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ABSTRACT 

An analysis is made of a complete sample of hot white dwarfs, identified spectroscopically from 
candidates selected for ultraviolet excess without regard to proper motion. A breakdown by 
spectral type of the entire complete sample of ultraviolet excess objects shows that the hot white 
dwarfs comprise 64% of the faint blue stars to a mean limiting magnitude oï B = 15.7. The 
luminosity function and local space density of hot white dwarfs are derived, giving 1.43 ± 0.28 per 
1000 cubic parsecs for Mv < 12.75. A model of the local rate of star formation is constructed, 
which, when combined with white-dwarf cooling theory, satisfactorily reproduces the observed 
luminosity function. The predicted densities at fainter absolute magnitudes also agree with the 
observations, although uncertainties in the data do not allow a determination of the change in star 
formation rate with time. The model predicts a range of scale heights for hot white dwarfs of 220- 
270 pc, and a total local density of degenerate stars of at least 20 per 1000 cubic parsecs. The 
assumption of a single population of DA white dwarfs with identical composition is not adequate 
to explain the observed color-color diagram. 

Subject headings: luminosity function — stars: stellar statistics — stars: white dwarfs 

I. INTRODUCTION 

The luminosity function of white dwarfs contains 
information valuable for determining the evolution of 
white dwarfs through cooling processes and the rate of 
formation of their progenitors on the upper main 
sequence. Luyten (1958) first produced preliminary 
estimates of the total space density of white dwarfs 
from counts of proper-motion objects. Weidemann 
(1967) made a fundamental synthesis of spectroscopic 
data from Eggen and Greenstein (1965) and Sandage 
and Luyten (1967), as well as proper-motion data from 
Luyten (1963-1966). He derived a luminosity function 
for comparison with white-dwarf cooling theories of 
Mestel (1952) and Mestel and Ruder man (1967), using 
the theory to predict the total local density of white 
dwarfs. More recently, Sion and Liebert (1977) have 
made a redetermination from all available spectro- 
scopic and photometric data on white dwarfs. Their 
comparison with detailed evolutionary models of 
Lamb and Van Horn (1975) shows generally good 
agreement to Mbol æ 14. 

An acknowledged difficulty in these analyses has 
been isolating a statistically valid sample from hetero- 
geneous observational material. The present paper 
reports on observations that were made specifically to 

1 This paper is a dissertation chapter, published in the form 
completed in 1977. 

2 Operated jointly by the Carnegie Institution of Washington and 
the California Institute of Technology. 

obtain a complete sample based on ultraviolet excess. 
Over one-third of the faintest stars were ultimately 
rejected to create a final complete list of 89 white 
dwarfs, on which this analysis is based. Only 10 of 
these were previously classified from proper motion 
catalogs, indicating that the present survey covers a 
more substantial volume, especially for the hottest 
stars. 

There are further complications in comparing the 
observed luminosity function with theoretical cooling 
curves. One must consider the rate of input of new 
white dwarfs into the cooling sequence, that is, the rate 
of formation of their upper-main-sequence progen- 
itors, which may be a changing function of time. The 
local space density of white dwarfs may also be diluted 
by dynamical expansion of the white-dwarf disk layer. 
To study these effects, a model of local star formation 
is constructed, following Schmidt (1959, 1963). The 
rate of star formation, the dynamical evolution of 
mean distances perpendicular to the galactic plane, 
and the white-dwarf cooling curve from Lamb and 
Van Horn (1975) are then combined to predict the 
white-dwarf luminosity function. 

The observations and white-dwarf absolute magni- 
tude calibration are discussed in § II, and the observed 
luminosity function and space density in § III. The 
construction of the star-formation and dynamical- 
evolution models is described in § IV. Some remarks 
on the astrophysical implications of the white-dwarf 
color-color diagram are found in § V, and a brief 
summary is presented in § VI. 
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II. THE OBSERVATIONAL DATA AND ABSOLUTE 
MAGNITUDE DETERMINATION 

GREEN 

TABLE 1 
Breakdown by Spectral Type 

Vol. 238 

The basis for this statistical study is a complete 
sample of hot white dwarfs selected solely on the basis 
of ultraviolet excess without regard to proper motion. 
The objects were chosen from 26 two-color films 
covering 1434 square degrees above \b\ = 37° taken on 
the Palomar 18 inch (46 cm) Schmidt telescope (Green 
1976). Initial visual inspection was later followed by 
computer processing of most films (Green and Morrill 
1978), so the selection process should be relatively free 
of subjective error. Out of the 20,000 stars on each film 
brighter than a limit near blue magnitude 16.5, about 
10 were isolated for showing the strongest ultraviolet 
excess. These objects were then observed on the 
Palomar 1.5 m telescope with the Cassegrain image- 
tube spectrog^ph at an inverse dispersion of 
280 Ä mm -1 for classification. The faintest ones were 
observed by Dr. Maarten Schmidt on the Palomar 5 m 
telescope with the Cassegrain image-tube spectro- 
graph and, more recently, the SIT spectrograph, at an 
inverse dispersion of 190 À mm-1. 

Any star with a spectrum containing broad hy- 
drogen Balmer lines or broad helium lines was clas- 
sified as a white dwarf. Some objects showing no 
strong spectral features were reobserved photo- 
metrically in the Strömgren system, as discussed below, 
or on the 5 m telescope by Dr. Schmidt or Dr. J. L. 
Greenstein with the multichannel spectrophotometer, 
after which classifications were made based on the 
energy distributions. The difficulty in deciding whether 
a weak-lined star is degenerate without any knowledge 
of its kinematics is epitomized in the case of PG 2337 
-1-12 (Green, Greenstein, and Boksenberg 1976), 
which was originally classified as a white dwarf but 
turned out to be a cataclysmic variable. Those stars 
showing the H and K lines of ionized calcium were not 
included in the sample. The survey was intended to 
have a color limit of £/ — Æ < — 0.4; it can be seen in 
the color-color diagrams of Greenstein (1966) and 
Sandage and Luyten (1969) that a limit of U — B = 
— 0.5 cleanly discriminates against the subdwarf G 
stars and the cooler white dwarfs. The difficulty in 
distinguishing between the latter two types of objects 
by either colorimetric or spectroscopic criteria led to 
the decision to exclude stars with calcium H and K 
from the final list. Although the importance of extend- 
ing the luminosity function to cooler degenerates was 

Number Type 

89   White dwarfs 
27    .Subdwarf B or other hot H absorption spectrum 

8   .Subdwarf O 
4   .Quasars 
4 Compact or Seyfert galaxies 
2 Helium stars 
1 Cataclysmic variable 
6   Peculiar 

recognized, the present sample is necessarily incom- 
plete in this U — B color range, and could not have 
contributed an accurate value. 

