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ABSTRACT 
We continue our investigation of the tidal interaction between a protoplanet and a gaseous protoplanetary 

disk. We consider the dynamical evolution of the disk and the orbital migration of the protoplanet in a self- 
consistent manner. We show that the orbital migration of a protoplanet does not suppress the tendency for 
tidal truncation in the vicinity of its orbit. If the necessary condition for tidal truncation is satisfied, the proto- 
planet induces a tidal feedback mechanism that regulates the rate of angular momentum transfer between the 
protoplanet and the disk. Significant orbital migration can only occur on the viscous evolution time scale of 
the disk. 
Subject headings : planets : formation — stars : formation 

I. INTRODUCTION 

Giant planets in the solar system contain mainly hydrogen 
and therefore must have been formed in a gas-rich 
environment. If the gas they contain was accreted from a 
protoplanetary disk, their mass, chemical composition, and 
orbital position may have been determined by the details of the 
dynamical interaction between their progenitors and the disk 
(Lin and Papaloizou 1985). For example, strong tidal inter- 
action between a protoplanet and the disk may induce gap 
formation in the disk and thereby inhibit the protoplanet’s 
mass growth by accretion. Using a simple impulse approx- 
imation, Lin and Papaloizou (1979a, b) showed that the rate of 
angular momentum transport from the protoplanet to a cold, 
tidally truncated disk is given by 

Ht = sign (A0) 
27 (1) 

where M is the mass of the Sun, Mp, Rp, and œ are the mass, 
orbital radius, and orbital angular frequency of the protopla- 
net, is the nearby disk’s surface density, A0 = R0 — Rp, and 
R0 is the radius of the disk’s edge. A similar result can also be 
obtained by summing over a series of pointlike contributions 
from the Lindblad resonances in the disk (Goldreich and Tre- 
maine 1980, 1982). For a gaseous disk in which the thermal 
pressure supports a moderate thickness in the direction normal 
to the plane of the disk, the effects of sonic propagation of the 
tidal disturbance and the modification of resonance conditions 
associated with the pressure gradient in the radial direction 
need to be considered. In the linear approximation 
(Papaloizou and Lin 1984), we found that 

HT < sign (A0)/(^)2X„ R4
p , (2) 

where the constant/ » 0.23. To obtain equation (2), we used a 
polytropic equation of state with polytropic index 1.5. We also 

1 Lick Observatory Bulletin, No. 1045. 

adopted a particular profile with its radial scale height com- 
parable to the thickness of the disk 

Where, in the disk, is this angular momentum deposited? In 
principle, it may not be deposited in the close vicinity of the 
protoplanet’s orbit if the effective viscosity v is very small and 
the sound speed is relatively large. However, when a protopla- 
net is sufficiently massive so that its Roche radius Rr = 
(Mp/M)ll3Rp ä IA01 > the tidal disturbance may induce 
local nonlinear shock dissipation and hence angular momen- 
tum exchange. Thus, it may be reasonable to assume that most 
of the exchange occurs in the close vicinity of R0. In general, a 
necessary condition for the tidal truncation of a viscous disk is 

HT>Hv^3nvZnR
2

0œ, (3) 

where Hv is the viscous angular momentum transfer rate in the 
disk, or equivalently, 

Mp > ( 40v yiEV'2 

M~\R2
pœ) \RP) 

(4) 

Note that if v « cs, where a is a dimensionless parameter 
(Shakura and Sunyaev 1973), equation (4) implies that the 
necessary condition for tidal truncation is Rr/Rp ^ 
(40a)1/6(H^Rp)516. In the protoplanetary disk, a « 10-2 (Lin 
and Papaloizou 1985; Rüden and Lin 1986), so that the above 
criterion is only satisfied when Rr> Using a self- 
consistent, nonlinear, two-dimensional hydrodynamic calcu- 
lation, Lin and Papaloizou (1986) showed that equation (1) 
provides a reasonably good approximation for HT for cases 
with Hœ/Rp <0.1 and verified the tidal truncation condition 
given by equation (4). Thus, when a gap first forms, it is likely 
that IA01 æ RÄ > so that the exchange of angular 
momentum is local. 

The truncation condition (4) is derived on the basis that Rp is 
constant. However, angular momentum exchange between the 
disk and the protoplanet may cause secular orbital evolution 
of the protoplanet (Goldreich and Tremaine 1980) such that 

846 

MpcoRpRp/2= -Ht. (5) 
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Hourigan and Ward (1984) postulated that unless the time 
scale for orbital migration across the gap, ta ä | A0 |/Rp is 
longer than the characteristic time scale associated with gap 
formation Tgap, tidal truncation of the disk may be prohibited 
by the orbital migration of the protoplanet. They deduced that 
the necessary condition for a protoplanet to induce tidal trun- 
cation is Mp > if % 0ARp. The implications of 
their results, in the case of the protoplanetary disk, are: (1) tidal 
truncation may not have occurred in the protoplanetary disk 
at all, and (2) both high- and low-mass protoplanets must have 
undergone substantial orbital migration. In order to verify 
their conjectures, Hourigan and Ward (1984) carried out an 
idealized analysis in which they considered the response of the 
disk to the tidal influence of a moving protoplanet. However, 
their results depend on an arbitrarily imposed surface density 
variation. If this is omitted, the physical implication of their 
equation (14) is a general tendency for a migrating protoplanet 
to induce a local surface density variation which acts to reverse 
the direction of migration. Thus, the effect of orbital migration 
on the truncation condition remains uncertain and unsettled. 

