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Summary. The orthonomal frame first found by Carter (1968) is the natural 
frame to use when interpreting Newman—Penrose formalism outside the 
event horizon of a Kerr black hole. Observers at rest in this frame rotate 
round the hole at constant r and 0 with angular velocity d<j>ldt = a/{r2 + a2). A 
simple set of Maxwell equations satisfied by field components in the Carter 
frame is obtained. Boundary conditions for a force-free black hole magneto- 
sphere are found. Expressions for the rate of loss of energy and angular 
momentum by a black hole to a electromagnetic field are derived in terms of 
the toroidal components of the field at the event horizon. They are evaluated 
for a field that is slowly rotating with angular frequency co and is approxima- 
tely uniform at radii satisfying M < r < 1/cj. If ^ is the magnitude of the com- 
ponent of the field perpendicular to the axis of rotation of the hole, the rates 

of loss of energy and angular momentum are (2/3) coÆÏaM2 and (2/3) B2aM2 

respectively in geometrical units. 

1 Introduction 

Many of the most luminous objects in the Universe appear to derive their power from very 
compact massive bodies. Matter accreting on to these bodies goes down a deep potential 
well, and the energy that powers the sources is presumed to originate as gravitational energy. 
If the compact body is a neutron star or white dwarf, there is no difficulty in explaining 

how the gravitational energy gets converted into photons: these bodies possess solid surfaces 
at which the accreting matter has to come to rest. Kinetic energy acquired by matter during 
infall is converted into thermal energy and then radiated away. 

It is, however, difficult to avoid the conclusion that a very massive compact body is going 
to end up as a black hole. Unlike neutron stars and white dwarfs, black holes do not possess 
solid surfaces. If matter accretes radially, only a small fraction of the potential energy goes 
into compressing and heating the gas, and of that only another small fraction can be radiated 
away before the matter disappears behind the event horizon (Shapiro 1973). 

This picture changes radically if one introduces any of the complexities that are liable to 
be present in reality. If the accreting matter possesses angular momentum with respect to the 
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458 R. L. Znajek 

hole, an accretion disk (Pringle & Rees 1972; Shakura & Sunyaev 1973) is likely to be 
formed, converting between 6 and 42 per cent of the rest-mass energy of the accreting 
matter into heat (Bardeen 1970a) and enabling the heat to be radiated away before the 
matter plunges into the hole. If a large-scale magnetic field is present in accreting plasma, it 
gets amplified and slows down the accretion process. The field grows until some resistive 
process becomes important, and then gravitational energy gets converted into heat via 
electromagnetic energy (Bisnovatyi-Kogan & Ruzmaikin 1974, 1976). If both magnetic field 
and angular momentum are present, energy is removed from the vicinity of the hole in the 
form of an electromagnetic Poynting flux, which can be converted into relativistic electrons 
over a region of sufficient size for inverse Compton scattering to be unimportant, and this 
energy can come from the rotational energy of the hole as well as from the accretion disk 

(Blandford 1976 ; Blandford & Znajek 1977). 
It is therefore important to study electromagnetic processes around black holes. Black 

holes are likely to rotate (Bardeen 1970a), but are unlikely to have enough electric charge 
when plasma is present to significantly affect the gravitational field (Wald 1974). We can 
therefore assume that the gravitational field of a hole is given by the Kerr metric. Over the 
last 15yr Newman—Penrose formalism and its expanded version, Geroch—Held—Penrose 
formalism, have been developed to study zero rest-mass fields. These formalisms are ideally 

suited to metrics (like the Kerr) which are ‘algebraically special’. There is an underexploited 
physical interpretation of GHP in terms of orthonormal tetrads. In Section 2 we outline GHP 
formalism and find that the Carter orthonormal tetrad (first found by Carter in 1968) is 
the natural physical frame to use outside the event horizon of a Kerr hole when interpreting 
results obtained from GHP. We obtain a set of relatively simple Maxwell equations satisfied 
by Carter components of the electromagnetic field. 

In Section 3 we study the behaviour of the Carter field components in the neighbourhood 
of the event horizon. This is used to derive boundary conditions satisfied by a black hole 

magnetosphere (Blandford & Znajek 1977). It is shown that a black hole behaves like an 
imperfectly conducting rotating body. In Section 4 we use the Carter tetrad to find the 
rate of loss of energy and angular momentum by a black hole to a vacuum electromagnetic 
fields in terms of the toroidal field components at the event horizon. The rates are explicitly 

calculated for a slowly rotating field that is uniform and oblique to the hole at large (but 
not necessarily infinite) distances from the hole. 