A breakdown by spectral type is presented in Table 
1. The strongly predominant constituent of the faint 
blue stars down to the mean limiting magnitude of B 
= 15.7 is seen to be the hot white dwarfs. The table 
includes the previously known white dwarfs, sub- 
dwarfs, quasars, and objects seen to be compact 
galaxies on the Palomar Sky Survey; the sample was 
limited to starlike objects, however, and does not 
include objects obviously extended at the scale of the 
discovery films, such as blue galaxies or planetary 
nebulae. Green and Schmidt (1978) discussed the 
complete sample of quasars. The helium and peculiar 
stars will be the subject of a future investigation. 

The next step in the observational procedure was to 
measure in the Strömgren four-color system each star 
classified as a white dwarf. Graham (1972) demon- 
strated the effectiveness of this color system in 
yielding direct information on the physical properties 
of white dwarfs. In particular, the color index 6 — jds a 
line-free measure of the continuum in DA stars and 
was shown to be strongly correlated with the absolute 
magnitudes derived from trigonometric parallaxes, 
with a dispersion of only 0.27 mag. Graham found that 
the index = (i; — ¿>) — (Z? — j) is a direct determi- 
nation of the hydrogen line strength, from its cor- 
relation with the equivalent width of Hy. Another 
major result of his work is the remarkably narrow 
sequence defined by the DA white dwarfs in the u — b, 
b — y diagram, implying a very low scatter in the value 
of log g, the surface gravity. 

Graham also cautioned that uvby is a filter-defined 
system, so that special care must be taken in* the 

TABLE 2 
Strömgren Filters 

Central Full Width at 
Wavelength Half-Maximum 

Band (À) (Â) Type 

u   3425 370 Schott glass 8 mm UG11 + 1 mm WG3 
v   4122 212 Interference 
b    4691 217 Interference 
y   5500 190 Interference 
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transformations. The set of filters used in this in- 
vestigation is described in Table 2; measurement on a 
scanning spectrometer shows them to be very similar 
to the filter set described by Crawford and Barnes 
(1970). To avoid uncertain coincidence corrections for 
the photometer on the Palomar 1.5 m telescope, 
standard stars must be chosen fainter than 8th magni- 
tude; consequently, primary-system standards could 
not be used. In order to take into account specifically 
the effects of the broadened lines in white dwarfs, a list 
of secondary standards was compiled from Graham’s 
(1972) uvby photometry of white dwarfs, with some 
redder objects added from his lists of Feige stars 
(Graham 1970). The average residuals of the trans- 
formations were 0.05 mag in F, 0.02 mag mb — y, and 
0.05 mag m u — b, defining the accuracy for a single 
measurement, with the exception of objects fainter 
than 16th magnitude, for which systematic errors in 
centering become important. Since every star was 
measured in both channels of the dual-channel 
photometer, each of which was reduced separately, the 
quoted uncertainty is reduced by a factor of 21/2, and 
many objects were measured on two nights, further 
increasing the accuracy. Since Strömgren photometry 
had not been done previously on Palomar, standard 
mean values of the extinction were not available. The 
extinction was therefore derived each night in a 
simultaneous solution for the transformation con- 
stants (Huchra 1976). The second-order extinction 
terms were all assumed to be 0. 

The measurement oï b — y for each white dwarf in 
the sample allows the computation of Mv from a linear 
regression on Graham’s (1972) data: 

Mv = 7.56(6 — y) + 11.50 , with a = 0.27 mag. 

This determination includes all spectral types ; the 
presence of He i 24713 absorption in the 6-filter does 
not seem to introduce a significant systematic bias 
for the DB stars, in face of the larger calibration 
uncertainties. In cases where multichannel spectro- 
photometry was available, Greenstein’s (1977) mono- 
chromatic color indices were also used to derive the 
absolute magnitude. For stars measured in both 
systems, the agreement was consistent with Green- 
stein’s quoted uncertainty of 0.6 mag, and the value 
derived from the Strömgren colors was used for 
uniformity. Likewise, Mv was determined for those 
stars with broad-band colors by using the calibration 
of B — V by Sion and Liebert (1977). Again, com- 
parison of absolute magnitudes obtained from the two 
calibrations was consistent with the dispersion of their 
fit of 0.24 mag. 

As described above, recent computer processing has 
expanded the list of candidates found by visual 
inspection, so that several white dwarfs have been 
discovered spectroscopically for which photoelectric 
photometry has not been possible. For two of those 
DA stars, sufficiently high-quality SIT spectra were 
obtained that the equivalent width of Hy could be 
measured with some accuracy. Graham’s (1972) em- 

pirical relationship between WQAy) (as expressed by 
mt) and 6 — ^ is very tight, and shows a maximum at 
W(\ly) — 40 Ä. Both the photographic U — B colors 
and the energy distributions through the slit show that 
the two objects lie on the blue side of the relation, so 
that 6 — ^ and Mv were estimated for them, with the 
greater uncertainty noted. The effects of interstellar 
reddening and absorption were neglected in all cases, 
because of the relatively small distances of the white 
dwarfs and their high galactic latitude. 

The photoelectric magnitudes were measured in 
visual light, and the absolute magnitudes were also 
derived on the V scale. The objects were selected, 
however, from films that were magnitude-limited in B, 
so it is necessary to know B — V for the statistical 
study. It is apparent that b — y would transform 
directly to 5 — F if it were not for the presence of 
strong Hy, but m1 is an indicator of the strength of Hy. 
A bilinear transformation was therefore derived from 
the photometry of Graham (1972) and Eggen and 
Greenstein (1965), 

B-V= 1.57(6 - y) + 0.67^ - 0.12 , 

with a dispersion of less than 0.02 mag. Types DB and 
DC were included in this calibration ; although there is 
a small systematic error in the transformation for the 
DB’s, the B magnitudes derived in this way are still 
much more accurate than photographic magnitudes 
determined to 0.2 mag. 

