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Summary. We discuss the possible role of a cosmological distribution of 
vacuum strings in the gravitational imaging of quasars. Lensing properties are 

described for open strings and for large and small closed loops. A simplified 
model shows that small loops typically produce a pair of magnified merging 
images. This effect introduces an observational ‘amplification bias’ which 
causes magnified quasars to appear frequently in a flux-limited sample even 
though they are intrinsically rare. Highly magnified merging images are 
sensitive to small changes in the lens, and it is shown that loop oscillations 
can lead to observable variations in image size, configuration, and total 
luminosity. Furthermore, the functional form of this variability can be 
derived on the basis of universal properties of Lagrangian mappings near 
singularities. For example, the magnification varies as m^\t - to0\~

l/2 

where is the time when the quasar crosses a caustic. At f«, the intensity 
becomes formally infinite, the two images merge and then suddenly vanish 
as the quasar passes to the other side of the caustic. The probability of 
observing lensing events with various properties are estimated in two simple 
scenarios, and the possibility of searching for them is discussed. 

1 Introduction 

Cosmic strings are topologically stable, one-dimensional defects in the vacuum which can 
appear during appropriate phase transitions in the early Universe. Strings associated with 

unified Yang—Mills theories are currently being studied as sources of the density fluctuations 
needed to produce galaxies and clusters of galaxies (Zeldovich 1980; Vilenkin 1981a, b; 

Turok 1984). In this paper, we consider the gravitational lensing properties of strings and 
investigate whether this phenomenon could be used to detect strings. Gott (1984) has 
recently considered this problem, but has concentrated mostly on open (infinitely long), 
nearly straight strings. Vilenkin (1984) has considered the additional effect of a loop 
population on lensing probabilities. We incorporate these effects into our model, and also 
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576 C. Hogan and R. Narayan 

include unique effects associated with relatively small string loops. We show that there can 
be significant magnification of the images and that therefore the effective cross-section for 
lensing by small loops could be comparable to that from open strings and large loops. 

An important new effect discussed in this paper is that in certain cases the image inten- 
sities and separations can vary over a time-scale as short as a month. Flux increases with 
a characteristic power-law signature, terminating with a sudden disappearance of images; 
or conversely, bright quasars suddenly appear and then fade. These events are representative 
of a class of singularities of Lagrangian mappings, and their signature is related to universal 
properties of these singularities. We make order of magnitude estimates of the probability 
of occurrence of these effects and discuss the feasibility of looking for them. 

We are motivated not only by the possibility of finding observable consequences of exotic 
cosmological relics, but also by the more pressing need to find a suitable explanation for 
the presently known cases of lensing. The current observational situation is ambiguous, but 
seems to suggest that known forms of mass concentration, such as ordinary galaxies or 
ordinary clusters of galaxies, may not be responsible for most of the observed instances of 
lensing. Cosmic strings have a number of properties which make them desirable alternative 
candidates. 

We consider only strings which are forbidden to have ends, both because they are the 
simplest type and because strings which can terminate on a monopole of some sort tend to 
be short-lived. Thus the relic strings in the Universe may either be infinite open strings or 
closed loops. For the purposes of this paper there are two parameters that characterize the 
string population in the Universe. The most important is the mass per unit length ju, which 
we write in terms of the dimensionless parameter, e, 

e = Gfx/c2. (1.1) 

The gravitational lensing effects of strings depend greatly on the magnitude of e, larger 
values being more favourable. Currently, the observed degree of isotropy of the microwave 
background (Kaiser & Stebbins 1984), and the limit on gravitational radiation from the 
timing noise in the millisecond pulsar, suggest that e < KT5 (Hogan & Rees 1984). Secondly, 

when two strings cross, there is a probability P[C that they can intercommute or switch 

partners. An open string that crosses itself and intercommutes produces a closed loop. 
Strings have extremely large internal tension (P= —p) and therefore curved strings 
experience accelerations to relativistic speeds while closed loops undergo relativistic oscilla- 
tions. As we point out in Section 4 this has some very interesting consequences for image 
variability. 

At any epoch in the Universe, we expect of order P^ open strings of length ~ net and 
radius of curvature ~ ct (where t is cosmic time) to lie within a sphere of radius ct (see 
e.g. Zeldovich 1980). The density in the Universe contributed by open strings is thus given 
by 

O* ~ 2ne/Pic. (1.2) 

Strings that entered at an earlier epoch would have intercommuted to loops with a proba- 
bility proportional to P[c, so the number of loops is not sensitive to Pic. Loops decouple 
from the expansion, and are also unlikely to intercommute further with the network of 
infinite strings, if they are smaller than the current horizon. After breaking off they suffer 
violent convulsions with possibly further intercommutations. It is likely that they even- 
tually find a stable, nearly periodic non-self-intersecting trajectory (Kibble & Turok 1982). 
They lose energy primarily from gravitational radiation, and loops smaller than ect0 have a 
lifetime less than the age t0 of the Universe. 
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Gravitational lensing by cosmic strings 577 

In the rest of the paper we will, for convenience, assume that the lensing string is at a 
distance ct0/2 from the observer and reduce all lengths to angular dimensions at this fiducial 
distance. Thus the angular loop radius R^ec below which there is a significant depletion of 
loop population due to gravitational radiation is 

^dec ~ 2e. (1-3) 

The £2 of the Universe in loops of angular radius R¡ is estimated by assuming that approxi- 
mately half a loop of radius ct separates out of the network in each volume of radius ct in 
a time interval din U yielding (see e.g. Vilenkin 1981a) 

~ 27re, Ri > Rdec 
d In Rt 

~ 2Tre(R,/Rdec), R, < Rdec. (1.4) 

In deriving the above it has been assumed that Ædec > t^ftQ, where ieq corresponds to the 
transition from a radiation-dominated to a matter-dominated Universe. This is likely to be 
the case for all ‘interesting’ values of e. 

