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ABSTRACT 
A fast and accurate method for calculating line profiles in stellar winds is described. The method is based 

on the calculation of the source function with the escape probability method with a calculation of an exact 
solution of the transfer equation. The method allows the calculation of singlets and doublets with underlying 
photospheric absorption components. A comparison with profiles calculated with the Sobolev approximation 
shows excellent agreement if the velocities of the chaotic motions in the wind are small (<0.020. For larger 
turbulent velocities, the deviation from the Sobolev approximation is quite significant. A comparison with 
profiles calculated with the comoving-frame method shows very good agreement for both optically thin and 
thick lines. Our method slightly underestimates the amount of emission in very optically thick lines. The sim- 
plicity and accuracy of the method allows the efficient use of spectra for interactive analysis. A number of 
profiles calculated for various physical conditions in the wind are shown. The presence of turbulence in the 
winds of Wolf-Rayet stars will result in almost symmetric profiles which are redshifted by at most 2.5 times 
the turbulent velocity. 
Subject headings: line profiles — radiative transfer — stars: winds 

I. INTRODUCTION 
The structure of stellar winds and the mass loss from stars 

can be studied from the line profiles. These profiles can be 
either in emission, e.g., in the spectra of Wolf-Rayet stars; in 
absorption with extended violet wings, e.g., in the UV spec- 
trum of late O and early B main-sequence stars ; or P Cygni- 
type profiles, e.g., in the UV spectra of OB supergiants. From a 
comparison of the observed profiles and the calculated profiles, 
one can derive the column density of the observed atoms and 
their distribution as a function of velocity and the velocity law. 
This information can then be used to derive the mass loss rate. 

After the first quantitative studies of winds based on the 
Copernicus observations of Ç Pup and t Sco by Lamers and 
Morton (1976) and Lamers and Rogerson (1978), many mass 
loss studies based on the fitting of the UV line profiles have 
appeared in the literature (e.g., Conti and Garmany 1980; 
Garmany et al 1981; Gathier Lamers, and Snow 1981; Olson 
and Castor 1981; Prinja and Howarth 1985). In these studies 
the line profiles were calculated with the Sobolev method, 
which is valid if the velocity gradient in the wind, dv/dr, is 
larger than vt/l, where vt is the combined thermal and turbulent 
velocity of the ions and / is the characteristic length in the wind 
over which the density or the ionization changes. In that case 
the line absorption coefficient can be approximated by a delta 
function in the frequency, because its intrinsic width can be 
neglected. This implies that the radiative transfer can be simpli- 
fied in two ways : the source function depends only on the local 
conditions, and the transfer equation can be solved analytically 
because t increases as a step function. 

The Sobolev approximation is a reasonable assumption for 

the study of the rapidly accelerating winds of early-type stars, 
which reach velocities of ~2000 km s_1 in a few stellar radii. 
The results derived by this method are reasonably accurate, 
i.e., within ~25%, for the accelerating part of the wind if the 
lines are not saturated. However, when the lines are strong and 
reach depths of 90% or more, or when the winds are turbulent, 
with vt larger than ~1/10 the terminal wind velocity, much 
larger errors are to be expected. The major advantage of the 
Sobolev method and the reasons that it has been used exten- 
sively is its simplicity and efficiency, which allows the observers 
to use this method interactively in the fitting of calculated 
profiles to the observations. 

An alternative and very accurate method for calculating line 
profiles in moving atmospheres is the comoving-frame method 
(CF) developed by Mihalas, Kunasz, and Hummer (1975) and 
used extensively by Hamann (e.g., 1980, 198la). The advantage 
of the CF method is that it is very accurate and can be used for 
atmospheres with small velocity gradients. However, it cannot 
be used efficiently for interactive spectral analysis. 

As more accurate observations become available and the 
studies of stellar winds require more detailed analysis, there is a 
need for an accurate and efficient method of profile calculation. 
The requirements for such a method are the following: (a) it 
must be able to take into account the presence of turbulence or 
other chaotic motions in the accelerating wind, (b) it must be 
accurate up to large optical depths, (c) it must be able to calcu- 
late the line transfer for doublets, (d) the presence of underlying 
photospheric components must be treated in the transfer equa- 
tion, and (e) the calculation of line profiles should be fast 
enough to be used interactively with medium-size computers. 
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Fig. L—Coordinate system adopted in this paper. All distances, x, p, and z, are normalized to R* = 1. 

The method described in this paper satisfies all the above- 
mentioned requirements. It is based on a suggestion by 
Hamman (1981a), who pointed out that the source function 
calculated by the Sobolev approximation is accurate for a large 
range of physical conditions in stellar winds. He showed that 
most of the errors of the Sobolev line profiles are due to the 
step function assumed in the solution of the transfer equation. 

In our method (Sobolev with exact integration, hereafter 
SEI), the source function is calculated in the Sobolev approx- 
imation, but the equation of transfer is solved exactly. It was 
developed while one of us (H. J. G. L. M. L.) was a guest of the 
Osservatorio Astrofísico di Arcetri, Firenze. 