2 Orthonormal and null tetrads around Kerr holes 

NP formalism (Newman & Penrose 1962) uses null tetrads (1, ii, m, m} satisfying 

ln=l = —mm, (2.1) 

all other contractions being zero. There is a natural correspondence between any null tetrad 
and the orthonormal tetrad {e0, ei, e2, e3} given by 

eo = (l + n)/V2; e, = (1 - n)/V% (2.2) 

e2 = (m + m)/V2, e3 = (m - m)/?\/2. 

Vectors and symmetric tensors can be described by null tetrad components like // =/“/<* 
and Tim = Ta(ilamß. Physical components in the corresponding orthonormal frame (2.2) 
can be immediately deduced from the null tetrad components, e.g. J0 = J0 = (J¡ + Jn)l\/2 and 
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Black hole electrodynamics and the Carter tetrad 459 

Jl = - Jx- - Ui -Jn)/\/2. Antisymmetric tensors like the Maxwell tensor have null tetrad 
components 

<!>o= 

(fri^ViFnvilW+ mßmv) (2.3) 

<¡>2= FßVmnv. 

The electric and magnetic fields in the orthonormal frame are then given by 

Zf1 + zi?1 = 20i 

£2 + /£2 = 02-0o (2-4) 

E3 + ¿Z?3 = Í (02 + 0o). 

Using GHP formalism (Geroch, Held & Penrose 1973; Breuer 1975) it is very easy to 
perform a Lorentz transformation of the type known as a null rotation 

m->expO‘0)m, m-» exp(-/0) m. (2.5) 

Here f > 0 and 0 is real. The corresponding orthonormal tetrad is boosted in the codirection 
with 3-velocity (?2 -l)/(f2 + l) and spatially rotated about C! through the angle 0. Any 
quantity 7? is said to have type (p, q) if under the null rotation (2.5) it transforms like 

T? XpXqV 

where x = VF exp (/0/2). The NP differential operators A = n • V etc. and the spin coeffi- 
cients a, 0, 7 and e fail to have type because derivatives of f and 0 appear when they are 
transformed. Fortunately it is always possible to combine quantities without type so that 
their sum does have type. Specifically, the following operators (known as derivations) can be 
defined to operate on quantities of type (p, q) 

\) = D —pe — qe, 

\)' =D' +pe +qe, ^ 

ô = ô -pß + qß\ 

b^d’+pß’-qß. 

1> (‘thorn’) has type (1, 1) in the sense that 1>77 has type (p + 1, # + 1). Similarly, ö (‘edth’) has 
type (1, —1). For our purposes we shall require the Maxwell equations 

2nJi = 1)0! - ö'0o + r 0o - 2p0! + k02, 

27t/„ = 002- l)'0i-,r02 + 2p,0i-/<,0oJ (2-7) 

27T/m = Ö0! - 1)'0O + P^O - 270! + (702, 

= l)02 - d'0! - p02 + 2r'0i - o <f)Q. 

We now apply GHP formalism to Kerr black holes. In Boyer-Lindquist coordinates with 
geometrical units (c = G = 1), the metric of a hole of mass M and angular momentum aM is 

ds‘ 
=(■ 

2Mr\ . AMar sin1 d 2 
  dt2jr dtd<¡> dr2 

2 / 2 A 

„ A sin2 6 
Vdd2 d<t>2 (2.8) 
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460 R. L. Znajek 

where 2 = r2 + æ2 cos2 6, A = r2 — 2Mr + a2 and A = (r2 + æ2)2 - Ad2 sin2 (a/M)2 <1 for a 
‘realistic’ hole. One can write A = (r — a*+)(a* — r.) where r±= M ±\/(M2 — a2). r+ is the 
radius of the event horizon. 

The null tetrad normally used in Kerr spacetime was derived by Kinnersley (1969). Its 
contravariant Boyer—Lindquist components are 

.2 , 2 (r + a2 a\ 
, = \Ä~’^ A/’ 

[r2 + a2 A a \ 
n = l , ,0, — j, 

\ 22 22 22/ 
(2.9) 

m = (/¿z sin 0,0, 1, z/sinö)/\/2(/*+/ä cos 0).' 

It has been chosen so that 1 and n lie along the two principal repeated null directions of the 
Weyl tensor. The practical consequence of this is that /c, cr, v = — k and X = — a' all vanish 
(Newman & Penrose 1962). Furthermore, the length of 1 (and therefore of n, by (2.1)) are 
such that Re (e) = 0, and m has been rotated so that Im (e) = 0. 

