 0 0.04 0.10 0.28 
2.5 0 0.002 0.01 0.07 
1.5 0 0.45 0.60 1.23 
1.5 0 0.06 0.24 0.56 
1.5 0 0.001 0.03 0.13 
2.5 
2.5 
2.5 
1.5 
1.5 
1.5 

3.7 0.81 
2.2 0.22 
1.2 0.03 
3.1 
1.8 
1.05 

1.37 
0.33 
0.03 

0.62 1.12 
0.32 0.84 
0.10 0.31 
0.94 1.74 
0.48 1.24 
0.12 0.40 

1.44 
0.64 
0.17 
1.99 
1.11 
0.31 
1.58 
1.35 
0.92 
2.22 
2.03 
1.25 

2.02 
1.64 
0.56 
2.57 
2.13 
0.65 
2.02 
1.83 
1.47 
2.51 
2.39 
1.99 

0.23 
0.11 
0.01 
0.49 
0.25 
0.03 
0.28 
0.21 
0.08 
0.63 
0.42 
0.12 

0.45 
0.26 
0.06 
0.93 
0.59 
0.12 
0.58 
0.52 
0.28 
0.99 
0.82 
0.38 

0.73 
0.53 
0.18 
1.39 
1.12 
0.32 
0.89 
0.92 
0.74 
1.48 
1.52 
1.10 

1.15 
1.01 
0.51 
1.67 
1.54 
0.70 
1.16 
1.20 
1.21 
1.74 
1.78 
1.77 

cases are included. At brighter magnitudes the typical redshift 
of objects increases strongly with ilb and with inclusion of 
heavy elements, and rather more weakly with fluctuation 
amplitude and with the inclusion of bursting. Bursting only has 
strong effects in models where the efficiency of feedback is high 
(cf. eqs. [23] and [24]). All the bursting models with heavy- 
element cooling seem to give characteristic redshifts which are 
too high at = 21 and 23, but a couple of the models with no 
enrichment seem acceptable. In the continuous star formation 
case, models with either value of b, and both with and without 
enrichment, can give values in the observed range. In general, 
the models which give acceptable redshifts are also those which 
give integral counts with approximately the right slope, and 
have luminosity functions in at least rough agreement with 
observation. Notice that none of the Qb = 0.05 models is 
acceptable either from the point of view of the faint galaxy data 
(Fig. 14 and Table 2) or from that of the luminosity functions 
(Fig. 9 and Table 1). 

7. DISCUSSION 

Our main goal in this paper has been to set up methods to 
calculate the characteristics of the galaxy population in a uni- 
verse where galaxy formation occurs gravitationally as orig- 
inally envisaged by White & Rees (1978). Gas cools, condenses, 
and forms stars within a hierarchically clustering distribution 
of dark matter. We have tried to adopt the simplest assump- 
tions consistent with current understanding of these processes 
as provided by V-body simulations of dissipationless clus- 
tering, and by analytic and numerical studies of radiative and 
hydrodynamic processes in the gas. Despite this, a dishearten- 
ing number of ingredients must be assembled to produce a 
plausibly complete recipe for galaxy formation. The initial con- 
ditions require specifying mean densities for the dark matter 
and residual gas (Q and Qb), and an initial fluctuation distribu- 
tion, usually taken to have Fourier components with random 
phase and a given power spectrum, \ôk\

2. Although this suffices 
for a full specification of the initial state, treatment of sub- 
sequent evolution requires models for the nonlinear growth of 
the clustering hierarchy, for the radiative cooling and conden- 
sation of gas in dark halos, for star formation and its heating 
and enrichment of surrounding gas, and for the mass function, 
radiative output, and evolution of the stellar population. While 
we adopt standard and plausible models for each of these 

ingredients, the accumulated uncertainties are large, even for a 
well-specified set of initial conditions such as the flat cold dark 
matter model on which we concentrate. 

The methods we have developed allow us to calculate a 
number of properties of galaxies. Our basic premise for the 
evolution of the gas predicts atmospheres surrounding galaxies 
and galaxy clusters which should be observable in X-rays. 
Cluster atmospheres are seen, of course, and ROS AT should 
allow a sensitive search for corresponding structures around 
the most massive isolated galaxies. Infall from these gas halos 
produces cooling flows in some clusters and may be 
responsible for gas replenishment in the disks of many spirals. 
The star formation rates we predict are consistent with those 
observed in nearby spirals. However, unless Qb is very small, 
this requires substantial heating of the halo gas, presumably as 
a result of star formation. This feedback may cause significant 
contamination by processed material, and so may offer expla- 
nations for the [Mg n] absorption lines associated with the 
halos of high-redshift galaxies, and for the heavy-element 
content of the intergalatic gas in rich clusters. With optimistic 
assumptions, star formation in our models can contribute sub- 
stantially to maintaining the ionization of the intergalactic 
medium. Models of the kind we consider also predict an abun- 
dance of massive objects which seems compatible with current 
estimates of the abundance of high-redshift quasars and gravi- 
tational lenses (Efstathiou & Rees 1988; Cole & Kaiser 1989; 
Narayan & White 1988). A detailed treatment of star forma- 
tion can predict the present repartition of stars among galaxies 
or among virialized structures in general; the former calcu- 
lation is complicated by uncertainties in how galaxies merge. 
The distribution of star-forming regions at greater distance can 
be compared rather directly with counts of faint blue galaxies. 
Thus our models produce luminosity functions for galaxies 
and for galaxy aggregates, and predict systematic relations 
between their properties (i.e., luminosity, circular velocity, 
metallicity, gas content, and total or stellar mass-to-light ratio). 