A summary of the observational data for each object 
in the sample is found in Table 3, and finding charts for 
all new discoveries are presented in Figure 4 (Plates 
20-22). 

III. THE LOCAL SPACE DENSITY AND LUMINOSITY 
FUNCTION OF WHITE DWARFS 

The crucial quantity in the definition of a complete 
sample for statistical study is the limiting magnitude. 
The F/Fm method, as discussed by Schmidt (1968), is a 
powerful test of the completeness of a sample. If F is 
the volume defined by the observed radial distance to 
an object and Fm the volume defined by the maximum 
distance at which the object would still appear in the 
magnitude-limited sample, then the average of F/Fm 

would be 0.5, with an uncertainty of (12«)~1/2 assum- 
ing a uniform distribution for n objects. For a single 
photograph, the procedure would be to pick a first 
estimate of the completeness limit near the limiting 
magnitude of the film and compute <F/Fm> from the 
measured apparent magnitudes. If the value is less than 
0.5, the completeness limit is made brighter until 
<F/Fm> = 0.5 to within the errors. 

The situation is in reality more complicated for two 
reasons. First, variations in transparency, film sensi- 
tivity, and telescope focus produce a different limiting 
magnitude for each film in the survey. Second, the 
assumption of uniform space density will not be valid 
for a population of white dwarfs with a density 
gradient perpendicular to the plane of the Galaxy. 
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The number of white dwarfs on any given film is too 
small to use the T/Fm test to determine the limit for 
that film. The initial guess for the completeness limit of 
each film was made by a visual count of the total 
number of stars within a 0.54 square degree area in the 
center of the film. This technique allows a determi- 
nation of the average number of stars per square 
degree on the film to an accuracy of better than 10%. 
The observed surface densities were then compared to 
those derived by van Rhijn (1929) for the same galactic 
latitude to get the limiting photographic magnitude 
accurate to 0.1 mag. Arp’s (1965) relationship B = mpg 
+ 0.1 + 0.1 (mpg — 14.0) was used to transform to the 
B system. 

Even a complete sample, if selected from a popu- 
lation with a nonuniform space distribution such as a 
thin-disk system, will produce <F/Km) < 0.5. Schmidt 
(1968) explained that use of the density-weighted 
volume—in this case, dV' = dVD(z), where D(z) is the 
normalized density distribution perpendicular to the 
plane— will return the value of < V'/VJ} to 0.5 for a 
complete sample. 

The K/Km test was applied to the present sample of 
white dwarfs by first using the initial estimates of the 
limiting magnitudes derived from the surface densities. 
The result was 0.32 ± 0.03, far from completeness. 
Next, the effect of the nonuniform space distribution 
was tested by assuming a run of densities of the form 
D(z) = exp ( — z/z0), with a scale height of 150 pc. This 
density weighting increased < V/Vm} by only 0.05. The 
implication is that the sample of white dwarfs initially 
selected was not complete down to the very limit of 
each film, and that a space distribution had to be 
assumed to determine the actual completeness limits 
from < V'/V^y. Scale heights as a function of absolute 
magnitude with a range of 245-270 pc were adopted 
from a detailed model, as discussed in the next section. 
All the magnitude limits were then made brighter by an 
equal amount and the test repeated until the sample 
was considered sufficiently complete for a valid statisti- 
cal study. With final limiting magnitudes 0.8 mag 
brighter than those originally determined from the 
surface densities, over one-third of the faintest stars 
had been eliminated from the sample to produce 
<F7Km> =0.46 ±0.03. 

The resulting sample was then used to derive the 
local luminosity function for hot white dwarfs by 
means of a method discussed by Schmidt (1975). For 
each star in a magnitude-limited sample, its contri- 
bution to the local space density is 1/%/. Combining 

Mv 

Fig. 1.—White-dwarf luminosity function. For presentation 
purposes, the data have been grouped into half-magnitude bins. The 
error bars represent statistical uncertainties only. The smooth curves 
are model predictions, labeled by the value of the power-law index n. 

the values for all stars in the sample gives a series of 
weighted delta functions distributed in absolute 
magnitude, the envelope of which defines the lumi- 
nosity function. The difficulty again arises that each 
film has a different completeness limit. The problem 
can be circumvented by deriving a maximum volume 
for the entire survey as a function of absolute magni- 
tude. In other words, a white dwarf of given absolute 
magnitude would define a maximum sampled volume 
for each field, so its contribution to the luminosity 
function is 1 divided by the union of all the individual 
maximum volumes. In the case of overlapped adjacent 
fields, the area of overlap was assigned to the field with 
the fainter limiting magnitude, and subtracted from 
the other. The density weighting was determined by 
computing zw from the galactic latitude and magnitude 
limit for each field, then using the scale height from the 
model. The derived luminosity function is not sensitive 
to this choice of scale heights; a factor of 2 change in 
scale height affects the result by 15 %. The contribution 
of each object to the luminosity function is given in the 
penultimate column of Table 3. 

For presentation purposes, the objects were grouped 
into half-magnitude bins. The results are presented in 
Table 4 and Figure 1. The quoted uncertainties are 
simply statistical, and do not include the effects of 

TABLE 4 
Luminosity Function of White Dwarfs 

Mv 10.0 10.5 11.0 11.5 12.0 12.5 13.0 

(MMJITO^pc^Cimagr1] ... 0.020 0.13 0.19 0.22 0.34 0.52 0.99 
(±0.007) (±0.03) (±0.04) (±0.07) (±0.13) (±0.23) (±0.50) 

Note.—Errors in parentheses. 
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errors in photometry or absolute magnitude cali- 
bration. The total number of white dwarfs per 1000 
cubic parsecs is 1.43 ± 0.28 for Mv < 12.75, and with 
greater uncertainty 2.42 ± 0.57 for Mv <13.25. 