The Kinnersley null tetrad has proved very useful for separating and solving the equations 
governing scalar, electromagnetic and gravitational perturbations of the Kerr geometry (see, 
e.g. Teukolsky & Press 1974; Breuer 1975, and references therein). However, the corre- 
sponding orthonormal tetrad suffers from two disadvantages. It is singular on the event 
horizon, and an observer at rest in the orthonormal tetrad has non-zero radial velocity. The 
latter is caused by the asymmetric normalization of 1 and n, and means that the orthonormal 
tetrad is unnatural in the sense that it frequently hides interesting features of the fields. 

In the next Section we shall use a null tetrad that is non-singular on the horizon to obtain 
boundary conditions for field components in frames that are singular, but otherwise useful. 
Here we obtain a null tetrad that is symmetric with respect to the principal null directions 
by null rotating the Kinnersley tetrad with f = V(A/22). The timelike and radial ortho- 
normal vectors are then 

i r2 + a2 a \ 
eH- ,0,0,-  , (2.10a) 

\V(2A) V(2A)/ 

e? = (0, V(A/2), 0,0) 

in Boyer—Lindquist components. An observer at rest in this frame travels round the hole at 
constant r and d with angular velocity al(r2 + a2) independent of 0. His 4-velocity eo is 
always timelike outside the event horizon. We choose \¡j in the transformation so that 
exp = — ß\fZ, where p = — \/(r - ia cos 0). Then eg lies along the usual 0 direction 

e§ = (0,0,1/VS, 0), 

(a sin 0 1 \ 
e^ = I —°, °, — 

sin 0\/2/ 0 \ V2 ’sin 0V2> 

The tetrad of 1-forms dual to the tetrad (2.10) was found by Carter (1968) 

<jù°c = V(A/2)(rir - a sin2 0 ri0), 

<4 = V(S/A)rfr, 

<4 = Vs¿0, 

sin Q 

(2.10b) 

Vs 
[(/* +0 ) d<¡)-a dt]. 
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Black hole electrodynamics and the Carter tetrad 461 

The spin coefficients k,\,v and o are still zero, but the symmetry requirement implies that e 
no longer vanishes. Components of tensors in the symmetric null tetrad or Carter ortho- 
normal tetrad will be labelled with a c. 

The physical significance of the Carter frame is that observers at rest in it see principal 
null congruence photons* moving with purely radial velocities. This leads one to suppose 

that Maxwell’s equations should be relatively simple in the Carter frame. It is shown below 
that this is indeed the case. Carter observers are not ‘locally non-rotating’ (LNR) observers 
(Bardeen 1970b) whose angular momentum with respect to infinity is zero and whose 4- 
velocities are orthogonal to the hypersurfaces t = const. However, the Boyer—Lindquist 
components of the Carter tetrad are simpler than the corresponding components of the LNR 
tetrad because the former do not contain the function A and because the angular velocity of 
the LNR observers depends on 6. The Riemann tensor also takes a simpler form in the Carter 
frame (Carter 1973) than in the LNR frame (Bardeen 1970b). This is not algebraically 
fortuitous, but is because the Kerr metric is of Petrov type D, i.e. it possesses the two 
principal repeated null directions from which we derive the Carter tetrad. 

If the hole has electric charge Q and magnetic charge P, the vector potential can be 

expressed as the 1-form 

-Qr 

V(2A) 

_ n P cot 0 . 
A = — (xPr a>? 

vs 

(Carter 1973), and the only non-zero field components in the Carter frame are 

Er = Qiy1 ~ a2 cos2 0)/E2 — 2Par cos 0/£2, 

By = P{r2 — a2 cos2 0)/22 + 2Qar cos 0/S2. 

An observer moving with a different toroidal velocity would also detect meridional fields. 
General stationary vacuum axisymmetric fields have been derived by Petterson (1975) and 
King, Lasota & Kundt (1975), using the Kinnersley null tetrad. Such fields were found to 
satisfy 

02=-p2(A/2)0o. (2.11) 

0o, 0i and 02 have type (2,0), (0,0) and (—2,0) respectively, and hence 

08= - pV(A/2) 00, 08 = (- l/p)V(2/A) 02. (2.12) 

Transforming (2.12) to the symmetric null tetrad we find that 

$ + 02 = 0 

which from (2.4) means that an observer moving with constant r and 0 sees no toroidal field 

components when the field is stationary and axisymmetric. Given any solution 0O, 0i and 02, 
the Carter field components E% and B% are easily obtained by transforming to the symmetric 
tetrad and using (2.4). 