In §§ III and IV the SEI method for calculating the profiles 
of singlets and doublets is described. The results are compared 
in § V with those obtained by the Sobolev method and the 
comoving frame method. In § VI we present some results of P 
Cygni profiles and emission line profiles. 

II. THE COORDINATE SYSTEM 

Throughout this paper we use the coordinate system shown 
in Figure 1. The coordinates are: distances from the star x, 
impact parameter for the line of sight p, and distance along the 
line of sight z, all normalized to the stellar radius. The angle 
between the line of sight and the radial vector is arccos p, with 
p = 1 if the radial vector points to the observer. For any point 
in the wind x, p and z are related by 

z = px = p(p2 + z2)1/2 . (1) 

Throughout this paper all velocities are expressed in non- 
dimensional units w = v/v^ which are normalized to the ter- 
minal velocity of the wind. In most cases the frequencies are 
also expressed in terms of w by means of 

VV = (v - v0)c/(v0 vj , (2) 

where v0 is the rest frequency of the line. The velocity law can 
thus be written as w(x), and the radial velocity as seen by the 
observer is wz = pw(x). This implies that the velocity gradient 
along a line of sight specified by p is 

III. THE SEI METHOD FOR SINGLE LINES 

The SEI method is based on the assumption that the source 
function in a rapidly expanding atmosphere can be calculated 
with reasonable accuracy by means of the escape probability 
method, but that the transfer equation should be solved accu- 
rately. This allows us to calculate line profiles formed in a 
spherically symmetric expanding wind with a monotonically 
increasing velocity law, in which chaotic motions act as 
“turbulence.” The profile of the turbulence can be specified, 
e.g., by a Gaussian profile with an outward increasing or 
decreasing width. The turbulence can be treated as “ spherical, 
i.e., having the same distribution in all directions, but it can 
also be treated as a “one-dimensional ” turbulence, e.g., in the 
radial direction only. This radial turbulence can mimic the 
occurrence of small length-scale perturbations of the velocity 
law. 

The radiative transfer equation is solved in the wind only. 
The photosphere is considered as a lower boundary condition. 
Its spectrum is a continuum with or without an absorption line 
at the rest frequency of the line whose profile is to be calcu- 
lated. This photospheric profile has to be specified. Photo- 
spheric limb darkening is neglected, since its effect on the P 
Cygni profiles formed in the wind is negligible (Castor and 
Lamers 1979). 

The artificial separation between the photosphere and the 
wind can produce errors in the predicted profiles close to the 
line center (see Hamman 1981a). Since the physical conditions 
in the transition layers between the photosphere and the wind 
are not very well known, the errors produced by our method 
are not expected to hamper the analysis of stellar spectra sig- 
nificantly. But if the conditions near the base of the wind are of 
interest, one should use the CF method. 

a) The Source Function 
The source function in a two-level atom can be written as 

Sv(x) = IßcMn + e'£v(x)]/(/? + e') , (4) 

where /* is the intensity at frequency v of the radiation leaving 
the stellar photosphere, Bv the Planck function in the wind, 
and e' = Cul/Aul is the ratio of collisional to radiative deexcita- 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
8 

7A
pJ

. 
. .

31
4.

 .
72

 6
L 

LAMERS, CERRUTI-SOLA, AND PERINOTTO 728 

tions. In this expression ß is the escape probability for line 
photons 

ß(*o, cr) = 
1 + <7/i: 

1 — exp 
-TTÏ?)}“- (5) 

and ßc is the penetration probability for continuum photons 

ßc(r0, z) = ^ 

where 

Y i + exp 
TT^)] 

x dw 
a=~i—1 

w dx 

dß (6) 

(7) 

and fic = (1 — z2)1/2 (Castor 1970). The optical depth in the 
above expression is defined as 

, x ne2 , (ni R* c x 
t0M = —(aOJ--- —(8) 

wc \9i GuJ Voo v0 w 

For resonance lines njgu <4 nl/gh and one can approximate 

ne2 x R* 
t0(x) ä ß0 rii , 

me w (9) 

where is the number of ions per cm3. 
For a multilevel atom, the source function can be written in 

an “ equivalent two-level atom ” expression 

sv(x) = ißc(x)n + (€' + e)Bv(x)w + €' + >/), (10) 

where Q and rj allow for the coupling to other levels (see 
Mihalas 1978, p. 377). 

If the photospheric spectrum contains a continuum Ic with 
an absorption line, then 

= 1[1 - A(v - vo)] > (11) 

where A is the absorption. The intensity at distance x, fre- 
quency v0, and angle g is 

IJx, fl) = /c[l - 4(Av')] , (12) 

with Av'= v0vœw(x)g/c. The escape probability ßc9 which 
describes the contribution of the continuum photons to the 
mean intensity Jv, becomes 

&(t0, z) = ^ [1 - ¿(Av')] 

1 + <r/r 

whereas ß remains as before. 