In § II we utilize the heuristic approach adopted by Houri- 
gan and Ward to examine various characteristic time scales 
and show that the orbital migration may not be able to prevent 
gap formation. We verify these arguments using a self- 
consistent numerical scheme, to solve equations that reduce to 
those of Hourigan and Ward when viscosity is zero. With this 
scheme, we calculate the evolution of the disk as well as that of 
the protoplanet’s orbit. In § III, we briefly describe the basic 
equations and the numerical method, and in § IV we present 
the results that indicate that orbital migration does not pro- 
hibit tidal truncation. 

After the protoplanet opens up a gap, it may still tidally 
interact with the disk and thereby undergo orbital migration. 
At the same time, the disk is evolving viscously. It is also of 
interest to compare the magnitude of the characteristic orbital 
migration time scale tr ä Rp/Rp with that of the disk’s viscous 
evolution time scale, tv ä Rp/v, which is determined by the 
effective magnitude of viscosity in the disk. In the protoplane- 
tary disk, turbulence generated by convection provides tv ä 
105-106 yr (Lin and Papaloizou 1980; Lin 1981; Lin and 
Bodenheimer 1982). If tr > tv, the protoplanet’s orbital migra- 
tion may be coupled to the viscous diffusion of the gas. Since 
the disk is depleted on the viscous time scale, there would be 
little postformation orbital migration. In this case, there is 
some physical basis to the phenomenological models in which 
the disk surface density distribution is estimated by augment- 
ing the mass of giant planets and spreading it between their 
present orbits (Cameron 1962). The absence of significant 
orbital migration for the prototerrestrial planets is also implic- 
itly assumed in the deduction of the disk temperature distribu- 
tion from the condensation temperature of various main 
constituents in terrestrial planets (Lewis 1972, 1974). However, 
if < tv, the protoplanets may undergo considerable postfor- 
mation migration. Rapidly migrating protoplanets can result 
in the evolution of the disk being essentially determined by 
tidal transport of angular momentum, via the protogiant 
planets, rather than viscous transport of angular momentum, 
via intrinsic turbulent motion. Thus, if tv > tä, we must con- 
struct a new series of models for the structure and evolution of 
the protoplanetary disk. In order to resolve this important 
issue, we present some results on posttruncation orbital evolu- 
tion in § V. The implication of these results in the context of 
the formation of the solar system is presented in § VI. 

II. CHARACTERISTIC TIME SCALES 

From equations (1) and (5), we derive the characteristic 
orbital evolution time scale across the protoplanetary disk 

(6) 

where ôHn is the difference between the disk surface density at 
~ I A0| interior and exterior to the protoplanet. For an arbi- 

trary power-law initial surface density distribution, £„ oc Rk, 
<5Z„ ä /c IA01 'LJRp. If we assume | A01 & and ignore tidally 
induced changes in the surface density distribution, we find 

Applying typical values of disk mass (TzLnR
2

p ^ 
0.02-0.1 M0), H ni ~ 0.05-0 A Rp), and k of order unity, we 
would find tr ä 103-104 yr for a Jovian-mass protogiant 
planet and tr > 106 yr for all prototerrestrial planets. Note 
that, since the characteristic orbital evolution time scale tr P 
co~1, the constant forcing frequency assumption in evaluating 
Ht is still valid. Under the same assumptions, the time scale for 
orbital migration across the gap is ta « à0/Rp æ trA0/Rp < 
0Atr. 

If the angular momentum transfer due to viscous stress is 
ignored, the continuity equation for the disk gas is reduced to 

2nTn 
1A (JL 
R ÔR \QR ÔR ) ‘ 

(8) 

At a distance | A0 | æ from the protoplanet, the character- 
istic time scale for gap formation is 

In comparison with ta, we find Tgap/TA æ 
(LRl/Mp)(Hn/Rp)2- Hourigan and Ward’s conjecture is based 
on the idea that if Tgap/TA > 1, tidal truncation of the disk may 
be prevented. However, their scenario, by assuming a fixed Z„ 
profile, inadequately describes the disk response to the proto- 
planet’s tide. We propose that provided the disk can modify 
the local surface density gradient on a time scale Tgrad short 
compared with ta, the protoplanet can evolve into a quasi- 
equilibrium configuration such that HT from either side of the 
protoplanet’s orbit is delicately balanced and Rp is substan- 
tially reduced from that induced by the original surface density 
distribution. The relevant time scale for modifying the original 
local surface density gradient is Tgrad æ {HJR^xg2Lp, so that 
^grad/^A ~ (LnR

2
p/Mp)(HJRp)3: Provided Rr ^ oo ’ ^grad/^A ^ 

yLnR
1

pIM <0.1 Thus, the orbital migration may not prohibit 
tidal truncation of the disk. 

For protoplanets with Rr < that are embedded in the 
disk, we can no longer use the vertical averaging approx- 
imation to estimate the magnitude of HT. In this case, the tidal 
phenomenon must be investigated with a three-dimensional 
analysis. For example, even for a geometrically thin disk, the 
pressure gradient in the direction normal to the plane of the 
disk can strongly modify the resonance conditions. Even if we 
were to ignore these subtleties and estimate tr, Tgrad, and ta, we 
would find the orbital migration proceeds at a much slower 
rate for low-mass than for high-mass protoplanets. Thus, we 
speculate there is little orbital migration for low-mass prototer- 
restrial planets due to tidal interaction with the disk. 
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Note that if Rr < the growth time scale, during the gas 
accretion phase, is 

Tm*Mp/Mp*Mp/(cspRi) (10) 
where p is the disk density and RB ä GMJcl is 
the Bondi radius. In this case, gas accretion is not strongly 
affected by the protoplanet’s tidal effect and xm æ 
{MIM^MI^R^H JR^cß'1 ta < tä. This comparison 
implies that once a protogiant planet enters the gas accretion 
phase, it would accrete from the disk at essentially the same 
location until becomes comparable to Thereafter, the 
protoplanet accretes essentially all the gas streaming past its 
orbit, so that the accretion rate becomes ~2TiLnUrRp, where 
Ur is the radial velocity of the disk gas and l/r » — \.5vlRp in 
the limit of a steady state. When Rr > but the necessary 
condition is not satisfied, tw « ta < tä, so that there may be a 
small amount of orbital migration. However, when the neces- 
sary condition in equation (4) is satisfied, tw > Tgap for almost 
all cases. Thus, we may investigate the tidal truncation process 
while neglecting the mass increase in the protoplanet. 

