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ABSTRACT 
Spectral lines are more effective in slowing the transport of radiation in expanding (or contract- 

ing) objects than in static ones. The velocity gradient associated with the expansion causes the 
frequency of the photons to be continuously redshifted relative to the rest frame of the gas 
through which they travel. Those photons which are redshifted to the frequency of a sufficiently 
strong line will be absorbed by the corresponding bound-bound transition, and the net effect will 
be to increase the effective opacity of the gas. In certain cases the effect can be taken into account 
by using an effective opacity, the expansion opacity, which is a function not only of the tem- 
perature and density but also of the velocity gradient. 

Practical formulae for computing the expansion opacity and its Rosseland mean in terms of 
sums over spectral lines are derived. It is shown that the cumulative effect of many weak lines can 
be important, implying that a large list of spectral lines is required to obtain results of even 
modest accuracy. Numerical computations using the 260,000-entry line list of Kurucz and 
Peytremann have been completed and some samples of the result are given. The general effect 
may be important in many astronomical objects, but only in some of these will the detailed 
approach of this paper be appropriate. In optically thick supernova shells, the effect is important 
both in maintaining the radiation in thermal equilibrium as it diffuses out of the shell and in 
increasing the value of the total opacity. The enhancement of the opacity ranges from less than 1% 
to more than an order of magnitude, depending on the temperature, density, and velocity gradient. 
Subject headings: opacities — radiative transfer — stars: novae — stars: supernovae — 

stars: variables 

I. INTRODUCTION 

The theoretical prediction of the rate of radiation transport in optically thick objects is usually a straightforward 
application of diffusion theory. The relevant transport coefficient, the Rosseland mean opacity, is obtained by 
averaging the photon mean free path over the temperature derivative of the Planck function. In static objects the 
contribution of spectral lines is often small because relatively few photons have frequencies within the narrow spectral 
lines. In an expanding object, however, the frequency of the photons suffers a continuous Doppler shift with 
respect to the rest frame of the material, in close analogy to the redshift of photons in the expanding Universe. 
Thus each photon has an increased probability of interacting with a line. This paper shows that, under certain con- 
ditions, this enhanced effect of spectral lines can be taken into account by replacing the ordinary static opacity by 
an effective opacity, here termed the expansion opacity, and applying diffusion theory in the usual manner. 

The approach of this paper is largely intuitive. It is based on simple kinetic theory arguments about the mean 
free path of a typical photon. Contrary to classical diffusion theory, in which one assumes that all conditions 
change very slightly over a photon mean free path, the expansion opacity applies only if the frequency change of a 
photon, which is proportional to its mean free path, is large compared with the thermal width of the spectral lines. 
Although the treatment defines a monochromatic expansion opacity, this concept is not straightforward because 
each photon has a range of frequencies. The expansion opacity for a given frequency is arbitrarily taken to depend 
on the mean free path of all those photons which originate at that frequency. 

A major aim of this work is to improve the precision of the light curve predictions of models of Type I supernovae 
computed by Lasher (1975, hereafter Paper I). It was argued in that paper that even weak lines of fairly low- 
abundance elements will contribute to the effect. The enhanced interaction of the photons with the spectral lines 
is also necessary in these models to justify the assumption that the radiation remains in thermal equilibrium as it 
diffuses through the expanding supernova shell. 

The fact that the effect of the interaction of radiation and spectral lines is enhanced in moving media has been 
recognized by others. In particular, Castor (1970, 1974) and Castor, Abbott, and Klein (1975) have considered an 
effect similar to the one discussed here. Their treatment is quite different from that of this paper because they are 
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considering optically thin objects, namely, stellar atmospheres and winds, where many of the assumptions of this 
paper are not valid. In spite of this fundamental difference, there are several results that can be applied to both 
models. 