The greatest observational uncertainty lies in the 
two brightest points. At Mv < 10.5, the effective 
temperature is sufficiently high that the Balmer ab- 
sorption features become weak. Some possibility for 
confusion exists in the classification of low-dispersion 
photographic spectra for these stars, with the error in 
the sense that some nondegenerates may have been 
included in the sample for showing weak and slightly 
broad hydrogen absorption. In addition, there is a 
calibration problem, in that the linear fit of parallax 
absolute magnitudes to the (b — y) index compresses a 
range of 50,000 K into 0.04 mag in {b — y). Since few 
parallax stars are known at these bright absolute 
magnitudes, no attempt was made to add a nonlinear 
correction, but the error is expected to be a systematic 
tendency to make a small underestimate of the ab- 
solute magnitude. 

This determination of the luminosity function and 
space density of hot white dwarfs is the first to be based 
on a complete sample of spectroscopically identified 
white dwarfs. Luyten (1958) derived an empirical 
luminosity function from the fractional contribution 
of white dwarfs to the general luminosity function of 
proper-motion stars. Weidemann (1967) constructed 
luminosity functions from two sets of published data 
available to him: a large list of objects classified by 
Luyten (1963-1966) as white dwarfs on the basis of 
color and proper motion, and the list of spectro- 
scopically identified white dwarfs from Eggen and 
Greenstein (1965). The inherent difficulties in using 
those lists are the lack of spectroscopic identifications 
in the former and the diversity of criteria for selection 
of the latter. To find limits of relative completeness in 
apparent magnitude, Weidemann assumed a uniform 
density distribution of white dwarfs. The V!Vm test 
applied to the present sample shows that assumption 
beginning to break down at a mean B magnitude limit 
of 15.7; Luyten’s material reaches to 21st magnitude. 
Weidemann also did not take into account the area of 
the sky covered by Eggen and Greenstein’s lists. Sion 
and Liebert (1977) used Weidemann’s technique on 
their larger list of spectroscopically identified white 
dwarfs, which was subject to the same difficulties. The 
relative shapes of the luminosity functions so derived 
appear to be representative. The absolute value of the 
local space density, however, cannot be accurately 
determined by this method, as witnessed by the factor 
of 5 spread in Weidemann’s values. For comparison 
purposes, Weidemann’s estimates were transformed to 
the number density for Mv < 12.75, and they bracket 
the results of the present investigation. 

Eggen (1968) has done extensive photoelectric 
photometry of proper-motion stars, from which he 
estimated the total number of hot white dwarfs in the 
first 180 fields of the Lowell Proper Motion Survey 
(contained in Giclas, Burnham, and Thomas 1971). 

His defined U — B color limit for this group was 
approximately the same as that of the present sample. 
By considering both the completeness limit of his 
material and the area of coverage, he obtained a lower 
limit to the mean density of 1 per 1000 cubic parsecs. 
His use of Luyten’s (1965) fractional distribution of 
hot white dwarfs among proper-motion stars pro- 
duced a value of 2 per 1000 cubic parsecs. These 
estimates are in reasonable agreement with the den- 
sities derived in this paper. 

The luminosity function of white dwarfs contains 
information about the cooling rate of degenerate stars 
and about the rate of star formation of the progenitors. 
The shape of the cooling curve can be compared 
directly with the luminosity function only if one 
assumes a constant rate of input of hot white dwarfs ; 
that is, a constant rate of star formation, and that there 
is no dilution of the space density by a gradual increase 
in scale height brought about by dynamical inter- 
actions. To relax these assumptions, a more detailed 
model of star formation and dynamical evolution must 
be computed. 

IV. MODELS OF THE RATE OF STAR FORMATION AND 
WHITE-DWARF LUMINOSITY FUNCTION 

To determine the rate of input to the white-dwarf 
cooling sequence, the rate of star formation of the 
progenitors must be known as a function of time. The 
formulation of the problem as developed by Schmidt 
(1959,1963) was used in the present investigation. The 
rate of star formation is derived for the solar neighbor- 
hood, assuming it is a smooth function of time for stars 
of a given mass and that the lifetimes and masses of 
stars of a given luminosity are not a function of the 
time of formation ; that is, enrichment of composition 
is neglected. It is observed that the mean distance 
perpendicular to the plane of the galaxy increases with 
later spectral type. Since Oort (1958) has shown that 
the z-distance of galactic clusters increases for later 
main-sequence turnoff, the further assumption is made 
that the z-width of a population distribution increases 
with increasing age. To compensate for this effect, the 
rates are computed for a cylinder of 1 square parsec 
cross-sectional area perpendicular to the galactic plane 
at the Sun. 

We shall consider the problem of star formation for 
the adopted age of the Galaxy as a unit time interval of 
1.5 x 1010 years, with t = 1 being the present, during 
which the amount of gas available for star formation 
was depleted by a factor of 5. Let N(MV, t) be the 
number of stars per square parsec formed up to time t 
in the magnitude interval Mv — i to Mv + and 
^{My) be the present rate of formation of stars of 
brightness M^, per square parsec. Further, define 

g{t) = mg(t)img(\) (i) 

as the surface density of gas available for star for- 
mation in units of the present density, with #(1) = 1, 
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and #(0) = 5. The rate of star formation is then 
expressed as 

dN(Mv, t) 

dt 
'l'(.Mv)\_g(t)'\n, (2) 

where the rate is assumed proportional to some power 
of the gas density. Schmidt’s (1963) derivation in- 
cluded a mass-dependent term in the exponent to 
account for the observed metal abundances in late G- 
type dwarfs. The white-dwarf luminosity function is 
very insensitive to the brightest main-sequence stars, 
so that term was omitted here. 