1 — exp (13) 

b) The Solution of the Transfer Equation 
The solution of the transfer equation gives the intensity as 

seen by an observer at a line of sight p : 

i dp) = 

=i:: 

Sv(z> ^drdz’), for p > 1 , 

(14) 

Sv(z')e Zviz,)dTv(z') + I* e Tv( z+) , for p < 1 . 

(15) 

The second equation describes the intensity coming from the 

line of sight which intersects the star at z = —z* = 
—(1 — p2)1/2 and contains a contribution from the photo- 
spheric radiation /*, which is described by equation (11) if the 
photospheric spectrum contains an absorption line. 

The optical depth in the expression for /v(p) is 

Zv(z')= j To(x)fl>v(z)/(l + aix2)dz (16) 
J- 00 

(Castor 1970), where the integration should be made along a 
line of of sight of contant p. In this expression the profile 
function <I>v(z) is determined by the local turbulence in the 
wind. If (j) is expressed in terms of the dimensionless velocity w, 

<£(Aco) = ^_1/2w¿1 exp [ — (Aw/wd)2] , (17) 

with wl = w2
t + wj, where wr = vlmh!vVj and wt = 

then ^>v(z) is defined by 

(Dv(z) = 0 Aw = pw(x) — V - Vp C ~| dwz 

v0 ^ooJ dz 
(18) 

where z and x are coupled by the condition that p is constant. 
Equations (14) and (15) describe 7v(p). The flux, normalized 

to the continuum, is 

F, = . (19) 

The integration scheme for the calculation of / is shown in 
Figure 2. 

IV. THE SEI METHOD FOR DOUBLET LINES 

Many interesting spectral lines consist of doublets, whose 
profiles formed in an expanding atmosphere overlap one 
another. In this case the solution of the radiative transfer 
problem is considerably more complicated than in the case of a 
single line, since photons which are scattered or emitted by one 
of the components may interact at another place in the wind 
with the other component. This implies that the source func- 
tion of one component is affected by the presence of the other 
component, because the latter will contribute to the radiation 
field as seen by the first component. In a spherically expanding 
wind with a monotonically increasing velocity law, all atoms 
are moving away from one another. For this reason a photon 
which is emitted or scattered by the red component of the 
doublet cannot be absorbed again in the wind by the blue 
component. On the other hand, a photon emitted or scattered 
by the blue component can be absorbed elsewhere in the wind 
by the red component, but only by an atom whose velocity 
relative to the emitting atom corresponds exactly to the wave- 
length difference between the two doublets. For this reason the 
source function of the red component will be affected by the 
presence of a blue component, but not vice versa. 

In this paper we refer to the two components as the blue 
(subscript B) and red (subscript R) components respectively. 
The separation of the doublets in terms of the normalized 
velocity is Ô ; 

ô = (vB-vR)c/vBv00 : (20) 

Surdej (1980) and Olson (1982) have described a method for 
calculating doublets in an expanding wind in the Sobolev 
approximation with the escape probability method which 
follows the analysis of Rybicki and Hummer (1978) for general 
nonlocal coupling within the Sobolev approximation. We 
adopt Olson’s method for the calculation of the source func- 
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Fig. 2.—Scheme used for the integration of the emergent 
intensity Iv{p) along a line of sight with impact parameter p. The 
points used for the numerical integration of t and / are shown 
by circles and vertical marks on the line of sight. The large circle 
indicates the Sobolev-point along the line of sight, where 
wprof = fiw(x) is the velocity or frequency in the profile for which 
the flux is calculated, (a) Integration scheme for a singlet at a 
wavelength shortward of the rest wavelength (i.e., wprof < 0). (b) 
Integration points for a doublet with a small separation, at a 
wavelength shortward of the rest wavelength of both com- 
ponents. The Sobolev-points where (pw)B = wprof and (ßw)R = 
Wprof ~ ^ are shown by large circles. Small circles indicate the 
integration where the red line contributes; vertical marks indi- 
cate where the blue line contributes to the t and / integrals, (c) 
Integration points for a doublet with large separation, at a wave- 
length wprof between the rest wavelengths of the two com- 
ponents. The symbols same as in (b). 
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tion, with the exception that we allow for the possible existence 
of photospheric absorption components. The equation of radi- 
ative transfer is solved exactly. 

a) The Source Function 
In the previous section we argued that the source function of 

the blue component will not be altered by the presence of the 
red component. So, the source function is identical to the one 
described in § Ilia : 

Sb(xb) = + e'BB(xBMßB + e'B). (21) 

(For simplicity we have omitted the subscript v.) The escape 
probabilities are the same as in equations (5) and (6) or (13), 
with the exception that t0 should be replaced by t0b, which is 
the optical depth of the blue component. 