With such a wealth of assumptions and predictions, it is not 
easy to reach a balanced assessment of any particular model. 
In the present paper we have given results exclusively for CDM 
models with Q = 1 and H0 = 50 km s-1 Mpc-1. This narrows 
down the choice significantly, but still leaves a number of 
parameters : the fluctuation amplitude or “ bias parameter ” b, 
the baryon fraction Q*,, the efficiency of feedback e0, and the 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
91

A
pJ

. 
. .

37
9.

 . 
.5

2W
 

No. 1, 1991 

heavy-element yield y. The last two are tied to specific models 
for gas heating and enrichment, and we fixed them a priori by 
requiring that our models match the observed mean lumi- 
nosity density and stellar metallicity. We have three further 
parameters which characterize the evolution of stellar popu- 
lations, and we study star formation in bursting and non- 
bursting modes. Within this framework we have been able to 
isolate the major parameter dependences of the predicted 
galaxy population. In fact, only for a rather small range of 
parameters do our models appear within striking distance of 
success. Furthermore, this range does not include the low 
values of preferred by some recent analyses of cosmological 
nucleosynthesis. 

For the fluctuation amplitudes required to fit galaxy clus- 
tering, flat CDM models predict the mass of the universe to be 
predominantly in relatively massive nonlinear objects. Thus 
the standard highly biased case, h = 2.5, predicts a mean 
density Q > 0.5 in halos with circular velocities exceeding 100 
km s-1, and Q > 0.1 for Vc > 430 km s-1. For the higher 
amplitude, b = 1.5, favored by some recent papers, the corre- 
sponding numbers are Q > 0.5 in halos with Vc > 240 km s_1 

and Q > 0.1 for Vc > 850 km s-1. For residual baryon frac- 
tions as large as those suggested by observations of rich clus- 
ters, and in the absence of heating, almost all the gas would 
cool during the hierarchical buildup of such massive systems. 
Yet less than 1% of the closure density is observed to be in the 
form of stars or cold gas. Our models therefore require sub- 
stantial energy input to keep the gas hot. If this heating is 
associated with massive stars, it causes star formation to be 
biased toward massive systems and late times. Such models 
therefore produce relatively bright galaxies at relatively low 
redshifts. On the other hand, if Qb is as small as suggested by 
nucleosynthesis arguments, gas can cool efficiently only at 
early times and in small systems. Feedback must be weak, and 
such models form stars early and produce galaxies which are 
much less luminous than those observed. Increasing the fluc- 
tuation amplitude increases the typical redshift of star forma- 
tion but has a rather weak effect on galaxy luminosités. The 
difficulty is alleviated, but not eliminated, by including heavy 
elements to enhance cooling rates, even though our models 
probably exaggerate their effect. Thus our whole paradigm is 
in trouble for < 0.05 : too little gas cools in massive halos to 
make the observed central galaxy. The situation could perhaps 
be saved by arguing that gas is concentrated to the centers of 
halos at an early stage of clustering and remains partially seg- 
regated at later epochs. This is not allowed by the assumptions 
of our current models. 

Many aspects of our models work considerably better for 
larger values of Qb. Such models require efficient feedback from 
star formation. The resulting suppression of star formation in 
low-mass systems has a number of desirable consequences. 
Luminosity functions have a shallower faint-end slope and 
a higher characteristic luminosity. The luminosity-circular 
velocity and luminosity-metallicity relations for galaxies are of 
the correct form and have relatively small scatter. Star forma- 
tion as a whole is concentrated in the highest mass halos, 
producing a bias in the galaxy distribution in the sense 
required to reconcile a flat universe with observations of 
galaxy clustering. Unfortunately, the particular models we 
have investigated do not produce a sufficiently strong bias, nor 
can they give a galaxy luminosity function with a faint end as 
flat as that observed. This latter problem is generic to hierar- 
chical clustering models. Its elimination would seem to require 
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much more efficient suppression of star formation in small 
objects than can be achieved with the scheme of this paper. The 
large baryon fractions for which we get best results seem 
incompatible with cosmological nucleosynthesis. Together 
with the insufficient bias we find, and the large ratios of 
baryons to dark matter in observed rich clusters, this could be 
taken as an argument in favor of an Q < 1 universe, perhaps 
with a cosmological constant. 