2 Gravitational lensing by infinite strings and large loops 

An infinite string bends light passing in a perpendicular plane by an angle (Vilenkin 1981b) 

«00 = 4716. (2.1) 

The bending is independent of the impact parameter (Fig. la). For a typical quasar at a 

(Newtonian) distance of ct0 (i.e., twice as far as the lensing string at ct0/2), the angular 
separation of the two images formed on either side of the string is then (see Fig. 2) 

Æo'47re. (2.2) 

Provided the radius of curvature of the string is much greater than R0, which is most 
certainly the case for open strings, there is no amplification of the images. A string which is 
tilted from the plane of the sky by an angle 6 would split images by #0 cos0, that is, tilted 
strings produce less bending. This variation has the opposite sense to what one would naively 

+ 47T6 

-4 7T€ 

(a) (b) 
Figure 1. Bending angle for light passing by a stationary string in the plane of the sky, as a function of 
impact parameter, (a) shows bending by an infinite, straight, stationary string; rays on opposite sides are 
bent by 47re, independent of impact parameter, and there is a discontinuity at the string itself, (b) shows 
the effect of a static circular loop of reduced radius a. For impact parameter rQ>aR0, the loop has a 
Schwarzschild metric corresponding to the total loop mass (bending 1/a*q). There is again a discon- 
tinuity in bending at the string, and in this degenerate case there is no deflection in the interior of 
the loop. 
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Figure 2. Bending by an open string at fiducial distance ctjl with quasar at fiducial distance ct0. Witl 
this geometry, the image separation is equal to the bending angle Aire, for rays perpendicular to th< 
string. Ray paths do not change with transverse displacements of the string along a vertical line in thii 
figure, as long as the string remains between the rays. 

expect for a Newtonian massive string (whose bending goes as R0 sec0). The difference is 
because of the peculiar ‘conical’ nature of spacetime around the string (Gott 1984). 

Loops with a total angular length (at a distance ct0l2) of IttRi would have formed ai 
an epoch when their radius of curvature was ~R¡ and it is not expected that wiggles o: 
wavelength <R¡ would develop in their later evolution (Kibble & Turok 1982). It is there 
fore reasonable to suppose that the gravitational lensing properties of loops with Æ ; > ßR0 

where ß is some number between say 1 and 10, will be essentially similar to those of opei 
strings. In particular, no significant image amplification is expected from such loops. 

To compute the cross-section for non-amplified lensing, we note from (1.4) that th< 
angular length of open string expected within the horizon is ~ 27r/Pic and that of loop; 
with Ri > ßR0 is ~ 27T hi (2/jLR0) = 27T In (l/27rej3). The cross-section per unit length fo 
lensing is ~R0- Thus the probability of a given distant quasar at large redshift beinj 
lensed is 

(Ro/47r)[27rP{~c
1 + 2tt ln (l/2neß)] = 27re[Pi¿

1 + ln (l/27reß)]. (2.3 

Except for small factors arising from differences in our simplified models, this estimab 

agrees with that of Vilenkin ( 1984). 

3 Gravitational lensing by small loops 

In this section we consider the lensing properties of idealized loops with circumferenci 
27tRi in the range Rdec^ R¿ ^ ßR0. We study static loops in order to describe tin 
dependence of various general features, such as the pattern of caustics, on the size am 
configuration of the lens. We assume that the gross features of these lensing events - 
especially the characteristic size of the pattern of caustics — carry over to the case of ; 
rapidly oscillating loop. Therefore in the next section we model the effect of the rapi< 
motions of the loop by considering a sequence of these static configurations. This approxi 
mation is probably an adequate description of the variation so long as we confine ou 
attention to small continuous changes in the lens (i.e. the duration of the sequence is shor 
enough (<R¡lc) that the loop shape only changes by a small amount), and to types o 
lensing events whose local structure does not depend on any special properties of static o 
symmetric lenses. 

Let us normalize all angles by R0 = 47re and define the reduced loop radius 

a=RllR0, (l/27r)<a<0. (3.1 

To begin with, consider the case when the loop is perfectly circular and in the plane of th 
sky. The purpose of this exercise is not to model real lenses but to show that loops wit 
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Gravitational lensing by cosmic strings 579 

Æ ~ 1 routinely produce magnified images. A light ray travelling perpendicular to the plane 
of the loop at impact parameter R (reduced distance r - R/Ro) is deflected by an angle 

a(r) = 87retf/r, r>a (3.2) 

which corresponds to a reduced bending angle (a/Æo) °f (This behaviour at r > ¿z also 
holds for a real collapsing or expanding circular loop.) Rays passing through the loop are 
undeflected in this toy model (although in the realistic case there will be time-dependent 
deflection for rays with impact parameter r < æ). Thus, the bending angle diagram looks 
as in Fig. lb. Two cases can now be distinguished: 

(1) a>\. If the reduced projected radial position t*q(=Rq/Ro) °f the quasar with 
respect to the centre of the loop lies in the range (a — 1) < rQ < l, then two images are 
formed, one at the true position of the quasar and the other outside the loop at a radius 

ri = (rQl2)+[(rQl2f+ar2. (3.3) 

The first image is not magnified while the second is magnified by the factor 

m = H^A 

fQ drQ 
(3.4) 

The maximum magnification occurs when rq = a — 1. Formally there is a third image located 
right on the loop, but this has zero magnification and is not seen. For < (æ — 1) there is 
one image unaffected by the lens, while for rq > a, there is again only one image, with 
position and magnification as in (3.3) and (3.4). 