The source function of the red component at xR is 

Sr(xr) = L(ßcR I* + Cr) + €'RB(xR)]/(ßR + e,
R), (22) 

where 

*' ■ ^ 1 
exp l-tB(xB, fig)] 

1 - exp C-T^x,,, /iR)] 

*r(xr, Hr) 
dfiR (23) 

and 

cr(xr) — 2 Sb(xb){1 - exp [-tb(xb, fig)]} 

{1 - exp [-tr(xr, Mr)]}Ar(xr, HrWr ■ (24) 

In these expressions the optical depth is 

tr(xr, Hr) = T0l(/(1 + a2Hr) , (25) 

and similarly for tb. 
The first term of the source function SR (eq. [22]) is the 

contribution to the mean intensity by the photospheric radi- 
ation. Since this radiation can be reduced by the absorption in 
the blue component, the expression for ßCR differs from the one 
in the single-line case (eq. [6]) by the factor exp ( — tb). The 
second term describes the contribution to the mean intensity at 
xR by the radiation from the blue component, which is of the 
form SB(l — e~XB). The third term is the emission generated 
locally at Xfl. 

The expressions for ßCR(xR) and cR(xR) contain the coordi- 
nate xB and the angle nB. For each xR and fiR one has to find 
the point in the wind from where the photons emitted by the 
blue component can be absorbed by the red component at xR. 
This “ radiatively coupled point ” is described by its distance xB 
from the star and the angle fiB which defines the direction to 
the point xR. This is shown schematically in Figure 3. The 
conditions for radiatively coupled points are 

Hr w(xr) - nB w(xB) = Ô , (26) 

X/ii1 - Hr)112 = xB{\ - nl)1'2 , (27) 

provided that the line between the two radiatively coupled 
points does not cross the star. For those values of xR and fiR for 
which no radiatively coupled points exist, the value of tb in 
equations (23) and (24) should be set to zero. 

If the photosphere does not emit a continuum, but its spec- 
trum has absorption lines centered at v0b and v0b, the expres- 

sions ß0B and ßCR, which described the contributions by the 
photospheric radiation, will be modified. Suppose that the 
absorption lines are given by expressions similar to equation 
(11) with Ab, v0b and AR, v0b for the blue and red component 
respectively. In that case the integrands of ßCB and ßCR should 
be multiplied by 1 — AB(Av'B) and 1 — AÄ(Avy respectively, in 
a similar way as in equation (13) for a single line. The term cR 

also contains a contribution from photospheric radiation scat- 
tered via the blue component to the red component. However, 
the effect of the photospheric absorption line in this term is 
automatically allowed for by the reduction of SB due to ßCB. So 
the expression for cR is not affected by the presence of a photo- 
spheric absorption line. 

b) The Solution of the Transfer Equation 
The solution of the transfer equation in the case of doublets 

goes essentially in the same way as in the case of singlet. At any 
frequency v the intensity emerging from a line of sight, specified 
by p, is 

h(p) = ÍSb(z')kb(z') + SR(z')KR(z')le-^yz' , 

and 

K(P) = L^b(z)kb(z) + Sr(z')kr(z'YI 

for p > 1 , 

(28) 

x e ^^dz' + /* e Tv( z+) , for p < 1 . (29) 

In these expressions the absorption coefficient kb(z') is 

Kb(z') = + <7(x)(zyx)2] , (30) 

where x = (p2 + z'2)112. The expression for kr(z') is similar. The 
profile function O should be calculated at the point z' where the 
Doppler shift is calculated for the blue and red component. So 

with 

and 

0>f(z') = 4>(AwB)dwJdz , 

®?(z') = (t>(AwR)dwz/dz , 

Awr = Awb + (5 . 

(31a) 

(31b) 

(32) 

(33) 

We assume that the intrinsic absorption profile </> of the red 
and the blue component is the same. The optical depth tv(z') in 
equations (28) and (29) is defined by 

%(z') = 
*z/ 

J— oo 
Ikb(0 + MOM, (34) 

where C is the z-coordinate along a line of constant p. 
If the photosphere emits a continuum with absorption lines 

at v0b and v0b, the factor /* in equation (29) should be reduced 
by (1 — Av), where Av is the absorption. 

The flux Fv is found by integrating Iv over p, as in equation 
(19). The integration scheme for the calculation of / is shown in 
Figure 2. 

c) Tests for Some Limiting Cases 
It is useful to test the expressions derived for the source 

functions and the intensities of doublets in some limiting cases, 
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A 

Fig. 3.—Two cases of radiatively coupled points located at xR and xB, which satisfy the conditions given by eqs. (27) and (26). 

e.g., when the doublet reduces to a singlet and when the separa- 
tion between the two components is either very large or very 
small. The last case especially is not trivial, and we discuss the 
consequences. 

i) One Line Only: xR = 0 or xB = 0 
In this case there are no radiatively coupled points, so 

cR = 0. Equations (28) and (29) reduce the same expressions as 
for a single line. If tb = 0, the resulting single line will be shifted 
to the red by a velocity <5, as expected. 