III. THE EVOLUTION EQUATIONS AND THE NUMERICAL METHOD 

The tidal effect of protoplanet-disk interaction can be incor- 
porated into the viscous evolution calculation of the disk. 
Averaging over all azimuthal phases and integrating over the 
direction normal to the plane of the disk, the (^-component of 
the equation of motion becomes 

2, Ur 

dR2n 
dR 

1A 
R dR 

+ 2„A, (11) 

where A is the injection rate of angular momentum per unit 
mass by tidal interaction with the protoplanet. Near the orbit 
of the protoplanet, the small departure from Keplerian rota- 
tion does not significantly affect the local angular momentum 
transfer rate, provided the Rayleigh stability criterion is satis- 
fied. Since we are primarily interested in the orbital migration 
of protoplanets which can truncate the disk, we only consider 
the case where the Rayleigh’s stability criterion is satisfied and 
adopt a Keplerian approximation such that Q. = (GM/R3)1/2. 
Then equation (11) becomes 

EmRI7 =2ZmA 
R3/2 

(GM)1/2 

Using equation (12) to eliminate 
tion gives 

-SR^-^v^R1'2 . (12) 

Ur R, the continuity equa- 

dZn 
8t ià*-u'R 

¥¿r3*1/2 
R dR I dR 

vZmR
1/2 2AXwR

3/21 
(GM)1/2 J 

. (13) 

To calculate the evolution of a disk with an embedded proto- 
planet, we need to specify the functional form of A which 
depends on the distribution of tidal dissipation in the disk. If v 
is relatively large, this dissipation is concentrated in the vicinity 
of the protoplanet’s orbit (Papaloizou and Lin 1984). If v is 
relatively small, nonlinear phenomena, such as shocks, may 
cause the dissipation to be concentrated near the edge, as dis- 
cussed above (Lin and Papaloizou 1986). Thus, it is probably 
adequate to utilize the results derived from both the impulse 
approximation and resonant interaction calculation such that 

A = sign (R - Rp) 
fq2GM 

2R 
(14) 

In equation (14), q = Mp/M and /is a constant of order unity. 
In accordance with equation (2), | Ap| is taken to be the 
maximum of or \R — Rp\. This prescription provides a 
simple and reasonably good approximation for the results 
derived from summing over Lindblad resonances (Goldreich 
and Tremaine 1980; Hourigan and Ward 1984). Note that this 
modified prescription does not prevent a discontinuous change 
of sign for A at Rp. For a smooth X profile, discontinuities in A 
can cause a gap to start to form under any conditions, since it 
provides a much larger magnitude for the second term than the 
first term on the right-hand side of equation (13). But such a 
discontinuity is unphysical, since the resonances have finite 
width and thermal effects can delocalize the resonances at Rp. 
In order to assure A is continuous, we adopt an ad hoc approx- 
imation in which sign (R — Rp) is replaced with (R — R^/H^ 
forlR-R^tf^. 

By total angular momentum conservation, the protoplanet’s 
orbit must also evolve such that 

A (GMY12 A 
2\RP) dt 

Ç Rout 

jRin 
ARX„ dR , (15) 

where dHT/dt is the total rate of tidal angular momentum 
transfer and Rin and Roui are the inner and outer boundaries of 
the disk. Equations (13)-(15) together describe the disk and 
protoplanetary orbit evolution. They can be solved for arbi- 
trary viscosity laws. For example, according to both the self- 
consistent convective model and the standard a prescription, 

v = v0(X„/X0)2 (16) 

in the solar disk (Lin and Papaloizou 1980; Lin 1981; Lin and 
Papaloizou 1985). For computational convenience, we can 
introduce a set of dimensionless variables such that t = 
tv0/Rl, X = X^/Xq, r = R/R0, r0 = RoJR0, ^ = RJR0, and 
rp = Rp/R0, where R0 is some suitably chosen radial scaling 
length, for example, the initial radius of the outermost radius of 
the disk. With these variables, equations (13) and (15) become 

dx 

and 

3 
r dr 

d(r1/2X3) 
dr 

sign (r — rp)Xr1/2A 

— 2BAr1J2 sign (r - rp) dr , (18) 

where dp = Ap/R0, A = (GMR0)1/2q2f/(3v0) is a measure of the 
strength of the tidal effects in comparison to viscosity and 
B = 3tcX0 Rl/Mp is a measure of the mass ratio of the disk to 
the protoplanet. In order to open up a gap in the disk, the two 
terms in the brackets in equation (17) must become compara- 
ble. In a disk with X æ 1, the condition for forming a gap, with 
a scale length comparable to is Rq/H^ < ^(Ro/H^)4, or 
A < (H^/Rq)2. If A becomes larger, the gap becomes wider 
than H^. In the cases to be presented below, we limit the 
minimum values of ôp to be h0 = H^/Rq. For computational 
convenience, in each case, one value of h0 is chosen for the 
entire disk and it is not changed during the calculation. This 
procedure may lead to an underestimate of h0 in the outer 
regions and an overestimate in the inner region of the disk. 