To conclude this Section we derive the Maxwell equations satisfied by E% and B%. Sub- 
stituting into (2.7) the symmetric null tetrad and spin coefficients given in Table 1, and then 

* Photons moving along null geodesics whose tangent vectors always lie along one or other of the principal 
null directions; these geodesics ‘ “mold themselves into” the Kerr-Newman geometry in an especially 
harmonious way’ (Misner, Thorne & Wheeler 1973). 
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463 Black hole electrodynamics and the Carter tetrad 

separating the real and imaginary parts using (2.4), we obtain the homogeneous equations 

1 a 1 
0 = (2#) + - 

2 br, 

a 2VÄ 
(sin dBc

e) + — (B%) + -^ a cos dE 
sin 0 30c ' " 30c ' v" 23/2 

13 3 
(sin 6Ec

é) - — {Ec
e)  Bc

r = 
btc sin 6 bOc 

v b<pc 

3 3 1 3 _ 
-B*e = — W) - ^ - {y/EE%) 
dtc 30c a/A 3rc ^ 

3 1 3 _ 1 3 2ar sin 0 
- = — — (VÄ^g)- (2£1)+ —B? '0 VS 3rc 2 30, >3/2 

(2.13a) 

(2.13b) 

(2.13c) 

(2.13d) 

and the inhomogeneous equations 

, 1 3 1 3 3 2VÄ 
Ml = - - (2^,c) + — — («in ^ce) + — (^) - a cos 6Bc

r 2 br,. sin 0 30, 30, 

13 3 3 
47T/Í = (sin 9BI) - — (5§) (Ec

r) 

47t/c = 

sin 0 30, 

1 3 

30, 3i, 

— - (s/ÂBc
é) + — (#) (E%) 

VÄ3rc
VV 30c 

V 3tc 
V 

^ 1 3 _ ^ 1 3 3 2ar sin 0 
4*/?=vs a7,(- Ï ¿^ ^ « 

(2.14a) 

(2.14b) 

(2.14c) 

(2.14d) 

where dldtc = Cq -V, d/drc = - V = \/A7S(3/3r) etc. Apart from the radial sources at the 
ends of equations (2.13a), (2.13d), (2.14a) and (2.14d), all the terms correspond directly to 
terms in the flat space Maxwell equations. The new terms result in magnetic fields generating 
electric fields and vice versa: this is the origin of the field-mixing noted by Wald (1974) and 
Petterson (1975). 

3 The event horizon and the force-free magnetosphere 

All that is required of physical fields in the neighbourhood of an event horizon is that their 
components be finite in any well-behaved frame. The latter can be obtained from a null 

tetrad whose vectors are finite and non-zero on the event horizon; this is verified by using 
a non-singular coordinate system, e.g. Kerr coordinates. An appropriate null tetrad can be 

obtained by null-rotating the Kinnersley or symmetric tetrads by an amount that becomes 
suitably infinite on the horizon (cf. Teukolsky 1973). We choose to transform away from 
the symmetric tetrad with f = \/(A/2) and exp(z‘0)= - This results in a null tetrad 
that is non-singular on the horizon, with the corresponding orthonormal tetrad stationary 
at infinity, and with e| = 0. (Components in this ingoing system are labelled with an i.) 

Null tetrad components in the ingoing frame must be finite. From the relations 

/|=V(A/2)/f, 4 = V(2/A)^, Ji
m = -psfZJc

m (3.1) 

for the current and 
-1 

00 — P\/A0O> 01 - 0n 02 7r (3-2) 
PVA 

© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 



19
7 

7M
N

RA
S.

17
9.
 .

45
7Z

 

464 R. L. Znajek 

for the electromagnetic field, we deduce that 

^ = o(i)=4, 

4 = 0(1/VÄ) = 4, (3-3) 

4+4 = o(VÄ), 

and 

^ = 0(1) = #, 

^,^,5§and^ = 0(l/VÂ), (3-4) 

+¿?¿ = 0(VÁ) = £g 

as we take the limit r r+. These relations must be true everywhere on the event horizon. If 
we try to take the limit holding t and 0 constant, we merely trace out a path spiralling round 
the event horizon into the infinite past. It is generally necessary to use non-singular co- 
ordinates. Suppose however that the field is axisymmetric and nearly stationary. If the field 
and the hole change over timescales much longer than the light-travel time, a strictly 
stationary solution is a good approximation. Such a solution extends back into the infinite 
past and it ^ possible to check its behaviour at the event horizon by taking r holding t 
and 0 constant, because the field and metric are invariant under translation along the trajec- 
tories of the Killing vectors (3/di) = (3/3u) and (3/30) = (3/30), so that there is no differ- 
ence between this limit and the one we would have obtained holding the Kerr coordinates 
v and 0 constant. 