Section II of this paper is a general discussion of radiation transport in an expanding medium. After five days 
or so from the start of the expansion, the velocity of the gas in a supernova shell is approximately proportional to 
the radius vector from the center of the shell, and in this case the mean free path of a photon is independent of its 
direction even when the expansion effects are taken into account. The velocity gradient is uniform throughout the 
shell and is equal to the reciprocal of the time since the expansion began. In this velocity field one may define an 
effective opacity which enters the diffusion equation in the usual way. The total opacity, including the enhanced 
contribution of the spectral lines resulting from the Doppler shift in the expanding shell, will be termed the 
expansion opacity. The expansion opacity is found to depend on the velocity gradient only through a dimensionless 
quantity, the expansion parameter s = Kcpct, where kc is the continuous opacity, p the density, and t the time since 
the expansion began. Section II concludes with a discussion of the variation of the expansion opacity with s, 
showing that it is proportional to s at very small values and falls off as s“1 for large values of that of that quantity. 

In § III a practical algebraic expression is derived for the expansion opacity in terms of a sum over the spectral 
lines. A simplified expression for its Rosseland mean is also given. The numerical results for the expansion opacity 
reported in § IV are given in terms of an enhancement factor e which is simply the fraction of the total expansion 
opacity due to the spectral lines. The basic information required to calculate the expansion opacity is a list of 
spectral lines including their frequencies, the excitation energy of their lower levels, and their oscillator strengths. 
A list of 25,000 lines used by Fowler (1974) for a line-blanketed model of Sirius was found to be inadequate. A 
longer list with semiempirical oscillator strengths computed by Kurucz and Peytremann (1975) containing 260,000 
lines gave a significantly greater expansion opacity. Even this list should be extended to higher frequencies and 
ionization states in order to be completely adequate for the models of Paper I. The numerical results are given for 
three abundances, a typical solar abundance, a hydrogen-poor abundance, and a zero hydrogen abundance. These 
results show that the opacity is increased by a factor of 2 or more over much of the temperature, density, and 
velocity gradient domain of the models of Paper I. The results thus indicate that the expansion effect is not only 
sufficient to keep the radiation of the supernova shell Planckian at the local gas temperature as it diffuses through 
the optically thick shell, but it also significantly increases the total opacity. Section V is a discussion of the assump- 
tions and approximations that are made in the derivations of § III and consequently are reflected in the numerical 
results of § IV. Section VI concludes the paper with a discussion of possible applications of the expansion opacity 
to astronomical objects other than supernova shells. 

II. RADIATION TRANSPORT IN AN EXPANDING MEDIUM 

The fact that spectral lines are more effective in slowing the transport of radiation in expanding objects than in 
static ones plays an important role in models for supernovae (Paper I). In these models, the presupernova is a super- 
giant with a degenerate core and an extended envelope consisting of one or two solar masses of material at a 
density of 10“8 or 10“9 g cm“3. The core accumulates mass as the envelope material is burned in one or more shells 
surrounding the core. When the core mass exceeds the stability limit, the core collapses, depositing thermal energy 
of about 1051 ergs at the base of the envelope. A strong radiation-dominated shock wave propagates outward 
through the envelope and breaks out of the surface; a rarefaction wave then further accelerates the envelope form- 
ing a high-velocity shell. After about five days, the hydrodynamic activity ceases, and the material coasts outward 
at terminal velocity. As the shell becomes optically thin, the radiation diffuses out. 

This duffusive release of radiant energy is responsible for the light output of the supernova during the first 30 days, 
the period of maximum luminosity. The effect of the continuing expansion of the shell and its consequent enhance- 
ment of the interaction of the radiation with the spectral lines is important in obtaining correct quantitative results 
from the model. It is also needed to justify the assumption that the radiation stays Planckian at the local gas 
temperature as it diffuses out of the shell. 