Equations (17) ahd (18) can be solved numerically with stan- 
dard explicit finite difference techniques (Richtmyer and 
Morton 1967). In various applications, we choose different pre- 
scriptions for the numerical grid structure and boundary con- 
ditions. For example, in § IV, where we examine gap formation 
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for very low mass protoplanets, the relevant characteristic 
length scale and time scale are relatively small. In order to 
provide a good spatial resolution, we set up 200 grid points 
equally spaced between r = 0.5 and r = 0.9 with rp = 0.701 
initially. Since we are only interested in the dynamics for ~Tgap, 
we take £ at the inner and outer boundaries to be constants 
during these short intervals of time. In § V, we are interested in 
the long-term evolution of relatively massive protoplanets in a 
viscous evolving disk. In this case, relatively coarse spatial 
resolution is adequate, and we set up 1000 grid points equally 
spaced between r = 0 and r = 20. Although, for all cases, we 
adopt the convention that there is no disk material at large r 
initially, the extended range in r is used to satisfy the freely 
expanding outer boundary condition. For the inner boundary 
condition, we adopt the standard constant M assumption 
(Bath and Pringle 1981), so that the Sun accretes from the disk 
at a rate which is determined by the viscous evolution of the 
disk at large distances from the Sun. For the viscosity prescrip- 
tion (16), constant M implies constant £. 

IV. GAP FORMATION 

With the above formulation, we can verify the heuristic 
arguments in § II with detailed numerical computation. In 
Figure 1, we plot the surface density distribution at four epochs 
for various initial S distributions. In all cases, we place the 
protoplanet initially at rp — 0.701. In order to evaluate the 
response of the disk under a variety of conditions, we examine 
four sets of values for A, B, and h0 (^zH^/Rq) (see Table 1), 
with the same initial surface density distribution, £(t = 0) 
= 1 — r (cases I-IV are plotted in Figs, la-ld). Although these 
values of A, B, and h0 are relevant for tidal interaction between 
prototerrestrial planets and a massive protoplanetary disk, 
they are chosen primarily on the ground that ta < Tgap in every 
case. According to Hourigan and Ward (1984), a gap may not 
be formed in any of these cases despite the fact that A > hi in 
all cases. Note that in all these cases ta > Tgrad and the heuristic 
arguments suggest that the necessary and sufficient conditions 
for gap formation are satisfied. 

Fig. 1.—Gap formation induced by protoplanetary-disk tidal interaction. In (a)-(d), four sets of A, B, and h0 are taken (cases I to IV) for the same initial condition 
(E = 1 — r). The four Z plots for (a) case I are plotted for t = 2.3 x 10-6, 1.6 x 10-5, 3 x 10-5, 4.5 x 10~5. For (b) case II they are 1.2 x 10-6, 8.2 x 10-6, 
1.5 x lO"5, 2.2 x 1(T5. For (c) case III they are 9.3 x lO"6, 6.5 x ID“5, 1.2 x 10“4, 1.8 x 10“4. For (d) case IV they are 2.3 x 10“5, 1.6 x KT4, 3 x 10“4, 
4.5 x 10"4. 
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TABLE 1 
Summary of Model Parameters 

Model 
S(i = 0) 
(rrO Figure 

I   
II ... 
III .. 
Ilia 
IV .. 
IVa . 
V ... 
VI .. 
VII . 
VIII 
IX .. 
X ... 
XI .. 
XII . 
XIII 
XIV 
XV . 
XVI 

lO"5 

KT5 

lO"6 

10"6 

10"5 

KT5 

0 
0 

KT3 

KT3 

KT3 

1(T3 

KT3 

10-3 

5 x IO“3, 10'3, 2 x 10“4 

1(T2, 10'3, 10"4 

5 x 1(T3, 10'3, 2 x 10"4 

5 x KT3, KT3, 2 x 1(T4 

105 

106 

105 

105 

105 

106 

106 

106 

20 
20 
20 

0.1, 1, 0.5, 20, 80 
5 

80 
1 
5 

20 

KT2 

KT2 

KT2 

2 x 10"2 

2 x 10"2 

2 x 10'2 

0.05 
0.05 
0.05 
0.05 
0.05 
0.05 
0.05 
0.05 
0.05 

1 - 
1 - 
1 - 
1 - 

r(0.5-0.9) 
r(0.5-0.9) 
r(0.5-0.9) 
KO.5-0.9) 
r(0.5-0.9) 
r(0.5-0.9) 
1(0-1) 
1(1-2) 
1(0-1) 
1(1-2) 
1(0-1) 
1(0-1) 
1(0-1) 
1(0-1) 
1(0-1) 
1(0-1) 
uo-n 

04 

0.701 
0.701 
0.701 
0.701 
0.701 
0.701 

1 
1 
1 
1 

0.6, 0.7, 0.É 
0.7 

.8, 0.7, 0.6 

.8, 0.7, 0.6 
0.7 
0.7 
0.7 
0.7 

la 
lb 
Ic 

Id 

2a, 3fl(a) 
2c, 36(a) 
2b, 3a(b) 
2d, 36(b) 
4, 5 
6 
la 
lb 
8a 
86 
8c 
M 

In case I, the protoplanet temporarily moved outward. 
Using the initial E distribution in equation (18), we find that 
rp ^ 0.1 BA(rp/h0)3 is positive and attains a magnitude of 104. 
However, the magnitude of rp decreases rapidly, and gap for- 
mation proceeds immediately. After At ^ 2.3 x 10~6, the 
surface density in the neighborhood of rp has decreased by 
more than a factor of 3. In dimensionless units, T'gap = 
TgaP

vo/^o = ^ 3 x 10'6 for case I. For a typical disk 
model, this time scale is comparable to the dynamical time 
scale. The disk material which is initially located inside the gap 
is transferred to the surrounding regions under the protopla- 
net’s tidal torque. However, due to the transitory outward 
movement of the protoplanet, the magnitude of ¿ increases 
slightly more for the region r > rp than for r <rp so that the 
gradient in E is reduced. As the protoplanet approaches the E 
enhancement just outside rp, the tidal interaction becomes 
more intense than that between the protoplanet and the E 
enhancement immediately interior to rp. Consequently, rp 

changes sign in order to adjust to a quasi-tidal equilibrium in 
which the angular momentum transfer rate from both sides of 
rp is delicately balanced. This flow pattern indicates that the 
disk’s response to the protoplanet’s tide can provide a self- 
regulating influence on the evolution of both the protoplanet’s 
orbit and the disk’s E distribution. After the initial transitory 
adjustment, the protoplanetary orbit evolves on a viscous time 
scale. 