If Q>{MV) is defined as the main-sequence luminosity 
function per square parsec presently observed, and 
T(MV) the main-sequence lifetime for stars of absolute 
magnitude Mv, then from equation (2) 

^>{My) = N{My, 1) — N\_My, \ ~ T(M y)] 

- ^{My) P lgmndt. (3) 
Jl -T{MV) 

magnitudes 0 and +1. The values of the composite 
luminosity function at these magnitudes were replaced 
by the corresponding entries of a luminosity function 
constructed from densities given for main-sequence 
stars alone. The fourth column lists the values of twice 
the mean z-distance for the spectral type, as given by 
Blaauw (1965). The resulting surface density, O', 
follows. One further correction must be applied. 
McCuskey’s luminosity function was derived from 
counts based on objective prism plates, from which 
stars were assigned absolute magnitudes based on their 
spectral types. Evolutionary tracks by Iben (1965, 
1966«, 1967a, è, 1968) show that stars become 
brighter and redder as they move away from the zero- 
age main sequence during core hydrogen burning. 
Since we are interested in the formation function, 

the observed luminosity function must be 
corrected for those evolving stars with spectral types 
late enough to be assigned the Mv from the next lower 
bin. The zero-age luminosity function is computed 
from 

The main-sequence luminosity function consists of all 
stars formed less than one main-sequence lifetime ago. 
For massive stars, T(MK) « 1.5 x 1010 years, and 

0(M y) ^ ^(My)T(My). (4) 

Schmidt (1959) derived analytical approximations for 
g(t) by solving for the depletion of the interstellar gas 
by star formation : 

n = 1 , g(t) = 51“', (5a) 

n = 2 , <7(0 = 5/0+40. (5b) 

The above is a brief restatement of the relevant 
aspects of the problem as formulated by Schmidt. The 
fundamental data used in the computations are pre- 
sented in Table 5. The second column lists the masses 
corresponding to the absolute magnitudes, as given by 
Schmidt (1963). The third column contains the lumi- 
nosity function of McCuskey (1966), corrected and 
smoothed to represent the main sequence. Giant stars 
contribute significantly to his counts only at absolute 

<S>(MV) = 
Q>XMV) - c®(Mv 

(1 - c) 

1) 
(6) 

where c was determined to be 0.36 for masses down to 
1.25 W0- At that point, the evolutionary tracks tend 
toward the vertical with negligible color change. For 
1.25 c = 0.13, and for 1 SOÎq, c = 0. Column (6) 
shows the corrected luminosity function, and the 
main-sequence lifetimes from Iben (1965, 1966a, b, c, 
1967a, 6, 1968) are presented in the last column. 

The derived present rate of star formation per 
square parsec is given in Table 6 and shown graphically 
in Figure 2. The main-sequence lifetimes are suf- 
ficiently short for Mv < + 2 that equation (4) was used 
to compute ^(My), while the values for fainter magni- 
tudes depend on the choice of models. This com- 
bination of data yields a function which, at the bright 
end, is 3 times larger than that derived by Schmidt 
(1963). The primary reason is that the factor of 2.5 
correction for the contribution of giants to the lumi- 
nosity function of van Rhijn (1936) is not applicable to 

TABLE 5 
Fundamental Data 

0MS 2<|z|> CD' <D T 
Mv mimQ (10-4 pc-3) (pc) (pc“2) (pc-2) (1.5 x 1010 yr) 
(1) (2) (3) (4) (5) (6) (7) 

-4 .    26 0.0040 100 0.000040 0.000063 0.0006 
-3   15 0.013 100 0.00013 0.00017 0.0008 
-2 .   9 0.063 100 0.00063 0.00089 0.0021 
-1    6 0.24 100 0.0024 0.0032 0.0043 

0   4 0.87 120 0.010 0.014 0.011 
+ 1    2.8 2.4 140 0.034 0.045 0.025 
+ 2   2.2 5.8 170 0.10 0.13 0.051 
+ 3  1.6 12 260 0.31 0.41 0.13 
+ 4   1.3 18 360 0.65 0.58 0.27 
+ 5   1.0 36 540' 1.9 1.8 0.67 
+ 6.  ... 46 540 2.5 2.5 
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Mv 

Fig. 2.—Present rate of star formation 

that of McCuskey (1966), even though the two func- 
tions are nearly identical. Ostriker, Richstone, and 
Thuan (1974) performed a similar exercise, but ob- 
tained an even steeper star formation rate with magni- 
tude, because they claimed that only 12% of the 
brightest stars are on the main sequence. This value 
was derived from the luminosity function of Upgren 
(1963), but his counts were incomplete in that absolute 
magnitude range, so their value of 12% is probably not 
correct. 

The white-dwarf luminosity function is determined 
by the rate of star formation for spectral types G and 
earlier, and by the white-dwarf cooling curve. Recent 
models have been computed by Lamb and Van Horn 
(1975) with improved equations of state and explicit 
treatment of white-dwarf crystallization and envelope 
convection. For 10.0 < Mv < 13.5, the cooling time 
from their models may still be adequately approxi- 
mated by tc cc L/Lq 511, or log tc x (2/7)Mbol (Mestel 
1952). Their models for a 1 Pure carbon core were 
used to set the cooling time scale. New bolometric 
corrections from Greenstein (1977) allowed conver- 
sion to Mv. The relationship is a quadratic, which was 

approximated by two straight lines : 

Mv = 0.34Mbol + 7.7 , 

log ¿C = 0.84MF-11.19, My < 11.3 ; 

My = 0.89Mbol + 1.9 , 

log tc = 0.32Mr - 5.33, > 11.3 . (7) 

The cooling time expressions scale the result to a mass 
of 0.7 and are expressed in units of 1.5 x 1010 

years. The modeling process assumes that all stars 
leaving the main sequence evolve into identical hot 
white dwarfs that follow this cooling curve. This 
assumption will be examined further in § V. 