After the shell has moved at a constant velocity for a sufficiently long time, the radius of any portion will be 
approximately equal to the product of the time t since the beginning of the expansion and the terminal velocity 
of that portion. Thus the radial velocity v is, simply, 

v = rjt. (1) 

This velocity field has the property that the relative velocity vector of any two points is simply given by their 
relative separation divided by the time L 

t>i2 = Vi - v2 = (iy- = f*12/¿. 

Thus not only the radial-velocity gradient but also the velocity gradient in any arbitrary direction has magnitude 
i “1. Such a velocity field has an isotropic velocity gradient. In the following discussion, it will be seen that the effect 
of the expansion in decreasing the mean free path of a photon is a function of the velocity gradient. In the presence 
of an isotropic velocity gradient, the mean free path is independent of the direction of the photon, and the effect 
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is particularly simple. In a general velocity field, the mean free path will be a function of the direction of the photon, 
and the theory of radiation transport will be more complex. 

After 10 days, the density p in the supernova shell is very low, about 10"12 g cm-3. Examination of a standard 
opacity table shows that, at such low density, the opacity is due to electron scattering almost exclusively (Cox and 
Stewart 1970). In the remainder of this paper it will be assumed that electron scattering is the only source of 
continuous opacity. This assumption simplifies the development, because the electron-scattering opacity is inde- 
pendent of frequency. While there is no difficulty in principle in including any source of continuous opacity, there 
would be some complications if the frequency variation of the continuous opacity were too rapid. 

A photon in the expanding shell suffers a continuous Doppler shift of frequency with respect to the frame of the 
material at a rate given to order v/cby 

The model applies only if the shell is optically thick, and the ratio of the mean free path X to the radius r is small. 
The time of flight of a photon is, in this case, much smaller than the time since the beginning of the expansion, 

X/c « r/c = (v/c)t. 

Therefore, the velocity gradient is relatively constant during the flight time of a photon. Equation (2) may be 
integrated with t constant to give the flight time of the photon tQ1 and thereby the distance xQ1 that it travels while 
its frequency is shifted from its original value v0 to its final value vl9 

*01 = ctQ1 = ct In (vq/vi) , 
or 

= v0exp(-x01/ct) . (3) 

This continuous redshift of a photon is like that experienced by a photon in a Friedmann model of the expanding 
universe. 

A helpful understanding of the nature of the expansion opacity is obtained by calculating the effect of a single 
strong line. The ordinary static opacity has in this case the frequency dependence sketched in Figure la, where v1 
is the frequency at line center. Consider a photon whose original frequency v0 is slightly greater than the line fre- 
quency Vi. As it travels through the shell, its frequency will continually decrease until it reaches the line (i.e., it has 
a frequency near i^), at which time it will be absorbed in the very strong line. Equation (3) gives the distance the 
photon must have traveled before being absorbed by the line, namely, ct In (vq/v^. By the usual relationship 
between mean free path and opacity, the expansion opacity at a frequency v0 just slightly greater than the line 
frequency is 

KexpO'o) - [pet ln (voM.)]"1 = J ’ (4) 

where s = aepct is the important dimensionless parameter in determining the expansion opacity. The argument of 
the expansion opacity Acexp was chosen to be vQ, the initial frequency of the photon. This convention of referring the 
expansion opacity to the original photon frequency will be kept throughout. 

If s is reasonably large, it is equal to the reciprocal of the relative Doppler shift of a photon between electron 
scatterings. This assertion can be shown by using equation (3) to evaluate the average relative frequency shift from 
initial frequency vQ to final frequency v, assuming that the photons are subject only to electron scattering, 

vp — v 
Vp 

= <1 - exp(-Yff/cO> 
ct (Jepct (5) 

where Xa = (vepY1 is the scattering mean free path, and the brackets indicate averages over different photon paths. 
The approximation follows from the assumption that the mean free path is small compared to ct, which is larger 
than the radius of the shell. 