In case II, although the mass of the disk is 10 times larger 
than Mp, gap formation proceeds on nearly the same time scale 
as in case I. Thus, we conclude that there is not an “inertial 
limit” as proposed by Hourigan and Ward (1984). The larger 
values of B in case II induce a larger magnitude for rp initially. 
However, as in case I, the disk self-regulates its evolution as 
well as rp, so that eventually the self-consistent evolution of the 
system occurs on a viscous time scale. In case III, the smaller 
magnitude of A makes the condition for gap formation mar- 
ginal, and the evolution time scale is considerably longer than 
case I. We have computed an additional case (Ilia) in which 
the same values of A and B are used as case III and h0 = 0.02. 
In that case, A < (h0/rp)3 and gap formation is inhibited. In 
case IV, a relatively large magnitude for h0 causes Tgrad to 
become comparable to ta. Nevertheless, a gap is formed on the 

time scale of ~ 10~4. Again, we computed another case (IVa) 
with the same values of A and h0 as case IV and B = 106, so 
that Tgrad > ta. Gap formation is also inhibited. 

In addition to these models, we considered cases with a 
variety of initial E distribution. In each case, the tidally 
induced self-regulating process modulates the disk structure 
and the protoplanet’s orbital evolution. The long-term evolu- 
tion of the disk structure and protoplanet’s orbit is indepen- 
dent of the initial surface density distribution. For 
computational convenience, we adopt a standard initial condi- 
tion, for all but one set of models below, that the disk have an 
initial unit surface density (E = 1) distribution between r = 0 
and r = 1. 

V. LONG-TERM EVOLUTION OF THE DISK AND THE 
protoplanet’s ORBIT 

Our numerical scheme can be used to study the orbital evo- 
lution of a protogiant planet. We first make some estimate of 
the relevant range of the magnitudes of A and B for protogiant 
planets in a protoplanetary disk. By adopting the assumption 
that the chemical composition of the original protoplanetary 
disk was similar to that of the Sun today, and that most of the 
volatile materials in the disk were not accreted onto the planets 
and satellites, a lower limit of the disk’s mass may be deter- 
mined by augmenting the mass of the planets to account for 
the missing constituents (Cameron 1962). The mass obtained 
this way is ~2%.of the present mass of the Sun. Thus, for a 
Jovian-mass protoplanet inside a minimum mass disk, B is of 
order 10. According to the self-consistent convective accretion 
disk model (Lin and Papaloizou 1980), v æ 10_5£lRo> 80 that 
A is of order 10-3. Based on these estimates, we consider 
various numerical models within 10“2 >A>10~4 and 
80 > Æ > 0.1. We ignore changes in A and B associated with 
the accretion of disk gas by the protoplanet. 

a) Protoplanet Initially Located at the Disk's Boundary 
We first compute the evolution of a freely expanding disk by 

setting A = 0. The results obtained from this model calculation 
can be compared with those obtained for a disk which is evolv- 
ing under the tidal influence of a protoplanet and used to 
delineate the importance of the tidal effect on the evolution of 
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the disk. In Figure 2A, we plot the surface density distribution 
of a freely evolving disk at five epochs with the initial condi- 
tions £ = lfor0<r<l (case V). Under the action of viscous 
transport, the outer boundary of the disk expands (see curve a 
in Fig. 3a) while the surface density over most regions of the 
disk decreases. Since the magnitude of the viscosity is pro- 
portional to £2, the rate of surface density decrease is reduced 
and the magnitude of tv is increased during the course of evolu- 
tion. We also compute a freely expanding disk with £ = 1 at 
1 < r < 2 and £ = 0 elsewhere initially (case VI, Fig. 2c). In 
this case, the inner boundary moves towards the protosun 
(curve a in Fig. 3b). Despite the fact that the inner boundary of 
case VI is initially at the same location as the outer boundary 
of case V, the inward expansion of the disk’s inner boundary, in 
case VI, proceeds at a rate 10 times faster than that which 
corresponds to the outward expansion of the outer boundary 
in case V. 

We now compare the evolution of a freely expanding disk 
with the evolution of the disk under the influence of a proto- 
planet. In case VII, we adopt ^ = 10-3, B = 20, and the stan- 
dard initial condition that £=lfor0<r<l, and place the 
protoplanet at the outer edge of the disk, i.e., it has an initial 
orbital radius rp= 1 (Fig. 2b). For case VIII, similar values of 
A and B are applied to the initial condition that £ = 1 for 
1 < r < 2 and = 1 (Fig. 2d). In both cases, the presence of 
the protoplanet has minor influence on the evolution over 
most regions of the disk. The protoplanet’s tide removes suffi- 
cient angular momentum from the disk that the evolution of 
the outer boundary is slower in Figure 2b. Since the protopla- 
net must absorb angular momentum from the disk, its orbit 

expands (curve b in Fig. 3a). The dimensionless characteristic 
time scale for the protoplanetary orbital migration, tr 