(2) a < \ . For rQ > a there is one image and for (1 — ¿z) < < 1 there are two images, 
as in the previous case. However, for rq < (1 — a), three images will be formed, one on the 
quasar and the other two on either side of the loop. The position and magnification of one 
of the outer images, the one that occurs on the same side of the centre as the quasar, is given 
by (3.3) and (3.4). For the other image, 

ri = -(rQ/2)+[(rQl2)2+ar (3.5) 

and the magnification is again (3.4). The magnifications of the two outer images diverge 
as 1/rq as 0. Despite the reduced cross-section which goes asTq, the increased magnifi- 
cation makes these events competitive with ‘average’ lensing events, as first pointed out by 
Turner, Ostriker & Gott (1984). However, we do not consider this in any further detail 
because of the very specialized assumptions we have made on the loop geometry. 

The above discussion considers perfectly circular loops parallel to the plane of the sky. 
However, these are unlikely to occur in practice; in general we expect loops to be signifi- 
cantly distorted. A general treatment of the lensing by all possible configurations is clearly 

impossible. Nor is it likely to be very useful. However, it is reasonable to suppose that the 
generic behaviour of distorted loops can be investigated by studying the action of a 
monopole-like deflection (as in 3.2 for circular loops), supplemented by a quadrupolar term. 
The assumption here is that for rays passing outside the loop, a simple moment expansion 
of the bending, retaining only a few of the leading terms, has all the qualitative physics of 
the general situation. We will see below that for ¿z < 1 imaging is not dominated by rays 
passing through the loop. Since the higher multipoles are weak, (both because the loop does 
not have any significant distortions with wavelengths <R¡ and because these terms fall 
off rapidly with distance) the model can be used for semi-quantitative estimates of the 

properties of generic lenses. 
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580 C Hogan and R. Narayan 

Time variation due to the loop’s oscillation is modelled by a time-varying quadrupole 
term, keeping the monopole component fixed. This is likely to be an adequate approxi- 
mation to generic behaviour for observation times much shorter than a loop oscillation 
time. We do not attempt to solve here the general problem of light rays passing through 
the neighbourhood of a rapidly-oscillating loop. However, our main results do not rely on 
detailed knowledge of the string configuration since time variation is treated only in the 
neighbourhood of caustics (which have a universal structure for geometrical reasons), so the 
validity of the model in the short-duration limit only depends on the loop deformations 
being continuous. The quadrupole model is used primarily to normalize the spatial and 
temporal scale of caustics produced by loops in order to obtain somewhat better estimates 
of time-scales and probabilities than one would expect from a purely order-of-magnitude 
analysis. We have attempted to connect the model with actual loops only in degenerate 
cases (Appendix A). 

Consider a loop of circumference 2na with a projected quadrupole distortion orientatec 
along the x and y axes. Let a ray pass outside the loop at r = (r, 0). In the presence of a 
quadrupole, the general form of the reduced projected vector bending i?(r)= {i?r(r)> (r) 
is given by 

a 2~((? 
T?r(r) = —+ — cos 2(9 (3.6 

r r6 

2ya3 

^00 = sin 26- r 
(3.7 

The cos 26 and sin 26 dependences describe the characteristic shearing action of a quad 
rupole and the r dependence is two powers steeper in the quadrupole term than in th( 
monopole term a/r. The parameter 7 measures the strength of the quadrupole relative to th< 
monopole. Appendix A discusses some simple models and shows that 7 is expected to b< 
-0.2 on the average. In estimating time variability we will assume that 7 varies by about thi: 
amount in a light-crossing time for the loop. 

The vector equation that solves for the positions rj of the images is 

rQ = ri + r?^). (3.8 

Nityananda & Ostriker (1984) have considered a similar problem (a point lens with a super 
posed weak r-independent shear) and computed the solutions for small 7. A key feature o: 
their work is that there is a region near the centre of the lens, rg ^ 7, within which a quasa] 
is lensed into 5 images. As the quasar approaches the boundary of this region, two of the 

images approach each other, brightening as the inverse of their separation. The increasec 
magnification enables one to see intrinsically fainter (and more numerous) quasars, and in í 

flux-limited sample of objects this effect tends to compensate for the reduced geométrica 

cross-section. These events can therefore be more important than one might have guessed fron 
their cross-section only. Turner et al. (1984) first discussed this phenomenon, which the) 
termed ‘amplification bias’; a further discussion can be found in Narayan, Blandford <& 
Nityananda (1984). We consider the question of amplification bias in greater detail ir 
Section 5 in the context of the specific problem of loops. 

Writing equation (3.8) in Cartesian coordinates 

Xq=Xi 
axi Ó703xi ^ %ya3x\ 

(3.< 

70 =yi 
ayi 

'I 
(3.10 
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Gravitational lensing by cosmic strings 581 

The magnification m(ri) of an image is given by the determinant of the Jacobian relating 
i*! to rq. Thus 

r a2 

9^0 dyq _ dxq a^Q1 1 

9^! 