How general are the boundary conditions (3.3) and (3.4)? Consider any system of 
observers rotating around the hole with constant r and 0 and angular velocity o?(r, 0). Their 
3-velocity with respect to the Carter observers is 

. sin 0 co(r2 + 02) - 0 
7F ‘ ~¡ ^ 2 n * (3*5) V A 1 — ¿ko sin 0 

For physical observers Iu^|<l, so 

lim co = al(rl + a2) = £2H, 
r^r+ 

the angular velocity of the hole (Misner, Thorne & Wheeler 1973). The rate at which co 
approaches Í2H determines 

lim vf = vf. 
r-*r+ 

If v? is non-zero, then the boundary conditions satisfied by fields measured by the new 
observers can be obtained by Lorentz-transforming (3.3) and (3.4), and are rather more com- 
plicated. Boundary conditions in the Carter frame are simple because it is possible to obtain 
a physical frame by giving the Carter frame a purely radial boost. This cannot be done with a 
frame for which as the timelike orthonormal vector is pointing in the wrong direc- 
tion. It happens that for LNR observers v£ = — a sin Q\/Äl(r2 + a2), and so field components 
in the LNR grame also satisfy (3.4). King, Lasota & Kundt (1975) obtained a well-behaved 
frame by giving the LNR frame just such a radial boost. 

When the electromagnetic field is sufficiently strong and there are enough charged 
particles present to support the necessary space-charges and currents, a force-free magneto- 
sphere is established. This is described in detail in Blandford & Znajek (1977). We now 
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Black hole electrodynamics and the Carter tetrad 465 

derive constraints that a force-free magnetosphere must satisfy at the event horizon. In a 
force-free situation particle inertia is negligible, so that the electromagnetic force on each 
particle has to be zero. Summing over all particles, 

FßvJv = 0. (3.6) 

It is convenient to express in terms of a vector potential: FßU = AVß— A^v. Av is 

required to be stationary and axisymmetric. A0 and A^ are then unique up to a constant. 
Equation (3.6) is a sufficient condition for magnetic field lines to lie in the surfaces of con- 
stant ^ (Carter 1976, private communication). . 

Having obtained a solution of Maxwell’s equations satisfying (3.6), it is necessary to 
check that Jv can be produced by particles of opposite charge travelling slower than light 
with zero electric field in their rest frames. Clearly a necessary condition is that the Lorentz 
invariants satisfy 

E*B = 0, B2 — E2>0. (3.7) 

It turns out that this is also a sufficient condition (Znajek 1976). Equation (3.7) has to be 
strictly satisfied in the limit r-+r+\ the force-free solution is then consistent with particles 
never leaving the hole. 

Equation (3.6) automatically implies that E • B = 0 because 

AQ r = - g¿40,r, A),0 = ~ (3-8) 

with Aq and co functions of Aq only. Furthermore, Bj = (A/2) sin 0 -Frß is also a function 
of Aq. The Carter field components are 

Ey = [{a - co(r2 + a2)) 4/>,,]/2, Ec
e = [{a - co(r2 + a2)) ]/V(A2), 

B? = [(1 — aco sin2 0)4m]/(2 sin 0), Bq = [— \/Â(l - aoo sin2 0)^ ,.]/(2 sin 0), (3.9) 

Va _ b^ 
£1 = 0, Bc

d) = —Frß = 
VA sin 0 

Conditions (3.4) are satisfied if and only if Aq is finite at the horizon and 

2Mr+{cj - Í2H} d 
BT(Mr+, Ö)) = A)P(r+, 0). 

ri + a cos^O dd 
(3.10) 

Conditions (3.3) then follow from the Maxwell equations. Given Bt(Aq) and Aq, this fixes oj 
on field lines crossing the horizon. Energy is extracted from the hole if 0 < co < Í2H. 

Neutron stars and accretion disks are very good conductors, so that in any locally co- 

moving frame there is no electric field. As tangential electric fields are continuous across sur- 
faces, the boundary condition that replaces (3.10) for a neutron star magnetosphere 
(Goldreich & Julian 1969) or accretion disk magnetosphere (Blandford 1976) is that co(Aq) 
is the material angular velocity of the conductor at the foot of the field line ^0. Equation 
(3.10) shows that a black hole does not behave like a perfect conductor. When co ^ Í2H, 
dissipation occurs in the form of the irreducible mass of the hole increasing (Blandford & 
Znajek 1977). 

It remains to show that B2 — E2 > 0. Because 

(Er)2 + (Ece)2 = (vi)2m)2 + (Btfl 
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466 R. L. Znajek 

where is given by (3.5), it is only necessary to do this outside the outer light surface 

= 1 and inside the inner light surface u£ = — 1. In those two regions there has to be enough 
toroidal magnetic field for the particles to be able to ‘slip back’ along the field lines and 
avoid travelling faster than light. As the direction of the toroidal field is the same in each 

hemisphere, this means that particles have to travel outwards through the outer light surface 
and inwards through the inner light surface, so that the particle-production mechanism 
described in Blandford & Znajek (1977) must operate between the two light surfaces. 