(~rp/[drp/dT'] or Mp(joRl/[dHT/dT] as in eq. [3]) is relatively 
short initially, and it rapidly increases to a magnitude which is 
comparable to the viscous time scale. The disk’s outer boun- 
dary is denoted by curve c. On a time scale comparable to 
Tr % hl/ABI, & 10“2, the magnitude of ôp increases to > h0. 
Thereafter, the rate of the protoplanet’s orbital migration, 
drp/dT oc £/<53, is reduced until tr becomes comparable to tv. 
The magnitude of c)p cannot increase indefinitely. For suffi- 
ciently large öp, dHJdt > \dHT!dt\ at the outer boundary of 
the disk, the outer edge of the disk expands faster than the 
orbit of the protoplanet and thereby reduces ôp. Eventually, a 
critical distance is maintained between the protoplanet and the 
outer edge of the disk such that the magnitude of dHJdt at the 
outer edge of the disk slightly exceeds that oi\dHT/dt\. There- 
after, the protoplanet’s orbital migration is coordinated with 
the expansion of the disk’s outer edge. Since the rate of expan- 
sion of the outer edge is determined by the rate of viscous 
transport of angular momentum throughout the disk, the 
expansion time scale is comparable to tv for the entire disk. 
Thus, tr is also comparable to tv. In the present series of 
numerical computations, ôp increases to a value of order unity 
after about one diffusion time scale, whereupon tr is reduced 
to ~0.1A4££ « 10-100. 

Similarly, in case VII, where a protoplanet is initially located 
interior to the disk’s inner edge, at least initially, the tidal 
transfer causes the protoplanet to evolve faster than the inner 
boundary of the analogous freely evolving disk (Fig. 2d and 
3b). Quantitatively, tr ä 10“ 2 initially as in the previous case. 

Fig. 2.—Evolution of a disk with or without an external protoplanet. In (n) and (h) at t = 0,1 = 1 for r < 1 ; in (c) and (d) £ = 1 for 1 < r < 2 and I(i = 0) = 0 
elsewhere. In {g) (case V) and (c) (case VI), the disk expands freely in the absence of any protoplanet’s tidal influence. In (a) the curves a-f are £ plots for t = 2 x 10-4, 
0.1, 0.42, 1.6, 5.6, and 20.3; in (c) the curves a-e represent t = 3.6 x 10~3, 1.2 x 10-2, 3.5 x 10-2, 0.113, and 0.158. In (b) a protoplanet is placed atrp = 1 initially 
(case VII). The curves a-d are £ plots for t = 0.66, 1.4, 5.6, and 17.8. The values of T, B, and h0 are 10“3, 20, and 0.05. The same values of A, B, h0, and initial rp are 
used for {d) (case XIII) so that the protoplanet is initially located at the inner boundary of the disk. The four curves are for t = 3.3 x 10“ 2, 0.11, 0.166, and 10. Note 
that the presence of the protoplanet does not strongly influence the surface density distribution of the disk at each stage of the evolution. 
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Fig. 3.—Long-term evolution of the disk’s boundaries and protoplanet’s orbit. At i = 0,2 = 1 for (a)r < 1 and (h) 1 < r < 2. Elsewhere E = 0. In (a) the location 
of the outer boundary of a freely expanding disk is plotted in the dotted curve a (case V). The dashed curve c shows the evolution of the disk’s outer boundary subject 
to an external protoplanet which is initially located at rp = 1, with A = 10“ 3, B = 20, and h0 = 0.05. The solid curve b shows the protoplanet’s orbital evolution. In 
the dotted curve a shows the evolution of the inner boundary of a freely expanding ring with the above-specified initial E distribution (case VI). The solid curve b 
represents the orbital evolution of a protoplanet in cases XIII. The protoplanet is initially located at the inner boundary of the disk, i.e.,rp = 1, and the values of A, B, 
and h0 in cases XIII are identical to those in case XII. 

In our prescription, we keep h0 = 0.05 so that the limit value of 
ôp/rp increases as the protoplanet evolves toward the origin. At 
sufficiently small rp, the tidal effect becomes less effective. 
Under the dominant action of viscous stress in the disk, the 
protoplanet penetrates the tidal barrier (Fig. 2d). Thereafter, 
the disk’s surface density distribution becomes approximately 
symmetric in the immediate vicinity of the protoplanet’s orbit 
such that drp/dT is essentially reduced to zero. We have also 
examined some additional cases with different values of A and 
B. In these cases, although the rate of evolution depends on the 
magnitude of A and B, the overall dynamical properties are 
essentially identical to those found in cases VII and VIII. 

b) The Standard Models with A = 10~3, Æ = 20, and rp = 0.4, 
0.6,0.7, and 0.8 

It is of interest to examine the protoplanet’s orbital migra- 
tion under a wide variety of initial conditions. For this 
purpose, we adopt a set of arbitrarily chosen values of A (10-3) 
and B (20) and four initial protoplanetary orbital radii. In 
Figures 4a, 4b, and 4c we plot the evolution of the surface 
density distribution with initial rp — 0.6,0.7, and 0.8 (cases IXb, 
IXc, and IXd) respectively. These results indicate that, in all 
cases, the protoplanet opens up a gap in the disk shortly after 
the onset of the calculation. In doing so, the protoplanet’s orbit 
and the disk in the close vicinity of the protoplanet evolve 
rapidly. The time scale for the gap opening is Tgap » 
E/(^S/^t) « (h0/rp)5/A » 10"2. In Figures 5a and 5b, we plot 
rp and drp/dx for initial rp = 0.4 (case IXa) and the above three 
cases as curves b, d,f and h respectively. After the initial tran- 

sitory stage, the disk surface density distribution adjusts con- 
tinually with the protoplanet’s orbital position such that the 
angular momentum transferred from the inner region of the 
disk to the protoplanet is approximately balanced by that 
transferred from the protoplanet to the outer region of the 
disk. Subsequently, the protoplanet’s orbital evolution occurs 
on a viscous diffusion time scale. In Figure 5, we compare the 
protoplanet’s orbital evolution with that of a typical fluid 
element, which is initially located at 0.4, 0.6, 0.7, and 0.8, in a 
freely viscously evolving disk (see curves a, c, e, and g). For 
rp > 0.2, there is little difference between the magnitude of 
drp/dx for the four cases and that of the corresponding fluid 
elements in a freely expanding disk, i.e., the magnitude of xR is 
comparable to tv, rather than (/z0/rp)3/v4BZ, which is or order 
10_2. In case IXa, xR is much larger than xv for rp £ 0.2 
because, the limiting values of öp/rp decreases with rp. 