2 127a4 

+ —7—cos 20 T — 
r¡ 

dyl 9x, J 

36y2a 

(3.11a) 

(3.11b) 

J goes to 0 on a closed curve in the r\ plane and this is the locus of merging infinite 
amplification images. Since / changes sign across this line, representing a flipping of the 
image parity, the two merging images of opposite parity approach each other from either 
side of the / - 0 line. There is similarly a closed curve in the rq plane which gives the locus 
of quasar positions corresponding to infinite magnification. By reciprocity, this curve 

corresponds to the bright line/caustic which would appear on a screen at the quasar plane 
due to a light source at the observer. Fig. 3 shows typical examples of the m^00 curves 
in the quasar and image planes. 

Figure 3a. Caustics (loci of quasar positions giving infinite magnification) in the quasar plane produced 
by the quadrupole lens model, for various values of the parameters a and 7. Dashed lines give the size 
(radius - 2yaV2) of equivalent circles adopted in estimating cross-sections for lensing. 

Figure 3b. Caustics in the image plane, corresponding to the lenses of Fig. 3a, with change of scale. The 
dashed circles have radius ¿z1/2. 
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582 C. Hogan and R. Narayan 

For analytic estimates, let us now assume 7 to be small and neglect the 72 term in (3.11). 
Consider 0I = 7r/4, as a specific representative case. From (3.11), the merging images occur 
at the radial distance 

r\y°° ~ ßl/2* (3-12) 

In general therefore, for 0 ^ 1 a significant fraction of the caustic appears outside the loop 
radius a, where we expect our quadrupole model to be representative of a large class of loops 

(see Fig. 3b); rays passing through the interior do not dominate the imaging. Substituting 
in (3.9) and (3.10), the corresponding quasar position is 

-xQ;oo ~/Qjoo ~ n/2703/2; rq^-lya3'2. (3.13) 

For the purpose of estimating cross-sections we will assume that the infinite magnification 
curves in the two planes are circles with the above radii, as shown in Fig. 3. This approxi- 
mation errs on the conservative side in the sense that it tends to underestimate cross- 
sections at small a and 7. 

4 Image structure near caustics: universality 

Large amplification lensing events occur when the observer is near a caustic in the focal 
plane of the lens, that is, when the quasar is close to the singular curve in the rQ plane. 
In situations like this we expect a universal behaviour characteristic of singularities oí 
Lagrangian mappings. Of course, singularities of various types can occur (for example, the 
higher order ‘cusps’ in Fig. 3) but we will be concerned exclusively with the lowest-ordei 
‘fold’ catastrophes in Thom’s terminology (see Berry 1976), or singularities of type A2 

in Arnold’s terminology (Arnold, Shandarin & Zeldovich 1982, see also Arnold 1984). 
because these will exhibit the generic behaviour of ‘nearly all’ high-amplification events. 
Zeldovich (1970) discussed a similar application of universality in the density profile arounc 
pancakes arising in 3-D collisionless flows. To our knowledge, universality in gravitational 
lensing was first studied by Nityananda (private communication). Here we introduce the 
idea that this universal behaviour might actually be observed in the time variability of quasars 

The relevance to strings is that since they move at the speed of light their caustics move 
quite rapidly, and we predict a universal time variability for amplified quasar images as the 
caustic moves past the quasar. For sufficiently large amplifications the time-scale for this 
variation may be short enough to be observable, because a very small displacement of the 
caustic can lead to a large variation in magnification. One can derive the detailed behavioui 
on the basis of scaling, using the following argument due to Nityananda. Consider the 

mapping between the Q-plane and the I-plane discussed in Section 3, and consider its 

behaviour in the neighbourhood of a caustic. If we orientate our coordinate axes normal to the 

caustic, the mapping is shown in Fig. 4. Universality arises from the parabolic character oi 
the mapping. Amplification of paired images near the caustic is given by 

m = (3 Arq/3 Ar^-1 (4.L 

as in (3.11), so that the probability P(> m) that the magnification exceeds m is given b> 

the probability P(< Arg) Arg that the quasar lies within the required Arg of the 
caustic. Thus 

P(> m) cc ra-2, (4.2 

a result found in specific models studied by Chang & Refsdal (1979), Turner et al. (1984). 
and Nityananda & Ostriker (1984). 
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Gravitational iensing by cosmic strings 583 

Figure 4. Imaging in the neighbourhood of a ‘fold’ catastrophe. The true projected position of the quasar 
is shown in the ‘Q’-plane (a), while its apparent position appears in the T’-plane (b). The mapping between 
these planes (in a coordinate system orientated along the principal axis of the caustic in the Q-plane) is 
shown in (c). Universality arises from the parabolic character of the mapping near the caustic. Thus the 
image separation 2Aa*i varies as the square root of the displacement Arg of the quasar from the caustic 
in the quasar plane. The points 1-6 correspond to various positions of the quasar; note that once the 
source has left the fold (point 6) there is no image at all. Magnification operates by mapping a given area 
element in the Q-plane to a larger area in the I-plane, stretching the two images along the line joining 
them, as shown in (b); lensing preserves surface brightness, but the increased solid angle of the image 
leads to a net magnification m a Arf1. Thus along this direction the angular size of the quasar is also 
magnified by m, enabling one to resolve much smaller scale structure in the quasar core than is normally 
possible. 