4 Energy extraction by a slowly rotating uniform vacuum field 

Suppose we have a rotating hole in a vacuum electromagnetic field whose dependence on t 
and 0 is given by exp(zm0 - zatf). Then the angular velocity of the field pattern around the 
hole is co/m. If 0 < co/m < £2H, the hole loses energy to the field (Press & Teukolsky 1972). 
As in the case of the magnetospheric field of Section 3, there are then two light surfaces, 
which can be found by setting |i^|=l in equation (3.5) and replacing co by co/m. When 

|Ucl>l> the field behaviour can be described in terms of wave propagation (c/ the field 
outside the light surface of non-axisymmetric rotating dipole). Within the inner light 
surface (of = - 1) the field behaves like an inwardly propagating wave from the point of 
view of a local physical observer, but like an outwardly propagating wave in Boyer— 
Lindquist coordinates (Press & Teukolsky 1972). Outside the outer light surface (of = 1) the 

field consists of two waves, an inwardly propagating wave carrying energy towards the hole 
and an outwardly propagating wave carrying energy at a faster rate away from the hole. 
Although the two waves are independent at infinity, they have to be present together in a 
certain ratio and phase in order for the field to be physical at the event horizon. The ratio 
can be interpreted as an amplification factor. It was calculated analytically by Starobinsky & 
Churilov (1973, hereafter SC) in the limits coAf < 1 and 1 — co/mi2H < 1, and numerically by 
Teukolsky & Press (1974, hereafter TP) for general co and m. 

It is difficult to conceive of a likely situation in which radiation is incident from infinity 
in a manner that results in the hole losing energy. In fact a reasonable ‘radiation condition’ 
at infinity is that there is no incident radiation. It is more plausible to postulate a source of 

electromagnetic field at a finite distance R from the hole, with angular velocity co in the 
same direction as that of the hole. If co is the Keplerian angular velocity, and R>M, 
coR = \/(M/R) <1. We assume that there are no significant charges and current in r+<r<R,so 
that the results of SC and TP can be used in the vicinity of the hole. (This is not the case if 
the magnetic field is too strong as the vacuum near the hole would break down due to pair 
production and a magnetosphere would be established (Blandford & Znajek 1977).) As 
0 < co/m < Í2H, the hole will lose energy which will either be absorbed by matter at the 
source of the field or will be radiated away to infinity. 

In this case there is no point in calculating an amplification factor as there is no wave 
incident from infinity. It is more useful to relate the rate of energy extraction to the 
strength of the field at its source. Below, we use the formalism of Section 2 to derive 
generally valid expressions for the rate of loss of energy and angular momentum by a black 

hole to a field varying like exp (zm0 - icot), in terms of the toroidal fields at the event 
horizon. We then perform an explicit calculation for the case of a field that is an essentially 
uniform magnetic field in the region As coÆ<l, the field is approximately 
stationary, and we use the results of SC to relate the field at the horizon to the field at the 
source. 

We proceed in a manner common in flat space electrodynamics and assume that all 

quantities depend on t and 0 as exp(/m0 - zotf). It must be emphasized that this is a 

© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 



19
7 

7M
N

RA
S.

17
9.
 .

45
7Z

 

Black hole electrodynamics and the Carter tetrad 467 

different complexification from that of NP formalism. In equations (2.4), Ek and Bk are 
real. We note that 

d _ -iK d _ iN 

dtc \Z(2A)’ 80c sin 0 • \/2 

where 

= (a*2 + a2) co - am, N= m — aoo sin2 0. 

The ‘real’ fields will be given by E% = Regexp [/ra0 - zcoi)], etc. Ek and^ depend only 
on r and 0. We define BT = sindy/ÄB^, ET = sin dy/AE^, and solve equations (2.13b), 
(2.13c), (2.14b) and (2.14c) assuming no sources to be present, obtaining 

Bt = 
.ir 

bB'r bEj 
NA —--Ksind —^ 

dr 00 - 

iy/ÄI 
= \ AT sii 

dEj' dBj 
Be = —¿r [K sin 0 —- + TV —- 

^ I dr 00 

dET dB'v 
Et = - {NA —+ Ksind— 

dr 00 

Ee 

.Jr 

iVE Ö3v Ôl'.y 
K sinO —- + N — 

dr de 

(4.1) 

where ^ = K2 sin2 0 — N2A. 0 on the light surfaces, and A' = 0 at the radius at which 
the Carter observers corotate with the field. It is interesting that at A = 0 the effective poten- 
tial derived by Chandrasekhar (1976) is singular and the radial coordinate he uses to remove 
the explicit dependence of the equations on m takes its minimum value. If we substitute 
(4.1) into (2.13a), (2.13d), (2.14a) and (2.14d) we obtain two independent equations for 
Ej and Bj. Putting 