ii) Doublet Separated by ô > 2 
In this case the two components do not interfere with one 

another, and equations (28) and (29) reduce to those of two 
individual lines, separated by ô, as expected. 

iii) Doublets Separated byô = 0 
In this case the two components are expected to act as one 

line, with an opacity equal to the sum of the two. At any point 
in the atmosphere and for any direction /¿, the ratio kr/kb = K 
and Tfl/Tß = X is a constant K = Tq/tb. We can see from equa- 
tions (28) and (29) that the two components will act as one line 
of combined opacity if SB(x) = SÄ(x). This, however, is not the 
case in our expressions for the source functions (21) and (22). 
For instance, the expressions for ßCB and ßCR are different, as 
well as those for ßB and ßR. This is true even if we consider the 
fact that the radiatively coupled points which enter into the 
calculation of cR and ßCR and which satisfy equations (26) and 
(27) always coincide, so xR = xB and nR = nB- Then in this case 

our formalism is not applicable. The physical reason for this 
breakdown is the invalidity of our assumption that the source 
function of the blue component is unaffected by the red com- 
ponent. This condition is obviously not maintained if the two 
components are so close together that their frequencies are 
within the width of one another’s intrinsic absorption profile. 

From these considerations we expect that our method for 
calculating the source function of doublets will produce signifi- 
cant errors for those cases in which the separation of the com- 
ponents is small or of the same order as the intrinsic width of 
the profiles. If the intrinsic profile has a Gaussian shape with a 
Doppler width wD, in terms of the normalized velocity, the SEI 
method will give significant errors if ô < 2wD. For smaller 
separations of <5 < wD, the source function can be better calcu- 
lated by assuming that it refers to a singlet with the sum of the 
two opacities. The transfer equation can still be solved exactly. 

V. COMPARISON WITH OTHER METHODS 
In this section we describe some results and compare them 

with profiles calculated by other methods. In particular, the 
profiles are compared with those predicted by the escape prob- 
ability method (EP; Castor 1970), which uses the Sobolev 
approximation in the calculation of both the source function 
and the intensities; and with those predicted with the more 
accurate comoving frame method (CF; Hamman 1980). Our 
method, SEI, has an accuracy between these two, since it uses 
the Sobolev source functions but the exact integration of the 
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transfer equations. We expect the results to be quite similar to 
those of the CF method. 

a) Comparison with the Escape Probability Method 
In Figure 4 a set of profiles calculated with the EP method, 

published by Castor and Lamers (1979), are compared with 
profiles with the SEI method. In both cases the velocity law is 
assumed to vary as 

w(x) = w0 + (1 - WoXl - 1/x/ , (35) 

with ß = I and w0 = 0.01. The optical depth is parameterized 
by 

Ti(w) = T(y + 1)(1 - wo)-1“^ - w)5,, (36) 

where t1(w) is defined by 

Ti(x) = (ne2/mc)fÀ0ni(dr/dv) = T0(x)(d In x/d In w) (37) 

(see eq. [9]). These expressions were adopted by Castor and 
Lamers (1979), because they give line profiles which resemble 
the observed profiles of UV resonance lines in hot stars, if 
y ä 1 or 2 (see, e.g., Gathier, Lamers, and Snow 1981; 
Garmany ei 0/. 1981). 

The profiles in Figure 4 show two cases, large and small 
optical depth T = 103 and T = 1. The EP profiles are com- 
pared with SEI profiles with a Gaussian turbulence with a 
Doppler width wD = 0.01,0.1, and 0.3. 

The profiles in Figure 4a show the effect of the turbulence on 
the profile of an unsaturated line. In the case of a very small 
turbulent velocity, wD = 0.01, the profile is very similar to the 
one calculated with the Sobolev approximation. An increase in 
the turbulent velocity has the following effects : (a) the absorp- 
tion part of the profile becomes wider and shallower; (b) the 
transition from absorption into emission shifts to the red; (c) 
the height of the emission peak decreases and shifts to the red. 
The profiles in Figure 4b show the effect of turbulence on a 
saturated line. The increase of turbulence shifts the violet 
absorption wing to shorter wavelengths. The half-depth is 
shifted with respect to by ~ — 2wD. At the same time the 
emission peak shifts to the red by ~ +2.5wD. The first effect 
will result in an overestimate of the terminal velocity of a wind 
by about twice the turbulent velocity at a large distance from 
the star, where v approaches v^. The second effect produces an 
absorption which extends into the red part of the profile. If 
such a profile is interpreted with the Sobolev method, the pre- 
sence of red absorption can only be explained by a strong 
underlying photospheric absorption component. 