Let us consider more quantitatively the nature of the solution in the neighbourhood of 
the infinite amplification events. For rg > rg)0o, the merging images disappear altogether. 
This is characteristic of the ‘fold catastrophe’ which describes the present phenomenon 
(see Fig. 4). Therefore, let 

^ = ^00(1-6) (4.3) 

where we take Ô < 1. The merging images are then separated by a distance proportional to 
61/2. Scaling by rj ^ tf1/2, the image separation 2Arx is thus 

2Arj ~ (ab)1'2. (4.4) 

The amplification of the images, which is proportional to 1//, varies as 1/Arj. Now, for well 
separated images, i.e. 2Ar ~ rl5 the amplification is ~ri/rQ. Hence, the magnification of 
merging images is 

^ri ri 1 

m ~ 2   — 
rQ 2Arl yab1/2 

(4.5) 

where the factor of 2 takes into account the intensity of both (typically unresolved) images. 
The movement of the string causes the caustics to move about. The centre of mass 

velocity of loops is much less than c, primarily because of the cosmological redshift of loop 
momentum since the time the loop was formed. However, internal loop oscillations are 
always very rapid and give rise to large amplitude shape variations on essentially a light- 
crossing time for the loop. Thus the imaging pattern changes on a time-scale ^a. From (4.5) 

we see that as the caustic approaches the quasar, the image brightens as 

m<x\t - tool 1/2 (4.6) 
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584 C Hogan and R. Narayan 

until too, when the brightness formally goes to infinity, the two images merge, and then 
suddenly disappear as the quasar crosses the caustic. The functional form of this variability 
is universal, and the time-scale r = \ t - too \ can be related to the amplification m as follows. 

In our quadrupole model, r at any instant is ~ Arq/rq times the light crossing time of the 
loop. Converting dimensionless angles back to lengths using the factor R0ct012 = Inecto, 

T = 2iraet08. (4.7) 

We substitute from (4.5) and express the result in terms of m3 = m/1000 (see Appendix B) 
and e_6 = e/10-6: 

r = 1.6m320-1e_6/T1 yr (4.8) 

where y has been taken tobe 0.2 (Appendix A) and h is Hubble’s constant in units of 
100 km s-1 Mpc-1. Similarly from (4.4) we have the image separation, 

2A7*! = Hma1^ 1/2e_6 milliarcsec. (4.9) 

The qualitative features of this behaviour in the neighbourhood of caustics are not 
influenced by our specific quadrupole model for the lens, although the numerical factors 
may differ somewhat for real loops. Interestingly, (4.8) and (4.9) can be combined to give 
the apparent transverse velocity Vi of the images at an assumed quasar distance ct0, 

Vi = Arcto/r = 4QQm3a1/2 c. (4.10) 

Thus, highly amplified merging images will in general have ‘superluminaf motion, which 
by (4.9) can be easily resolved using VLBI if the quasar has a compact radio core. Further- 
more, since the images are stretched by a factor of order m along the line joining them, the 
lens acts as a magnifying glass and enables one to resolve much smaller physical scales in the 
core, at least along this direction, within the merging images themselves. 

Of course, the divergence at too only occurs for a perfect point source. In practice, quasars 
have a finite size (based on their intrinsic variability) of order 10"2 pc and the magnification 

saturates when Arq is smaller than this: 

wmax = (T^Smin)'1 = 4000a'1/4e142ft1/2) (4.11) 

This corresponds to a variability time-scale Tmjn ~ O.lß"172 yr which is naturally comparable 
to the intrinsic variability time-scale of the source. This is then also the time it takes for the 
‘sudden’ appearance or disappearance to occur. At a magnification of -4000 we expect 
even 10-3 pc structure in the core of a quasar to be resolved at milliarcsec resolution. 

5 Amplification bias and probability of lensing by small loops 

We are now in a position to estimate an effective cross-section for merger-type gravitational 
lensing by loops of a given a and 7. Consider the ring of corresponding to the range ô to 
(Ô + <iÔ) in (4.3). This has a physical angular area ~ (2ya3/2R0)

2 2tn{db). Quasars located 
in this ring are magnified by an amount given by (4.5). Because of the amplification, any 
magnitude-limited sample will preferentially detect such events (Turner et al. 1984). To 
quantify this effect, we need the luminosity function of quasars. Most current estimates 

suggest that a power-law behaviour holds, r\{> Lq) Lq with v> 2. Let us be conservative 

and use v = 2 (see Appendix B). Then, allowing for the amplification bias, the effective 

cross-section is m2 times the geometrical cross-section, i.e. 

do ~ 
87T72Æ3Æo(dÔ) 

y2a2b 
S-nRlad (In 6). (5.1) 
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Despite the fact that the physical area within which a quasar is lensed is ~ rq ~ y2a3, 
the final effective cross-section is proportional to just a and so it is the total length of string 
in the loop that is important and not the details such as the actual radius or the strength 
of the quadrupole distortion. In this sense the result is very similar to that obtained in 
Section 3 where also we had a cross-section per unit string length. However, there is in 

addition an important new effect namely that equal logarithmic intervals of 5 have equal 
cross-section. This is of course a consequence of the amplification bias. Let us take the 

range of In ô that contributes to the effective cross-section to be A(~ 10). Then the effective 
probability for the amplified events we have considered is 

P ~ SyreAln (5.2) 

where the term In (27T/3) arises from integrating (1.4) over loop radii between Rdec and 
ßR0. Note the similarity of (5.2) to the cross-section 27re In (l/27re0) for large loops. 
The crucial difference is the extra factor of A which accounts for the amplification bias. 