The comparison of these four cases indicates that the proto- 
planet’s orbital evolution is very sensitive to the location of the 
protoplanet with respect to the mass distribution of the disk. If 
a protoplanet is located in the inner region of the disk, it would 
evolve toward the protosun on a viscous diffusion time scale. If 
a protoplanet is located in the outer region of the disk, it would 
generally migrate outward on somewhat longer time scales. 
There is an intermediate critical radius where the protoplanet 
migrates outward at first and then inward (cui ve/). This evolu- 
tionary pattern is very similar to that of the complimentary 
fluid element (curve e). The initial outward migration is caused 
by the “absorption” of angular momentum from the inner 
parts of the disk. As the inner region of the disk is depleted, the 
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Fig. 5.—Evolution of protoplanet’s orbit and analogous fluid element. The values of E, A, B, and/i0 are the same as in Fig. 4. The dotted curves a, c, e, and g are 
for fluid elements initially located at 0.4, 0.6, 0.7, and 0.8, in a freely expanding disk. The solid curves b, d,f and h represent the orbital evolution of a protoplanet 
embedded in the disk which is initially located at rp = 0.4,0.6,0.7, and 0.8 respectively (cases IXa, IXb, IXc, and IXd). (a) Evolution of position; (6) rp/rp. 

location of maximum viscous stress moves outward (Lynden- 
Bell and Pringle 1974). When the protoplanet’s loss of angular 
momentum to the outer regions of the disk cannot be reple- 
nished, it migrates inward. If the protoplanet is initially located 
at a very large radius, it would not migrate inward until most 
of the disk’s material is depleted (curve h). 

Throughout the course of evolution, the protoplanet main- 
tains a strong tidal coupling to the disk. This property is well 
illustrated by the relative position of the protoplanets and the 
surface density distribution (Fig. 4). Note that the position of 
the protoplanet is slightly closer to the inner edge of the gap. 
Because the surface density is slightly larger in the inner 
regions, dHT/dt from each side is delicately balanced. In all 
cases, the surface density distribution interior to the protopla- 
net’s orbit is approximately uniform. This distribution implies 
that the mass transfer rate is also uniform in that region of the 
disk. For t < 10, the mass transfer rate onto the origin is very 
similar for each case. Exterior to the protoplanet, the surface 
density peaks slightly outside the outer edge of the gap. 
Although there is no mass transfer in gap, the two regions of 
the disk are still dynamically connected by the tidal torque of 
the protoplanet. 

c) Variations from the Standard Models 
The mass ratio between the disk and the protoplanet is 

expressed by the parameter B. If B $> \, the protoplanet’s 
moment of inertia is relatively small, so that the protoplanet is 
essentially carried along by the viscously diffusing disk. For 
relatively small £, the protoplanet provides a very large 
reservoir of angular momentum, and the evolution of the disk 
has little effect on the protoplanet’s orbit. In Figure 6, we 
present the evolution of the protoplanet’s orbit and the disk 

structure for ^ = 10" 3 and five values of £ (0.1,1, 5, 20, 80), for 
cases Xa-Xe, in curves a-e respectively. In all cases, we choose 
initial rp = 0.7 and h0 = 0.05. These results are in good agree- 
ment with our expectation. In the case where £ = 0.1, although 
there is still more than half the initial mass left in the disk for 
t > 10, the protoplanet cannot migrate by any appreciable 
amount. In the limit that the protoplanet’s mass is much 
smaller than that of the disk (£ = 80), the radial extent of the 
orbital migration is also modest. 

The above results indicate that the rate and extent of orbital 
migration is not very sensitive to the magnitude of £, at least 
for initial rp = 0.7. We now consider the effect of variation in £ 
for other initial values of rp. In Figure la, we plot in curves a, b, 
and c the cases Xla, Xlb, and XIc with initial rp = 0.8, 0.7, and 
0.6 respectively for /I = 10 ~ 3 and £ = 5. In Figure lb, we plot 
a similar set of initial rp for £ = 80 (cases Xlla, Xllb, and XIIc). 
These results and those presented in Figures 5 and 6 indicate 
that when the mass of the protoplanet is relatively large, the 
rate and extent of orbital migration is more sensitively depen- 
dent on the location of the protoplanet, with respect to the 
mass distribution of the disk, than on the magnitude of £. 

The strength of the tidal forcing is proportional to A. The 
evolution of the disk surface density is strongly affected by the 
presence of the prqtoplanet if A is relatively large, whereas the 
protoplanet may not completely truncate the disk to prevent 
mass flow across its orbit if A is relatively small. In order to 
examine the dependence of rp evolution, we consider three sets 
of cases each with initial rp = 0.7. In cases XHIa, XHIb, and 
XIIIc, £ = 1, and the curves a, b, and c denote A = 5 x 10-3, 
10~3, and 2 x 10~4 respectively (Fig. 8a). In cases XIVa, XIVb, 
and XIVc, £ = 5 and the curves a, b, and c represent A = 10“2, 
10“3, and 10“4 respectively (Fig. 8h). In cases XVa, XVb, and 
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Fig. 6.—Evolution of the protoplanet and the disk for several values of B. For every case in Fig. 6, ,4 = 10~3. Curves a, b, c, d, and e represent cases with ß = 0.1, 
1, 5, 20, and 80 respectively (cases Xa, Xb, Xc, Xd, and Xe). The same quantities are plotted as in Figs. 5a and 5b. We also adopt the same initial E distribution and 
value for/i0. 