A ~ Bip + iEj, Y ~~ Bnç iEj, (4.2) 

we find two separate complex conjugate equations for A and Y. As it does not appear to be 
possible to separate the independent variables we have to rely on known solutions, using 

2y/Â sin 0(0o + 05) = X exP (~ im<P + ^0 + Xexp (im<¡) - icot) (4.3) 

obtained from (2.4) by substituting the real part of B# exp (zm0 — icot) for Bq, etc. TP found 
the Kinnersley null tetrad components 0O and 02 by separation of variables 

<Po = exp (im<p - icot) iR^imir) 

P~2<Pi = B exp (im<¡> - iu>t) -Æ/mO?) ^4'4^ 

where ^ is a constant. The incoming and outgoing waves at infinity for such modes will both 
either have positive or negative helicity. In our context the field is linearly rather than circu- 
larly polarized, and symmetric between 0 <7r/2 and 0 >tt/2, so we have adopted a notation 
which can deal with (oo,m) and (- co, -m) modes simultaneously, as is demonstrated by 
(4.2) and (4.3). 
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468 R. L. Znajek 

The conserved radial energy and angular momentum fluxes (Blandford & Znajek 1977) 
are respectively 

a sin 0y/A , A 
¿r = Tr

t = + - rc
f, 

2 2 

(r2 + a2) sin 9\/A mràt a sin2 0A mj.f 'TTT 1 C » 

where Tr
t, are Boyer—Lindquist components of the energy-momentum tensor and the 

Carter components are given by 

4T'Tr*=-Ec
rE%-Bc

rBl 

W^EtBl-ElBl 

Averaging over 0 and i, 

4n(âr) = (co2A.c/+ (ko sin 0 + —W 
22JT l \ sin 0/ ) 

47T<Ä"'> 

where 

Im 

and 

2ZJT 
{m2A^+ sin 0(A:(r2 + a2) + aNA).#} 

^ jRe (BT) - Re Im (^T) + Im ïjRe (ET) - Re j Im (^T) 

^ (Re (£7) Im (£7) — Im (£7) Rc (£7)}. 
dO 

The energy flow across a surface of constant radius is 

2ir f” dd(<?r) Z sin 6 
Jo 

and similarly for the angular momentum. 
From Teukolsky (1973) we find, using (4.3), that near the horizon £7 and £7 both vary 

radially as exp /£a-^),_ where k = K/2Mr+ and drJdr = (r2 + a2)/A. Hence at r = r+i 

s/ = - (K/A)(BjBj + ÊjËj). Integrating over the horizon, the terms in & disappear as 
£7 = £7 = 0 when 0 = 0 or tt. The rates of change of the hole’s energy and angular momen- 
tum are therefore 

jti rn BjBj + £7£7 
L - — I dd 2 

4£j0 sin 0 

co . 
M=-L, 

m 

XX + YY 
 2 

sin 0 

with r = r+. 

(4.5) 
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Black hole electrodynamics and the Carter tetrad 469 

As we shall only require L and M to lowest order in cuAf, we can assume that X and Y 

are static solutions (co = 0). If OccoAT^l, the torque L is essentially the same as when 
60 = 0, and the rate at which the field gains energy is just the product of its angular 
velocity and the torque. X and Y would only be significantly affected by co in the outer 
radiation zone, which is of no interest to us. 

The radial functions in (4.4) satisfying correct boundary conditions at the horizon were 
found by SC to be of the form 

/ x \iQ 

sRlm(r) = Am\  I (x(x + 1)) s íí’lí-/ - S./- s + 1 - s “ 2/0; *+1) (4-6) 
\x + l/ 

for cor <1, independent of co, where 

x = (r - r+)/(r+- r-), Q = am/2\/(M2 - a2), 

the sCim are normalization constants and 2Fi is the hypergeometric function. As -/-s is 
a non-positive integer, the series expression for 2Fi truncates. For a uniform field at 7? we 
only require the / = 1, m = 0, ± 1 modes. Adopting the normalization of TP, 

f (¡¡Suim)2 sine d6 = 1. 
Jo 

Neglecting aco, the angular functions sSim are the spin-weighted spherical harmonics 
(Goldberg et al 1967). We require 

^1= V(3/8)(cos0-l) = -151-1, 
, (4.7) 