One major property of the galaxy population which we have 
not addressed explicitly is the existence of clearly separated 
disk and bulge components. The extreme axial ratio and the 
highly ordered motions observed in disks argue strongly that 
they must have been assembled while gaseous, and that they 
have been at most weakly disturbed since the bulk of the stars 
formed. Assembly may well occur continuously rather than in 
a well-defined event, in the manner advocated by Gunn (1982); 
note that in our own Galaxy the bulk of the disk stars formed 
comparatively recently. In the context of the theory we have 
discussed, these properties suggest that disks must settle within 
a halo which has already reached equilibrium, and form stars 
on a somewhat longer time scale than that of halo collapse and 
gaseous dissipation. In addition, disks must have avoided 
major mergers since the formation of most of their stars (see 
also White 1991). Systems where stars formed primarily before 
or during collapse are expected to be seen as ellipticals or as 
the bulges of spirals. Disks form around bulges from weakly 
bound residual gas or from newly accreted material, a process 
which can occur only if the galaxy’s halo remains relatively 
undisturbed and continues to gain mass. In high-density 
regions interactions will disrupt the outer parts of halos, sweep 
them clear of gas, and so inhibit or prevent disk formation. In 
such regions mergers of galaxies can also produce ellipticals, 
even if the progenitor systems had disks. A qualitative under- 
standing of galaxy morphology and its relation to environment 
thus seems available in our model; a quantitative treatment 
should be possible by extension of our methods. It will clearly 
require supplementary hypotheses to differentiate “ disk ” and 
“ bulge ” formation, to specify how the two are related within a 
single system, and to allow an explicit treatment of galaxy 
mergers. Some observed features, for example, the fact that 
bulges tend to be smaller and older than disks, will clearly be 
explained naturally by this scheme. Others, such as the fact 
that the most massive systems tend to be ellipticals rather than 
disks, may be more difficult. 

Although a final assessment of our models still seems 
beyond reach, there are several obvious areas for further study. 
One is the problem with excessively steep luminosity functions. 
As discussed in § 6.4, it may be partially alleviated by the 
effects of bursting. There is already evidence that bursting is a 
major mode of star formation in many dwarf galaxies and may 
dominate observed blue galaxy samples at redshifts beyond 0.2 
(Tyson & Scalo 1988; Broadhurst et al. 1988; Colless et al. 
1989; Colless et al. 1990). Lacey & Silk (1991) show that the 
problem may be avoided if star formation terminates entirely 
in most low Vc galaxies at z > 1 ; they then fade to very low 
luminosity by the present and could perhaps be identified with 
low surface brightness dwarf ellipticals. Galaxy merging may 
also have a substantial effect, although the AGS luminosity 
functions of § 6.2 show that it cannot cure the problem entirely. 
To address these questions it is important to tie down the faint 
end of the observed galaxy luminosity function more securely. 
This would be especially helpful in the red or near-IR where 
light from young stars is less significant, but unfortunately 
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surface brightness selection effects are exacerbated at these 
wavelengths. 

The recent formation of most stars in our models suggests 
other fruitful areas for comparison with observation. While it 
seems plausible that stars in disks formed recently, there is 
mounting evidence for the standard assumption that stars in 
ellipticals and bulges formed at high redshift (Gunn 1989; Lilly 
1989; but cf. Chambers & Chariot 1990). Further study of this 
question requires spectroscopy of faint samples of randomly 
selected red galaxies, together with careful modeling of their 
spectral evolution. In our models (as in any hierarchical model) 
small galaxies tend to form first. However, where observation 
sheds any light on the relative ages of galaxies, it suggests that 
small galaxies are younger. Any resolution of this discrepancy 
will probably be linked to the merging and bursting which 
seem required to get an acceptable luminosity function. Wolfe’s 
(1988) discovery that high-column-density absorbing clouds at 
z ~ 2 contain sufficient neutral gas to form all the stars seen 
nearby is another, perhaps related puzzle. While it suggests 
that much late star formation may indeed occur, such a large 
quantity of cold gas is unexpected at any redshift in our models 
and may imply the existence of a latency period between gas 
cooling and star formation. If future data show that the late 

Vol. 379 

galaxy formation predicted by our models is indefensible, a 
simple generalization would be to allow Q < 1. Such open 
universes were considered in the original paper of White & 
Rees (1978); their evolution is similar to that of the models 
studied here, but formation activity is shifted to higher redshift. 
Open models have the additional virtue of eliminating the con- 
flict between the large baryon fractions observed in clusters 
and required for efficient cooling, and the low values of Qfc 
suggested by cosmological nucleosynthesis. However, there are 
many other plausible variations on the ideas of this paper, and 
it would clearly be premature to abandon the assumption that 
Q = 1. In fact, the rapid and recent evolution predicted in a flat 
universe is both eminently observable and perhaps already 
observed. Relevant data are accumulating very quickly, and we 
can except many lively debates before this issue is resolved. 
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