6 Models for string leasing 

Combining the estimates (2.3) and (5.2), the total probability of a quasar being lensed by 
strings is approximately 

P= SneAln (27iß) + lire \n(l/2neß) + InePïc (6.1) 

where the first term represents amplified events, the second contribution comes from the 
rest of the loop population (all loops from radius 2irßtdec up to t0) and the third term 
comes from Pfc 0Pen strings, each of which extends over ~ tt radians in the sky. 

We are now ready to construct specific scenarios for putting strings into the context 
of real lenses. There are currently five well established cases of gravitational lensing — 
Q0957 + 561 at quasar redshift zq = 1.41 with image separation Arj = 6.2 arcsec (Walsh, 
Carswell & Weymann 1979); Q1115 + 080, Zq = 1.72, 4 images in a roughly circular pattern 
of diameter ~ 2.3 arcsec with two of the images roughly 3 mag brighter than the others 
and separated by only ~ 0.5 arcsec (Weymann et al. 1980); Q 2035+ 007, zq = 2.15, 

= 7.3 arcsec (Weymann, Green & Heckman 1982); Q2016+112, Zq = 3.27, 
At*! = 3.4 arcsec (Lawrence et al. 1984); Q 1635 + 267, zQ = 1.96, Arj = 3.8 (Djorgovsky & 
Spinrad 1983). A giant galaxy and a cluster of galaxies have been seen at redshift 0.36 in 
the foreground of Q0957 + 561 and reasonable models have been proposed for the lensing 
geometry based on these (e.g., Young et al. 1981), but this is the only case which might be 
said to be well understood; several difficulties arise in the other cases. 

A galaxy has been seen in the vicinity of Q 2016+112 (Lawrence et al. 1984) and 

Q1115+ 080 (Henry, in preparation) but it is difficult to make reasonable models in these 
cases because of the peculiar location of the galaxies with respect to the images. Nothing 
resembling a galaxy lens has been seen in the other two cases, although deep CCD frames 
taken of these regions should have easily detected them (Narayan, Blandford & Nityananda 

1984). The problem is aggravated by the fact that the fairly large Ari> 2 arcsec observed 
in all these cases seems to imply that fairly massive lenses are involved. 

Apart from the above 5 cases, there are at least 3 other instances (Paczynski & Gorski 
1981; Shaver & Robertson 1983; Surdej et al. 1983) of two or more quasars at essentially 
the same redshift (to within - lOOOkms“1), separated by ~ 1 arcmin. These could be 
lensed images, though again no lens has been identified. In these cases the lens would need 
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to be a system with a velocity dispersion of order - 1500 km s"1, corresponding to a fairly 

rich cluster of galaxies, which should be conspicuous on CCD frames out to redshifts of - 1. 
In addition to all this there is the nagging problem that a lens with no singularities must 

always produce an odd number of images, whereas every known gravitational lens (including 
the ‘triple’ quasar) has an even number of images. In the absence of alternative explanations 
(such as obscuration of the odd image), this fact alone would lead one to suspect the 

existence of singular lenses (such as strings), in which the odd image can have zero intensity. 
Thus, in short, the observational situation is that several cases of gravitational lensing are 
known (or suspected), but there is no clear idea of what is causing the lensing, and no 
likely candidate appears to exist among known forms of mass concentration. It would 
therefore be interesting to see if cosmic strings have any role to play. We consider two 
possible scenarios below. 

6.1 scenario 1 

Suppose the observed cases of lensing with image separation - 5 arcsec are unamplified 
lensing by single strings, i.e. pieces of open strings, or parts of large loops with a > 1. Then 
by (2.2) 

OLoo = 47re ~ 5 arcsec or e =* 2 x 10"6. (6.2) 

Smaller image separations are possible if the strings are inclined at an angle to our line-of- 
sight, or if the lens is closer to the source instead of being located at the mid-point as in 
Fig. 2. Larger image separations of up to 10 arcsec are possible if the string is closer 
to the observer. For small loops with a ^ 1, the typical separation is Svre, and again could 

be smaller or larger than this depending on the orientation and location of the loop. Very 
much smaller separations are of course also possible in amplified events. 

The lensing probability for non-amplified events is given by (6.1) with j3 = 1 : 

P-l.ôxlO^ + l^xlO^Pfc1. (6.3; 

One could hope to observe several such lensing events in a catalogue of a few thousand 
quasars only if Pic is very small, say less than ICT2. This seems a bit unlikely but is not 
impossible. 

A prediction of this scenario is that we should observe amplified images with probability 

87reAln(27T0)-l(r4A (6.4; 

where A may be « 10 for all amplifications. However, A is only =* 1 for the probability that 
a quasar in a flux-limited sample varies by loop lensing between two monitorings separated 
by more than the r corresponding to the amplification bias cut-off, which in this case 
corresponds to a few years (cf 4.8). Thus, if we observe - 104 quasars for a few years, we 
should see one of them abruptly decrease in luminosity after a steady power-law increase 
with a time-scale of order a year. 