Values for the thickness of the white-dwarf disk are 
necessary to convert the predicted surface densities 
back into volume densities for comparison with the 
observations. The equivalent width of the disk for a 
given type of main-sequence star was assumed to be 
twice the mean z-distance, which increases toward 
fainter absolute magnitudes, as shown in Table 3. It is 
further assumed that this increase is correlated with the 
greater mean age of the fainter stars and reflects a mean 
z-velocity that grows with time. Stars may add energy 
to their orbits through several mechanisms, such as 
binary encounters with massive interstellar clouds as 
proposed by Spitzer and Schwarzschild (1953), pas- 
sage through spiral arms, or experiencing other large- 
scale fluctuations in the gravitational potential. For 
purposes of this investigation, the increase in mean z- 
distance will be described by an empirical relation fit to 
the data. Using the lifetimes in Table 3, we obtain 

2<|z|> = 100 + 700i0,789 pc , (8) 

which is held at a constant value of 540 pc once that 
maximum is reached. The form of this relation sug- 
gests that the average z-distance for stars of the same 
age be expressed as a constant plus an exponential 
growth with time. For a given absolute magnitude, the 
observed mean z-distance is the average over stars of 
all ages 

<|z(M,)|> = C"* (¿o + añ{g[¿ + 1 - T(My)]\"dt 

(9) 

For « = 0 the solution is straightforward: 

<!z(M,)|> = z0 + 47Wr)]P 

/>+ 1 
(10) 

TABLE 6 
Present Star-Formation Rate 

Mv -4 -3 -2 -1 0 +1 +2 +3 +4 +5 +6 Model 

(3.1 2.1 2.7 2.5 « = 0 >F(pc-2/l-5 x 10loyr).. 0.11 0.21 0.42 0.74 1.3 1.8 2.5 <2.8 1.7 1.5 1.0 n = l 
l2.8 1.7 1.2 0.5 n = 2 
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which transforms equation (8) to give the growth in 
mean z-distance with time for any single-age 
population : 

2<|z|> = 100 + 1250¿°-789 pc . (11) 

For the other models, the exact solutions are 

<|z|> = z0 + aTp+1 / |-
n-|:_7- 

The differential luminosity function itself is calcu- 
lated by considering the formation of progenitors 
during the cooling interval defined by the half- 
magnitude bins 

<I>[M,(WD)] = X,i,(^) 

X 
*1 — T(Mv) ~ íc[Mk(WD) — 1/4] 

Jl ~r(Mr)-ic[Mr(WD)+ 1/4] 

X r(/> + !)?*(/> + 1, r In 5), n = 1 , (12) (15) 

where y* is the incomplete gamma function, and 

— zo + 
aTp 5 

(/7 + l)(5-4r) 

x 2^1 2,/> + I;/? H-2; 
-4T 

(5 -4T)J 
n — 2, 

(13) 
where 2Fi is the Gaussian confluent hypergeometric 
function. Happily, power series expansions of equa- 
tions (12) and (13) produce leading terms identical to 
that of equation (10) and first-order terms that make 
less than 15% difference for the largest value of T, with 
higher-order terms of alternating sign. Since the ana- 
lytic #’s were approximations in the first place, equa- 
tion (11) was used to describe the time evolution of 
mean z-distances for all the models. 

For a given white-dwarf absolute magnitude, the 
mean z-distance is the average of the evolved values for 
all white-dwarf progenitors : 

_ Z ^{Mv){g[_\ - t(WD)-]}n{zo + fl[¿(WD)]p} 
I^(M,){^[l-i(WD)]}r 

(14) 

The time spent by the stars in the red-giant phase has 
been neglected, with the age of the white dwarf given 
by T(MV) + aWD). 

The sum was truncated above 6 9K0> but the higher 
masses make a negligible contribution and the results 
are insensitive to this cutoff. 

The models derived are presented in Table 7 and 
shown in Figure 1 superposed on the data. In regard to 
Figure 1, it is important to remember that no vertical 
scaling is possible; the model is a prediction inde- 
pendent of the white dwarf data. The fit is seen to be 
satisfactory. A formal determination of the “goodness 
of fit” gives preference to the « = 0 case, although all 
are acceptable. The absolute level is directly affected by 
the computed disk thickness, but the limits of the range 
of mean z-distances allowed by the uncertainties in the 
data can be no less than a factor of 2. The detailed 
predictions about the white-dwarf disk therefore have 
not been strongly tested, although an extremely thin or 
a halo distribution for the stars in the sample has 
probably been ruled out. The model is seen to deviate 
significantly from the data at the bright end. Two 
factors are contributing. The theoretical cooling curve 
is very steep for the hottest objects, so that fewer bright 
white dwarfs may be expected than the L-5/7 relation 
predicts. As discussed above, the absolute magnitude 
calibration also becomes very insensitive at the hot 
end, with a 50,000 K temperature range compressed 
into 0.04 mag in b — y. Small uncertainties in the 
photometry produce large errors in the absolute 

TABLE 7 
Model Luminosity Functions 

n = 0 n = l n = 2 

tc 2<|z|> <K 0 2<|z|> <!> <)> 2<|z|> <D ^ 
Mv (1.5 x 1010 yr) (pc) (pc“2) (10“3 pc“3) (pc) (pc“2) (1(T3 pc“3) (pc) (pc“2) (1(T3 pc~3) 

9.75 

10.25 

10.75 

11.25 

11.75 

12.25 

12.75 

13.25 

0.0010 

0.0027 

0.0067 

0.016 

0.027 

0.039 

0.057 

0.080 

426 

432 

438 

453 

470 

488 

514 

540 

0.024 0.055 

0.057 0.13 

0.13 0.29 

0.16 0.34 

0.17 0.35 

0.26 0.51 

0.33 0.62 

482 

489 

496 

510 

526 

540 

540 

540 

0.029 0.060 

0.069 0.14 

0.16 0.32 

0.19 0.37 

0.22 0.41 

0.33 0.61 

0.44 0.81 

517 

524 

531 

540 

540 

540 

540 

0.031 0.059 

0.074 0.14 

0.18 0.33 

0.21 0.39 

0.24 0.44 

0.37 0.69 

0.50 0.93 
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magnitude determination, and the probable departure 
from linearity of the calibration leads to a systematic 
underestimation of the luminosity when using the 
linear fit. No correction to the luminosity function has 
been attempted, but the Mv = 10.0 points would be 
pulled up closer to the model curves. 

The model z-distribution can be tested directly by 
the prediction of counts of hot white dwarfs at fainter 
apparent magnitudes. With the technique of construct- 
ing an m — log n table, the number per square degree 
of the sky can be computed for any limiting magnitude, 
given the observed luminosity function and model 
scale heights. Since the density distributions of main- 
sequence stars can be adequately approximated by 
D{z) = exp ( —z/z0), this form was assumed to charac- 
terize the white-dwarf distribution as well, with the 
consequence that z0 = <|z(A/^)|>, as given in Table 5. 
The difficulty in using this technique of m — log n is 
that the observed counts must be sufficiently accurate 
and include a large enough volume to select a meaning- 
fully small range of scale heights from the predictions. 
The z-distances under consideration must therefore be 
great enough to indicate densities substantially lower 
than the local value. The local densities in the lumi- 
nosity function are not fixed, however, because they 
were determined for the present sample from volume 
elements weighted by exponentials with the same scale 
heights. The net result is a reduction in the sensitivity 
of the predicted surface densities to changes in z0, 
requiring even larger values of z for a significant test. 