Fig. 7.—Orbital evolution of the protoplanet, {a) Á = 10~\B = 5 (cases XIa, Xlb, and XIc). {b) A = 10"3, B = 80 (cases Xlla, Xllb, and XIIc). Curves a, b, and c 
are for initial rp = 0.8,0.7, and 0.6 respectively. 
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Fig. 8.—Orbital evolution of the protoplanet with rp = 0.7 (a) B = 1. Curves a, b, and c represent the cases ^ = 5 x 10~3,10~3,10"3, and 2 x 10"4 respectively 
(cases XHIa, XHIb, and XIIIc) (b) B = 5. Curves a, h, and c represent the cases A = 10"2, 10"3, and 10"4 respectively (cases XlVa, XlVb, and XIVc). (c) B = 20 
curves a, b, and c represent the same values of A as in (a) (cases XVa, XVb, and XVc). (d) Curves a, b, and c represent A = 5 x 10"3, B = 1; A = 10"3, B = 5 ; and 
y4 = 2 x 10"4, B = 25 respectively (cases XVIa, XVIb, and XVIc), so that the product of A and B is 5 x 10"3 for all these cases. 
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XVc, B = 20 and the curves a, b, and c represent the same 
values of A as in case XIII (Fig. 8c). These results indicate that 
when the magnitude of A is relatively small, the sufficient con- 
dition for tidal truncation is marginally satisfied initially. The 
disk is not completely truncated until the disk’s effective vis- 
cosity has decreased with the depletion of disk’s material. After 
gap formation, the protoplanet’s orbital evolution proceeds on 
time scales considerably longer than that for viscous diffusion. 
For relatively large A, the width of the gap is relatively large, 
and the protoplanet is strongly coupled to the disk. In this 
case, significant initial orbital evolution can occur on time 
scales relatively short compared with the viscous diffusion time 
scale. 

In principle, the rate of orbital migration is independent of 
the magnitude of A. But in our notation, the viscous diffusion 
time scale is directly proportional to A. Since we are plotting rp 
against the viscous diffusion time scale, the evolution for 
various cases of A follows a different path. Finally, in Figure 
8d, we consider cases XVIa, XVIb, and XVIc, with the same 
initial rp (0.7) and AjB = 5x10-3. Curve a represents 
A = 5 x 10 ~3 and B = 1, curve b represents A = 10~3 and 
B = 5, and curve c represent A = 2 x 10~* and B = 25. 
According to equation (18), the orbital evolution pattern 
should be very similar for these three cases if the protoplanet 
induce a similar response from the disk. Our results indeed 
indicate that the overall evolutions of the disk and the proto- 
planetary orbit are quite similar. 

VI. SUMMARY 

The calculations presented above indicate: (1) the orbital 
migration process does not modify the condition for tidal trun- 
cation provided igrad < ta or equivalently Mp/(Ln R^) > 
(Ha/Rp)3. (2) When gap formation first occurs, the amount of 
disk material cleared to either side of the gap is determined by 
the motion as well as the mass of the embedded protoplanet. 
The disk response has a tendency to modify and local surface 
density gradient so that the angular momentum transfer rate 
between the protoplanet and the region interior to it is deli- 
cately balanced by that between the protoplanet and the disk 
exterior to it. (3) After a short rapidly evolving transitory 
phase, the protoplanet’s orbital evolution proceeds on a 
viscous diffusion time scale, provided the mass of the protopla- 
net is not too large. (4) If the mass of the protoplanet is rela- 
tively large compared with that of the disk, no significant 
orbital evolution will take place. (5) If the protoplanet’s mass is 
relatively small compared with that of the disk, being con- 
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trolled by viscous evolution, the direction and time scale of 
protoplanetary orbital migration are determined by the loca- 
tion of the protoplanet with respect to the mass distribution of 
the disk. (6) If the protoplanet is initially located at small radii, 
it would migrate inward on a relatively short time scale, 
whereas if it is initally located at relatively large radii, it would 
migrate outward until the disk material interior to its orbit is 
somewhat depleted. (7) After it has truncated the disk the pro- 
toplanet cannot double its distance from the protosun unless 
the disk mass interior to its orbit exceeds that exterior to its 
orbit by a large amount. (8) Even if the protoplanet is placed 
on the outside of the disk, after rapidly reaching an equilibrium 
separation from the disk edge, further evolution occurs on the 
slow viscous time scale. 

From the above results, we make the following conjectures : 
(1) Jupiter was formed outside the present radius of Mars; and 
(2) the disk mass exterior to Jupiter’s orbit at formation did not 
exceed that interior to its orbit by more than 0.1 M0; other- 
wise Jupiter’s orbit would have evolved into the protosun in 
less than 106 yr. We also speculate that the disk mass interior 
to Jupiter’s radius did not exceed that exterior to its orbit by 
0.1 Mq, so that Jupiter’s outward orbital migration did not 
cause some of the resonant asteroids to escape from their 
orbital resonances with Jupiter. 

The results obtained here can be used to study the dynamics 
of both planetary rings and solar system formation. It may be 
of interest to investigate the dynamical evolution of several 
protoplanets in a disk. It may also be of interest to examine the 
possibility that there may have been, at some stage of solar 
system formation, a protogiant planet interior to the orbit of 
Jupiter that has evolved into the protosun. Finally, the results 
presented here may be relevant to the evolution of fragments 
according to the fission hypothesis. We shall consider these 
issues elsewhere. 
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