The close pair of images in Q1115+ 080 would naturally be interpreted in this scenario 
as a merging pair, as seems to be indicated by their magnification relative to the other two 
images (Nityananda, private communication). According to (6.4), it is somewhat surprising 
that such an event should have been found; but this could be explained if our model ol 

ampHfication bias were too conservative. 
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6.2 SCENARIO 2 

Here we suppose that the five certain cases of observed lensing are amplified merging images, 
caused by loops which have angular radius > 5 arcsec and at the same time have reduced 
radius a^ \ (this idea is similar to the suggestion by Narayan et al. 1984 that the known 
lensing events may be mergers caused by clusters of galaxies.) This scenario automatically 

requires a larger e than the previous case. Let us take 47re ^ 1 arcmin, i.e. e ^ 2.4 x 10-5. 
Taking ö ~ 1 the typical amplification for the observed images (from 4.9) is 

m ~ 67 (5 arcsec/2Arr). (6.5) 

The lensing probability is now 

P ** SyreA In (27Tl3) ~ 10 3 A (6.6) 

which is about right to be compatible with the observed number of lenses. 
The predictions here are: 

(1) A substantial number of amplified lensing events should appear up to arcmin separa- 
tions, with magnification inversely proportional to the image separation. The distribution 
of image separations is predicted to be nearly constant in each logarithmic interval of 
for the assumed quasar luminosity function with v = 2 down to a minimum separation 
corresponding to the magnification where this luminosity function breaks down (see 
Appendix B). 

(2) Unamplified lensing by infinite strings and loops with a> \ will produce images of 
separation ~ 1 arcmin and would occur with probability P ~1CT3, so a number of quasars 
should have an image of approximately equal brightness - 1 or 2 arcmin away (as noted 
also by Gott 1984 and Vilenkin 1984). Several candidates already exist for these ‘wide- 
angle lenses,’ as mentioned earlier. 

(3) Events with observable variability time-scales should be about as frequent in optically 
selected samples as lensing events v/ith arcsecond separation, if the amplification bias 
model used above is accurate at this large a magnification (cf Appendix B). We predict that 

merging images with smaller Arl5 if found (they may not be depending on the true 
luminosity function), should display universal time variability and the ‘disappearing act’ as 
described above, with probability now given by (6.6) rather than (6.4). Thus in this scenario, 
to observe variability one should observe only ~ 1000 quasars, but over a baseline of about 
10 yr [from (4.8)] if we say that amplication bias works only up to m = 1000. The longer 
time-scale in this scenario is a direct consequence of the longer light crossing time for loops 
with 0 ~ 1. From (4.9), merging images should be easily observable using VLBI, with the 
image separation going as Arj<x 1/m « 71/2. As noted in Section 4 such cases should provide 

a high-resolution picture of the quasar core along the axis joining the images. 

Variation (including disappearing) is also happening on a much shorter time-scale down 

t° rmin ~ 0.1 yr, but for large m the probability is difficult to estimate because of uncer- 
tainty in the quasar luminosity function. If we compare the predictions of this model with 
scenario 1, we find that the larger e makes large r events more probable, whereas events 
with 7 ~ 1 yr may be roughly equally probable because the small-e case requires less magnifi- 
cation to reach this short a time-scale so one may still take advantage of amplification bias. 

Configurations such as Ql 115 + 080 are more difficult to understand in this picture, and 
may require additional complications such as other lenses along the line-of-sight. 

© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 



19
8 

4M
N

RA
S.

21
1.
 .

57
5H

 

588 C Hogan and R. Narayan 

1 Discussion 

It is worthwhile to point out the connection between the effects discussed here and various 
other phenomena associated with cosmic strings. 

(1) Loops predict a gravitational wave background Í2g - 27re1/2i2raci - 2x 10_7el./|. 

A value of e ~ 10"5 is not quite ruled out but may eventually be so on the basis of timing 
measurements of the millisecond pulsar 1937 + 21 (Hogan & Rees 1984). 

(2) Orbits around these loops can be quite fast; the velocity of a particle on a circular 
orbit around a loop is 

\J2GM/Rl - lOOOe1,7! km s"1. 

Stationary loops should have conspicuous effects on the matter distribution; one might 
expect hard X-rays if there is enough gas in the vicinity. 

(3) An effect more directly related to lensing is that string motion leads to a characteristic 
discontinuity in the microwave background temperature of order (Kaiser & Stebbins 1984) 

8T/T - 47re. 

This can be searched for if a string is suspected of causing a particular lensing event. The 
predicted arcminute events of scenario 2 would be associated with strings whose discon- 
tinuities should be detectable with current equipment (Uson & Wilkinson 1984). 

(4) Finally, there is the constraint that strings should produce sufficient density pertur- 

bations to lead to galaxy clustering. This predicts an e which depends on the composition 
of the dark matter but cannot be less than ~ 10"6. 

One of the attractive features of strings as lenses (aside from the fact that they seem tc 
resolve a number of outstanding difficulties) is that once their existence is postulated, thei 
properties are theoretically well determined in an order of magnitude sense. The páramete 

e determines the £2 in loops, their size distribution, variability time-scale, and characteristi< 
bending angle. Independent constraints on e such as those just mentioned may either rul< 
out strings as candidate lenses or suggest that they should be taken seriously and their specia 
predictions searched for. Most of the important theoretical uncertainties (such as the exac 
probability of loop formation) are soluble in principle, and in any case do not enter strongly 
into all of the predicted effects. 