=-^3/8X008 0+1) = -! 5, 

and -sRim describe different aspects of the same field and are therefore connected by 
‘ladder relations’ (TP). For rco ^ 1, r > Af, these relations give 

r2 

— (4.8) 

where 5 = /(/ + 1) + 0(¿zco) is the constant first encountered in (4.4). Here B = 2. We choose 
the constants s^lm to be 

2Ö2 + iQ 

-{M2 -a2) 

Then the ladder relations are satisfied for r>M and therefore everywhere, and for 
M<r< 1/co the field is a slowly rotating uniform magnetic field of strength 2?i, perpendicular 
to the hole’s axis of rotation. The radial functions are then 

\Rim = exp (iQ In ((r - r+)l(r - r-))){2Q2 + iQ + ( \ - 2iQ)(x +1) (x + l)2} 

¡R 

V3A 

-BlA 
(4.9) 

im 
4s/3 

exp (iQ In ((/• - r+)/(r - ?-))) 

© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 



19
7 

7M
N

RA
S.

17
9.
 .

45
7Z

 

470 R. L. Znajek 

(4.10) 

Using (4.7) and (4.9), we find that in the limit 

+ Œÿ = 0S + 02 = COS (0 - coi). 

Taking 2?! to be real, this is the required field. Using (4.3), we see that X(r,Q) = Y(r, tt — Q). 
On the horizon 

-iaB\S\nd ,—* ^ 
T(r+, 0) = (yjM2 - a1 + ia)(xl(x + l)y^(cos 0 - 1). 

r+ - ia cos 0 

Hence (4.5) gives 

As the / = 1, m = 0 mode is orthogonal to the / = 1, m = ± 1 modes, the case of an oblique 

field can be treated by considering the perpendicular {B]) and parallel (Æy) modes separa- 
tely. But the parallel field is axisymmetric, so X= 0, no energy or angular momentum is 
extracted by it, and (4.11) is still valid. This agrees with a calculation by Pollock (1976, 

private communication) for a strictly stationary field in the limit 00. 

5 Summary and applications 

We have used the Carter tetrad as a link between null tetrad formalisms and their physical 
applications around Kerr holes. The boundary conditions satisfied by electromagnetic fields 
at the event horizon show that a force-free magnetosphere need not necessarily rotate (in the 
sense of Blandford & Znajek 1977) with the same angular velocity as the hole, and so the 
hole does not behave like a perfect conductor of electricity. This is relevant when plasma 
accreting in a disk amplifies a magnetic field to a level at which pair creation can occur and 
establish a magnetosphere above and below the disk (Blandford & Znajek 1977). 

It is possible for a black hole to interact with electromagnetic fields even when no plasma 
is present in the immediate vicinity of the hole. For example, a cloud of plasma left over 
after the gravitational collapse of a star could orbit round the hole that has been formed, and 
any large-scale non-axisymmetric field embedded in the plasma would affect the energy and 
angular momentum of the hole. Alternatively, the field could be generated by a neutron star 
near the hole. There is no reason why accretion should necessarily take place, and the fields 
are unlikely to be strong enough to break down the vacuum by pair creation. We have 
obtained expressions for the rates of loss of energy and angular momentum by the hole to 
the field in terms of the toroidal electric and magnetic fields at the horizon, for the case 
when the field varies like exp(/m0 - loot) and no charges or currents are present very close 
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Black hole electrodynamics and the Carter tetrad 471 

to the horizon. These expressions have been explicitly evaluated for a quasi-uniform field of 
magnitude perpendicular to the hole’s axis of rotation. 

The energy and angular momentum is transported by stresses in the field due to curvature 
of the field lines induced by the hole. If the field is frozen into a cloud of plasma orbiting 
the hole at radius R, then the cloud will absorb this energy and angular momentum, but it 
will also act as a source of radiation to infinity, losing energy and angular momentum at 
rates we estimate to be 

Moc ~ 2/3 C04p2, Zoo ~ 2/3 C03p2 (5*0 

where p is the dipole moment of the field outside the cloud and co = \/(M/R3). An equili- 
brium may occur if the net loss of energy by the cloud is zero. If the field near the hole is 
quasi-uniform, then equating (5.1) and (4.11) we have 

B\aM2 - u)3p2. (5.2) 

p will be of the order of magnitude 

R x (Flux through source) 

and depends on the geometry of the source as well as R and B^. Whether or not the equili- 
brium (5.2) is stable depends on how p varies with R\ for stability an increase in R must 
result in more energy being lost to infinity than is gained from the hole. If stability can 
occur, then the angular momentum and some of the energy of the hole will be transported 
to infinity by very low frequency electromagnetic waves on a timescale L/L ~ l/B2M. 
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