Both “ errors ” occurred in the first detailed analysis of the P 
Cygni profiles observed in the UV spectra of hot stars (Lamers 
and Morton 1976; Lamers and Rogerson 1978) and were dis- 
cussed and “ corrected ” in the subsequent analysis of the same 
stars with the CF method by Hamann (1980, 1981h). (A 
description of the effect of the turbulence on the solution of the 
transfer equation has been given by Hamann 1981a, and will 
not be repeated here.) 

b) Comparison with the Comoving-Frame Method 
In Figures 5 and 6 a set of profiles calculated with the SEI 

method is compared with those of the CF method, published 
by Hamann (1981a). In this case Hamann’s and our profiles 
are calculated for a wind with a velocity law 

w(x) = (1 - 0.999/x)° 5 (38) 

and an optical depth law 

t1(w) = 2k0w
ci, (39) 

where Ti is defined by equation (37). The turbulent velocity is 
wD = 0.1. 

The results of single lines are shown in Figure 5, for the case 
of a = — 3, 0, and 2. The agreement between our results and 
those calculated with the CF method is very good. Only minor 
differences are seen, mainly as a small underestimate of the 
amount of emission for the strongest lines. This result was 
already predicted by Hamann (1981a). The small absorption 
dip at w ä 0.2 in our profiles of a = — 3 is due to a numerical 
effect, because we started the integration of the transfer equa- 
tion at x = 1.001 instead of 1. We conclude that the SEI pro- 
files of single lines are very similar to those calculated with the 
CF method. 

In Figure 6 we show the results for the case of doublet lines 
calculated for the same velocity law and optical depth law as 
before, with a = 0. The separation of the doublet is assumed to 
be 0.7, and the turbulent width is wD = 0.1. The top figure 
shows the case of Kq = 0.5 and Kq = 0.25, whereas the lower 
figure is for Kq = 10 and Kq = 5. 

We see that the agreement between the two methods is very 
good except for the slight underestimate of the peak of the 
emission. 

From the comparison between the profiles of single lines and 
doublets calculated with our method and the CF method, we 
conclude that the profiles computed with our method have an 
accuracy similar to that of the CF method. 

VI. RESULTS OF THE SEI METHOD 

In this section we describe some results obtained with our 
method and show some characteristic profiles obtained for 
various physical conditions in the wind. 

a) Adopted Physical Quantities 
The velocity law is described by equation (35). For all cases 

we assume w0 = 0.01 and ß — i. These parameters predict 
velocity laws which are in reasonable agreement with those 
derived from the UV resonance lines of hot stars (see, e.g., 
Gathier, Lamers, and Snow 1981). 

We have chosen to express the opacity in terms of t^w), 
defined in equation (37). The reason for this choice is that the 
absorption part of the P Cygni profiles depends strongly on 
Ti(vv), which was shown by Castor and Lamers (1979). (In fact, 
for the violet part of the profile, well outside the line center, the 
flux is on the order of e~T1). Since t^w) oc n^dx/dw), dx/ 
dw oc x2w1/ß~1 and oc x~2w~1qh where ^ is the ionization 
fraction of the observed ion, one expects that t^w) oc 
w(1/P)-2qi. If the ionization balance is dominated by photoion- 
izations and radiative recombinations in an optically thin wind 
(Jv oc x-2 and oc x_2w_1), the ionization fraction will vary 
approximately as oc wI -m, where i is the ionization stage of 
the observed ion and m is the ionization stage of the ion in the 
dominant stage of ionization (qm = 1). So in this case one might 
expect t^w) oc wn with n = /?-1 —2 -hi — m. For instance, if 
CV were the dominant stage of ionization in a wind which has 
a velocity law described by ß = 1, the optical depth of the C iv 
resonance lines is expected to vary as z1 oc w“1 and the C m 
resonance lines as tx oc w-2. If the ionization fraction varies as 
x~sw~\ the optical depth will vary approximately as Ti ä 
wai(l — w1/ßf2, with oq = /U1 — 2 — i and a2 = +s. The 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
8 

7A
pJ

. 
. .

31
4.

 .
72

 6
L 

LAMERS, CERRUTI-SOLA, AND PERINOTTO Yol. 314 734 

VELOCITY VELOCITY 
Fig. 5.—Comparison between profiles calculated with the comoving frame method (circles) and with the SEI method (solid lines). The figure shows (aHc) several 

optically thin lines and (d)-(f) thick lines, with parameters given in § Vb. The SEI method understimates the amount of emission by a small factor. The dip in the SEI 
profiles of (a) and (d) is due to numerical effect in the integration of /, which was started at x = 1.001 for the SEI profiles and at x = 1 for the CF profiles. The CF 
profiles are from Hamann (1981a). 

observed profiles in the UV spectra of O and B stars can 
indeed be fitted by assuming an optical depth law of this type 
(e.g., Lamers and Morton 1976; Gathier, Lamers, and Snow 
1981 ; Garmany et al 1981). 

In the UV spectra of some stars the violet wings of several P 
Cygni profiles do not extend to or to w = 1, but to a smaller 
velocity Wi < 1. These can be represented by profile calcu- 
lations in which Ti is specified as a function of w/ur instead of 
w (see, e.g., Lamers and Morton 1976). 