A search for some of the spectacular time variation discussed in this paper is furthe 
motivated by the fact that many of the effects described here are also expected fo 
‘ordinary’ (i.e. non-string) lenses. This is because the universal behaviour of the typ< 
described here should appear in some context no matter what the lenses are; but estimate 
of probabilities depend on many factors which are very uncertain for objects whose proper 
ties are not as highly constrained theoretically as string loops. Rough estimates indicate tha 
time variability in ordinary lensing could indeed be observed down to time-scales of orde 

(size of quasar)/(velocity of lens relative to Earth—quasar line), which could be as short a: 
tens of years. 

It should be emphasized that the effect we are considering is quite distinct from variabiliL 
caused by ‘mini-lenses’ (Chang & Refsdal 1979; Gott 1981). In the case of mini-lenses 
the natural time-scale of the phenomenon is itself short. In our scenario, the natural time 
scale for image variability is actually very long (in the case of loops it is ~ 47reio)> but i 
accelerated by the proximity of a caustic, and occurs even for a smooth lens. Since ordinär 

lenses have much smaller characteristic velocities than loops, they require a correspondingh 
larger magnification to obtain observably short time-scales. Therefore these events could h 
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extremely rare if the amplification bias cuts off at some moderate magnification. However, 
since ordinary lenses have a much larger Í2 than loops their overall lensing probability may 
still be substantial. Another issue to consider is whether mini-lenses, which occur in ordinary 
lenses but not in isolated strings, are likely to disrupt the smooth structure of the caustics. 
We intend to address some of these issues in future work. 

It is clear that amplification bias, which is important for ordinary lenses, is also decisive 
in producing some of the most distinctive signatures of string lenses, especially the distribu- 
tion of angular separations of images and the probability distribution of time variability. 
The greatest uncertainty in evaluating the observability of these effects, and in planning a 
realistic observing programme, lies in the present uncertainty regarding the quasar luminosity 
function at the very faint end. More precisely, what is needed is a better idea of the 
luminosity function of very compact sources (down to ^ 10~2 pc) which are too faint to 

be classified as quasars. 
According to present knowledge, it is not unreasonable to expect (particularly in 

scenario 2) an optically selected sample of a few thousand objects to reveal universal 

variability in several objects if a monitoring programme is carried out over « lOyr. (The 
monitoring may also be carried out in the radio at a frequency where most of the source 
luminosity typically comes from a region which subtends ^ 1 milliarcsec, but we have not 
investigated whether amplification bias works equally well for radio-selected samples.) 
Because of the characteristic power-law behaviour the shortest time-scale detected in any 
monitoring programme would typically correspond to the period elapsed between obser- 

vations. It is probable most efficient to observe known sources and wait for them to amplify 
and disappear, although one can imagine supernova-search programmes being extended to 
search for the sudden appearance of quasar-like objects in the field with a power-law light 
curve. 
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Appendix A 

We estimate the quadrupole parameter 7 by considering two simple distortions of a loo] 
of circumference lita. For simplicity we will make a Newtonian analysis and take ead 
element dl of the loop to behave like a point mass ¡idl. 

(1) Let us suppose the loop is fully stretched out into a straight string of length Tta 
Consider the deflection at a distance r from the centre of the string along its axis. Up t 
quadrupolar order the bending is 

i?(r) = 
1 pc 

?r J -Tr 

™/2 dx 

a/2 (r - X) 

a 

r 

Tr2#3 

24r3 * 
(A.1 

Comparing with (3.6) this gives | 7 | = 0.41 for this case. 

(2) Let the loop be circular in shape with radius 0 but rotated out of the plane of th 
sky by an angle 0. Once again consider a point at a distance r from the centre of the loo 
along the long axis of the projected ellipse. 

ad(j){r - a cos 0) 

[(r - a cos 0)2 + a2 sin2 0 cos2 0] 

a a3 sin2 0 

r 2r3 
(A.: 

Thus 7 = 0.25 sin2 0. 

Using these values as a guide we take 7 = 0.2 in all the numerical estimates in this paper. 

Appendix B 

The following discussion of the quasar luminosity function is based on the work of Schmk 
& Green (1983). Leaving out Q 2016+ 116 which is radio selected, the mean apparei 
magnitude of the brightest image in the other 4 known cases of gravitational lensing 
m ~ 18, which corresponds to an absolute magnitude at zq = 2 of Af#“-26.5 (f< 
/z = l), assuming no amplification. At this redshift and intrinsic luminosity, Schmidt 
Green estimate the number density of quasars to be 

d$> 
 80 Gpc-3. (B 
dM 
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The slope of the luminosity function at Afß=—26.5 is 2.8 at Zq = 1.5 and ~ —2.5 
at Zq = 2.5; however, the curve flattens out at fainter magnitudes. We therefore conser- 
vatively take an average slope of — 2 over the whole range of L 

i.e. ^(>L)o:L-2. (B2) 

A crucial question is: how far down does this luminosity function extend? Let us 
arbitrarily cut it off at that Lmin at which <ï>(> Lmin) becomes equal to the number density 
of normal L* galaxies (which is 1.9 x 107 Gpc“3 according to Fall 1981). This corresponds 
to a faintest quasar magnitude of MB = — 19.5 and a maximum magnification of 7 mag. 
i.e, a factor of ~ 650. For a pair of unresolved merging images, the maximum magnification 
is thus ^ 1000. 
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