Sandage and Luyten (1967) give a preliminary list of 
spectroscopic classifications of a sample chosen for 
ultraviolet excess. A re-examination of that material 
produces a sample, with color properties similar to the 
sample in this investigation, that contains 24 objects, 
or 0.6 white dwarfs per square degree to a limiting 
magnitude of 17.75. Because of the similarity in 
selection by color, the sample was assumed to include 
all white dwarfs with Mv < 13.25; this assumption is 
not critical since an error in the estimated color limit 
leading to the exclusion of the last half-magnitude of 
the luminosity function would reduce the result by 
only 10%. The predicted counts are 0.6 per square 
degree and are insensitive to the small changes of scale 
height between the models, with even a factor of 2 
decrease in scale height yielding the same result. 
Although the agreement gives confidence in the pres- 
enfluminosity function, the counts to 18th magnitude 
do not include sufficient volume to test the model 
density distribution, and a fainter limit must be sought. 

The counts at 20th magnitude can also be predicted, 
to be compared with work in progress on a plate with 
that magnitude limit by Schmidt and Ulfbeck (1977). 
Spectra of 37 ultraviolet-excess objects form the basis 
for a rough preliminary guess of 1-2.5 hot white 
dwarfs per square degree on that plate. To 19.75 mag, 
the model scale heights lead to a prediction of 3.4 per 
square degree for Mv <12.75. The as yet uncertain 
color and magnitude limits make the comparison 
difficult. The predicted counts go down to 1.6 per 

square degree if the scale height is made one-half the 
assumed value. Hence, reliable surface densities of hot 
white dwarfs at 20th magnitude or fainter will be a 
powerful test for the density distribution. 

A decision about the correct choice of power-law 
indices, n, in the model may be aided by an estimate of 
the luminosity function for white dwarfs of fainter 
absolute magnitudes. Weidemann (1967) noted that 
the distribution of known white dwarfs was consistent 
with uniformity out to a distance of approximately 
6 pc from the Sun. For the present estimate, we will use 
five white dwarfs with Mv > 13.25 known within 
6.2 pc: van Maanen’s star, G175 -34B, L97- 12, LP 
658 — 2, and G240 — 72. The resulting space density is 5 
per 1000 cubic parsecs for Mv < 15.7. The objects were 
discovered because of their high proper motions; all 
are greater than 1!5 yr_1. The corresponding tangen- 
tial velocities range from 49 to 68 km s-1. On the 
assumption that the progenitors of these objects were 
the Population I main sequence stars used in construct- 
ing the star formation model, this sample of white 
dwarfs represents only the high-velocity fraction of the 
total population in this absolute magnitude range. A 
rough estimate for a correction may be obtained by 
considering the fraction of stars with speeds above a 
specified cutoff in a Maxwellian distribution. This 
approximation neglects the asymmetry from the solar 
motion, which produces a larger high-velocity tail in 
the real distribution of tangential speeds. The choice of 
a value of the cutoff in speed lower than that indicated 
by the data should help compensate for this under- 
estimate. The computed fraction depends only on the 
ratio of the cutoff speed to the rms single component of 
velocity, with the range of this parameter chosen 
around 1.5. The result suggests that as few as 507o of 
the total number of white dwarfs within 6.2 pc of the 
Sun with 13.25 < Mv < 15.7 have been discovered to 
date. The corrected space density for these objects 
becomes 10 ± 5 per 1000 cubic parsecs. The star- 
formation model predicts 11,18, and 30 per 1000 cubic 
parsecs for « = 0, 1, and 2, respectively. Although 
preference is given to the n = Q model, the difficulties in 
estimating the large correction preclude the selection 
of a single value for n. For that value to be determined 
by white dwarfs alone, an accurate density of the cool 
degenerates will be required. 

As an aside, it is interesting to note that three of the 
10 nearest white dwarfs of all absolute magnitudes are 
faint members of multiple systems and would not be 
detectable in an ultraviolet excess survey, especially at 
10 times the distance. This multiplicity factor might 
explain why the model predictions for the total density 
in hot white dwarfs exceed the observed value by 30- 
40%. 

The model can be used to derive the total local 
density in white dwarfs. To do that, the total number of 
upper-main-sequence stars formed between times 0 
and 1 — T(MV) — /f(l 3.25) is computed. The predicted 
total densities are given in Table 8, assuming a mean z- 
distance for cool degenerates of 270 pc and that all 
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TABLE 8 
Predicted Total Density in White Dwarfs 

Number Volume Surface 
Model Density Density Density 

n (10-3 pc~3) 0mol(T3pc-3) (W0pc-2) 

0   21 15 8 
1   50 35 19 
2   104 73 39 

white dwarfs may be characterized by a mean mass of 
0.7sIRo- From the minimum value of « = 0, de- 
generate stars account for at least 107o of the mass 
density in the solar neighborhood (Oort 1965) and 
represent at least 2270 of the number of stars presently 
on the main sequence (McCuskey 1966). The available 
data leave open the possibility that the entire unknown 
mass component of the total local density may be 
accounted for by degenerate stars. 

V. THE WHITE-DWARF COLOR-COLOR DIAGRAM 

Further direct information about the physical prop- 
erties of white dwarfs may be obtained from the 
color-color diagram. Figure 3 plots the Strömgren 
indices u — b versus b — y for all stars measured 
accurately in the course of the observational program, 
including those fainter objects later dropped from the 
complete sample. The two indices measure the Balmer 
jump and Paschen continuum, respectively, for DA 
stars. A sample of hydrogen white dwarfs of identical 
composition and surface gravity would therefore de- 
fine a cooling locus in this plane. 