In order to have our program as versatile as possible, tí is 
specified as a combination of the cases described above: 

t^w) = (T/J)(w/w1)
ai[l - (w/w1)1/r]"2 , (40) 

where 

I = wl yai(l - y1/ßY2dy . 
Jwo/wi 

(41) 

In these expressions T, ol1, ol29 and ur are the free parameters. 
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VELOCITY 
Fig. 6.—Comparison of the profiles of a doublet with separation ô — 0.7 

and a turbulent velocity of 0.1 calculated with the comoving frame method 
{circles) by Hamann (1981a) and with the SEI method {solid lines), {a) Case of 
an optically thin line; (h) thick line. Note the excellent agreement, apart from a 
small underestimate of the height of the peak of the emission by the SEI 
method. 

If the observed P Cygni profile extends its violet absorption to 
then w! = 1. The parameter T is the integrated optical 

depth between x = 1 and x = oo. In the case of resonance lines, 
when the population of the upper levels can be neglected (eq. 
[37]), T is related to the column density Nt of the observed ion 

T = (ne2/mc)fÀ0 NJv^ . (42) 

The source function contains a parameter e' = C2JA21, which 
has to be specified in our program. The collisional de- 
excitation rate can be approximated by 

C21 « 1.7 x 10-3fT;ll2X'V ne(g1/g2)P(x/kTe) (43) 

(Allen 1963, p. 43), where xeV and x are the excitation energies 
of the upper level in eV and in ergs respectively, and P is a 
slowly varying function. So to a first-order approximation we 
can expect that e' cc neT~1/2 cc x~2w~1T~1/2. Ignoring the 
temperature dependence, we have expressed e' as 

é = e'0w0/x
2w , (44) 

where e'0 = €'(x = 1). For a star with R/Rö & 5, T = 50,000 K, 
M « 10“7 M0 yr-1, and a wind velocity of 30 km s_1 at 
x = 1, e'0 is on the order of 10 ~5 both for resonance lines and 
for lines excited levels at 1000 < À < 1500 Â. 

The collisional term in the source function, e'J3v, requires the 
specification of the Planck function and its variation with dis- 
tance or velocity in the wind. We express the Planck function 
in terms of the continuum intensity /c, so that all intensities 
and fluxes are relative to the continuum. In the program the 
following parameterization for Bv has been adopted : 

BJIC = (BJIC)0 exp l -aT(w - w0)] , (45) 

where (B/Ic)0 is its value at x = 1 and w = w0. An isothermal 
wind is represented by ar = 0; a positive value of aT corre- 
sponds to a Planck function which decreases outwards to 
about a factor e~aT of its initial value, and a negative value of 
ör implies an increase by a factor exp ( I I ). 

The profiles were calculated with the parameterization of 
w(x), t^w), e'(7c), and Bv(w) as described above. These param- 
eterizations can easily be changed in the program, if required. 

b) Some Resulting Profiles 
In this section we show and discuss some profiles obtained 

with our program. All profiles were calculated for a velocity 
law described by equation (35) with an initial velocity w0 = 
0.01 and ß = 1, and with a constant optical depth; oq = a2 = 0 
in equation (40). 

Figure 7 shows the profiles from an isothermal wind (a ^ = 0 
in eq. [45]) with various values of the collisional term €fBv in 
the source function (eq. [4]). This term varies as 

e'BJIc = e'0(Bv/Ic)0(w0/x
2w), (46) 

where €'0(BV/IC) is a free parameter. The profiles are calculated 
for a turbulent velocity of wD = 0.1 and 0.25 and with 10“1 > 
€'0(Bv/Ic)0 < 103, for a total optical depth of T = 1. We see 
that, as the value of €'0(BV/IC)0 increases, the profile varies from 
a normal P Cygni profile (Figs, la and lb) to an emission 
profile with a violet absorption component (Figs. 1c and Id) 
and finally to a round emission profile at e'0(Æv//c)0 > 103. The 
profiles of the type shown in Figures la and lb resemble those 
observed in the UV spectrum of luminous supergiants. Profiles 
like the one in Figure Id resemble those observed in the UV 
spectrum of the Wolf-Rayet stars. They have a typical 
Gaussian-shape emission. Note that the emission is slightly 
asymmetric and its center is shifted to the red, while the 
absorption is shifted to the blue. 