Synthesized colors from model atmospheres by 
Wickramasinghe and Strittmatter (1972) and by 
Wehrse (1975) have been superposed on the data. The 
accuracy of the fit to any given curve can be estimated 
from the cross, representing the mean measuring 
uncertainties of 0.015 mag in 6 — j and 0.035 mag in w 
— b. The cooler stars seem to be well fitted by the log g 
= 8 models, as found by Weidemann (1975) and 
Wehrse (1975), but the hot stars show considerable 
scatter. For the stars between 15,000 and 25,000 K, 
most of the scatter can probably be explained if the 
objects near the blackbody line and the helium model 
loci are in fact spectral type DB. The classification 
spectra were often not of sufficiently high quality to 
identify weak He absorption features, which would be 
nearly absent near the blackbody line. A determi- 
nation of the distribution of white-dwarf spectral types 
can therefore not be made from this sample, and must 
be obtained from the work of Sion and Liebert (1977) 
or Greenstein (1977). 

More puzzling is the large scatter of the hottest white 
dwarfs. Some fraction of the objects are undoubtedly 
composite, with a redder b — y than the Balmer jump 
would indicate, and some may be hot subdwarfs of 
lower surface gravity. The formal dispersion for the 
objects hotter than 25,000 K around even the best 

fitted line is twice the measuring uncertainty. Within 
that uncertainty, they span all the loci between the 
upper main sequence and the blackbody line. One 
explanation could be a larger dispersion in log g than 
previously determined, but Graham’s (1972) sample 
should then have shown more scatter for the cool 
degenerates. When H~ becomes the dominant source 
of opacity, the magnitude of the Balmer jump becomes 
very sensitive to the value of log g, and the tightness of 
Graham’s data suggests a small dispersion in the 
surface gravity. 

Another more cogent explanation involves com- 
positional variations in the cores and remnant atmos- 
pheres of the white-dwarf progenitors after the red- 
giant phase. If the premise of Van Horn (1968) and 
Lamb and Van Horn (1975) is correct, then the phase 
transition to the solid state adds the latent heat of 
crystallization to the internal energy and slows the 
cooling rate. Depending on the internal compositions 

Fig. 3.—-White-dwarf Strömgren color-color diagram. Super- 
posed on the data are model loci, with temperatures given in units of 
1000 K. The observational main sequence is from Slettebak, Wright, 
and Graham (1968), and the blackbody line is from Matsushima 
(1969). The solid lines connect DA models with log # = 8 and 9 from 
Wickramasinghe and Strittmatter (1972), while the dashed lines 
mark hydrogen-deficient models from the same paper. The coolest 
three points on the log# = 8 curve are due to Wehrse (1975). The 
cross represents the uncertainty in measurement; note the large 
scatter in the hottest objects. 
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of the white dwarfs, several crystallization sequences 
could be formed. Tapia’s (1977) observations seems to 
support this hypothesis, in that they show two distinct 
sequences of luminosity versus effective temperature, 
based on models fitted to the color indices devised by 
Wickramasinghe and Strittmatter (1972).3 The broad- 
band measurements of Eggen and Greenstein (1965), 
the Strömgren values of Graham (1972), and the 
monochromatic magnitudes of Greenstein (1977), 
when plotted as a Balmer-jump index versus absolute 
magnitude, show evidence for more than one cooling 
sequence. It must be remembered at the same time that 
the absolute magnitude forms a single sequence with 6 
— j, a measure of temperature for DA stars from the 
Paschen continuum alone. With the Balmer-jump 
temperature index finding more than one sequence, the 
possibility must be considered of a range of com- 
positions in DA atmospheres. A variation in the 
hydrogen-to-helium ratio from pure hydrogen to that 
of the extreme DB’s might not be unexpected if the 
evolutionary histories of the progenitors include vary- 
ing degrees of convective mixing or gravitational 
diffusion. 

The observational evidence makes clear that hot 
white dwarfs do not fall along a single theoretical 
cooling sequence. Unfortunately, the spectra of these 
weak and broad-lined objects do not contain much 
information about their composition. Perhaps a future 
look at some of the ultraviolet resonance lines from 
space will help us begin to understand this enigma. 

VI. SUMMARY 

The major results of this investigation may be 
summarized as follows: 

The local luminosity function of hot white dwarfs is 
presented in Figure 1 and Table 2. The total local 
density of white dwarfs is 1.43 ± 0.28 per 1000 cubic 
parsecs for Mv <12.75. 

3 Weidemann (1978), however, argues strongly against this 
hypothesis. 

697 

A model of the local rate of star formation and of 
disk-layer expansion, when combined with white- 
dwarf cooling theory, adequately reproduces the ob- 
served luminosity function as shown in Figure 1. The 
extension to fainter absolute magnitudes also agrees 
with observations, although the uncertainties in the 
data preclude a determination of the change in star- 
formation rate. The model predicts a range of scale 
heights for hot white dwarfs of 220-270 pc, which will 
be tested by the observed surface density at 20th 
magnitude. The total local density in degenerate stars 
expected from the models is at least 20 per 1000 cubic 
parsecs. 

The assumption of a single population of hydrogen 
white dwarfs with identical composition is not ade- 
quate to explain the scatter in the Strömgren u — b,b 
— y diagram. 

The most important conclusion, however, is that the 
theoretical understanding of both main-sequence life- 
times and the hot end of the white-dwarf cooling curve 
gives satisfactory agreement with the observational 
data. 
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PLATE 20 

0004 + 133 0014+098 0022+087 0037-006 0039+049 

0039+104 0046 + 078 0048+004 0048+091 0055 +016 

0102 + 096 0136 + 152 0142+148 0900+554 0906+ 597 

0933 + 383 0935 + 084 0939+072 0940+068 0948+534’ 

0953 + 025 0957+037 1012+008 1015+076 

\ 

1022+050 

Fig. 4.—Finding charts for newly discovered probable white dwarfs (from Table 3). Each chart represents an area approximately 10'5 on a 
side, with north at the top and east at the left. They are reproduced from the National Geographic-Palomar Sky Survey prints. 

Green (see page 687) 
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PLATE 21 
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Green (see page 687) 

1407+005 

1446+286 

1525 + 422 

1419+062 

1526+440 
Fig. 4—Continued 
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PLATE 22 
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Green (see page 687) 
Fig. 4—Continued 
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