Figure 8 shows a set of profiles calculated with a large 
optical depth T = 103 and 10“ 3 < €q(BJIc)0 < 10. In this case 
the violet absorption always reaches zero. The profiles vary 
again from P Cygni profiles for small collisional terms to very 
strong round emission profiles for large collisional terms. Note 
that in this case the emissions are almost symmetrical but that 
they are strongly redshifted, by ~0.25 if wD = 0.10 and by 
~0.65 if wD = 0.25. So the shift is ~2.5 times the turbulent 
velocity. 
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Figure 9 shows some profiles calculated for winds with dif- 
ferent temperature structures: a temperature which decreases 
outward by a factor of 0.05 (aT = +3 in eq. [45]), isothermal 
wind (aT = 0), and a temperature which increases by a factor of 
20 (aT = — 3). The profile with ar = 4* 3 resembles the one 
with constant temperature and e'0(BJIc)0 « 10, as shown in 
Figure 1c, and the one with aT = — 3 resembles the profile with 
constant temperature and €q(BJIc)0 « 2000 [twice as high as 
the one in Fig. le with €'0(BJIC)0 = 1000]. This is due to the 
fact that the emission is dominated by contributions formed at 
a distance of x > 2 from the star. So the emission is sensitive to 
the value of efBv reached at a distance where the velocity is 
0.5 < w < 1, with e'Bv ~5-10 in the first profile, 100 in the 
second one, and 1000-2000 in the third one. We conclude that 
an outward decrease or increase of the temperature can be 
mimicked in the profiles by assuming a lower or a higher mean 
temperature (or e') in the calculation of the collisional term in 
the source function. This implies that the profile of an emission 
line in the spectra of Wolf-Rayet stars gives little information 
on the variation of the temperature in their winds and provides 
only an estimate of the mean temperature at a distance of 
x > 2. 

VII. SUMMARY AND DISCUSSION 

In this paper we have described a new method for calcu- 
lating line profiles formed in spherically symmetric stellar 
winds in which the velocity increases monotonically outward. 
The source function is calculated with the escape probability 
method, but the transfer equation is solved exactly. This results 
in a method which in many cases reaches the same accuracy as 
the profiles calculated with the comoving-frame method 
(Mihalas, Kunasz, and Hummer 1975; Hamann 1981a) but has 
the advantages of the escape probability method. It can be run 
on a small computer and requires little CPU time, so that it 
can be used in an interactive analysis of observed line profiles. 

The method has a disadvantage compared to the CF 
method. The photospheric spectrum is taken as a lower bound- 
ary of the transfer equation, so that the transition from the 
photosphere to the wind is not properly taken into account. 
This may produce errors in the profiles near the line center. 
However, in those cases where the wind velocity is much larger 
than the photospheric velocity, this imperfection will not 
hamper the analysis of the observations. Moreover, at present 
our knowledge about the structure and velocity of the upper 
photosphere/lower wind layers is very limited, so that profiles 
which are reliable close to the line center cannot be calculated 
anyway. If one wants to derive information about these lower 
wind layers from the observed line profiles, the CF method has 
to be used. 

The profiles calculated with our method are compared with 
those obtained with the escape probability method and with 
the comoving frame method in §§ Va and Yb respectively. The 
first comparison shows the drastic changes to the line profiles if 
chaotic motions in the winds are taken into account (see 
Fig. 4). These motions, called “ turbulence ” for simplicity, tend 

Fig. 7.—Some profiles calculated with the SEI method for lines of the same 
velocity law in the wind and the same optical depth law t^w), but with increas- 
ing collisional terms in the source function. The total optical depth T = 1. The 
value of the collisional parameter €'0(ÆV//C)0 is indicated in the figures. The 
turbulent velocity is OAv^ {solid lines) or 0.25^ {dashed lines). For large values 
of the collisional parameter the lines approach symmetric emission profiles, 
with the emission slightly shifted to the red. 
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12 

6 

1 

VELOCITY 
Fig. 8.—Profiles of the same lines as in Fig. 7, but with a total optical depth 

T = 1000. In this case the shift of the emission component to the red by ~2.5 
times the turbulent velocity is clearly visible in the profiles, as well as the 
widening of the absorption component. The value of the collisional parameter 
is indicated in the figures. 

Fig. 9.—Profiles of lines with an appreciable collisional contribution to the 
source function formed in winds of different temperature structure, described 
by eq. (45). The temperature (a) decreases outward, (b) is constant, and (c) 
increases. The total optical depth is T = 1, and the collisional parameter is 
e'0{BJIc)0 = 100. Note the very large differences in the profiles. 

to shift the absorption edge of the P Cygni profiles to the violet 
(which results in an overestimate of the terminal velocities of 
the wind) and the emission component to the red. This second 
effect, if not propertly taken into account, may be erroneously 
taken for the presence of a strong photospheric absorption 
component (see also Hamann 1981a and Bertout 1984). If the 
turbulent velocity is small, wD < 0.02, the profiles calculated 
with our SEI method are identical to those calculated with the 
Sobolev method. 

The comparison between the profiles of our method with 
those calculated by the CF method (Hamann 1981a) shows a 
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very good agreement for both optically thin and optically thick 
lines (Fig. 5). For optically very thick lines, our method under- 
estimates the emission peak by ~10%. Also in the case of 
doublets, our profiles are very similar to those calculated with 
the CF method. 

We conclude that the SEI method for calculating line pro- 
files in stellar winds is very efficient and accurate. Because of 
the simplicity and speed of the SEI program, it can be used for 
interactive analysis of stellar spectra on a medium (VAX-type) 
or minicomputer. 

The program has been developed on a VAX 750 computer. 
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in a forthcoming paper in Computer Physics Communications. 
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