Figure 16 is a plot of equation (4) and shows that the single strong spectral line gives rise to a broad structure 
in the effective opacity. The width of the structure arising from a single strong line is proportional to the reciprocal 
of the parameter .s; that is, if vQ is close to vu the logarithm in equation (4) is approximately equal to 

= Vp - V! ^l Í (Je \ 
^1 ^ x^exp/ 

If the effective width is defined to be the frequency difference between the points where the line contribution to 
Kexp equals the electron-scattering opacity, then Aveff = vjs. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



164 Vol. 214 KARP, LASHER, CHAN, AND SALPETER 

Fig. 1.—(a) A sketch of the total static opacity in the vicinity of a spectral line. If the line is not present, on the average a photon 
starting at a frequency v0 will travel a scattering mean free path, Xa = (r2 — rQ) — (uep)'1. If the line is present, the mean free path 
will be X = (ri — r0) — (/Ceffp)-1 which is less than Xa. (b) A sketch showing the effective opacity due to an infinitely strong, 
infinitely narrow line at a frequency vi. The width w of the effective profile is inversely proportional to the expansion parameter 
s = oepet. The expansion opacity Kexp ~ *eff + oe. 

Equation (4) is not exact because it neglects the possibility that a photon may be scattered before reaching the 
line. This simplification was made merely to clarify the argument; the derivation of the general formula for the 
expansion opacity in the next section will not make this assumption. 

Roughly speaking, then, the expansion of the shell broadens the spectral lines to an effective width equal to their 
frequency divided by the parameter s. It will be shown below that this effective width is the Doppler shift experienced 
by a photon traveling one scattering mean free path. The effect of strong lines on the Rosseland mean opacity is 
often small, because the lines are narrow compared with their separation, and only a small fraction of the photons 
interact with the atomic transitions. If v/s is greater than the Doppler width, the broadening of the spectral lines by 
the expansion can, therefore, significantly increase the effective opacity. 

When the velocity gradient is sufficiently small, the parameter s "1 is much smaller than the typical relative 
frequency spacing of spectral lines, and the slight broadening of the lines will not affect a large fraction of the 
photons. In this case, the effect of the expansion on the Rosseland mean opacity will not be important. 

On the other hand, at very large values of s-1, a quite different consideration predicts that the increase of the 
opacity arising from the expansion is small. A large value of ^ “1 implies a large value of the velocity gradient, and 
the time that a photon stays within the frequency range of a line will be short. In this limit only a small number of 
atoms will be encountered by the photon while it has the proper range of frequencies, and the probability that it will 
interact with the atomic transition will be small. In the next section it will be seen that this effect is expressed 
mathematically by associating an optical thickness with each line that is proportional to For small values of .s, 
then, the effect on the Rosseland mean opacity will also be small. When s lies between these extremes, the opacity 
will be enhanced significantly. 

III. DERIVATION OF THE EXPANSION OPACITY 

In the preceding section it was shown how the contribution of the spectral lines to the total opacity is enhanced 
by a velocity gradient and how this enhancement is characterized by the expansion parameter s = <Tepct9 where t is 
the inverse of the velocity gradient, the time since the beginning of the expansion. In this section an expression will 
be derived for the expansion opacity in terms of the strengths and frequencies of the spectral lines by considering 
the history of a typical photon. 

The derivation begins by expressing the mean free path of the photon as the integral of the exponential of the 
optical depth over distance. The probability that the photon travels a distance x without being scattered or absorbed 
is>_T(jV), where r(x) is the optical thickness of the material traversed by the photon in traveling a distance x. Given 
that the photon reaches x, the probability that it is scattered or absorbed in the interval between x and x + dx is 
(dT¡dx)dx. It follows that the probability that the photon interact^ with an element of gas of thickness dx a distance 
x from its starting point is e~^x\drldx)dx. The mean free path X is the average of x over this weighting function, 

X = J xe~Tix)^dx = J e~xix)dx, (6) 

where the second integral is obtained by an integration by parts. 
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The zth spectral line makes a contribution to the ordinary static opacity equal to — v¡) where ^ is the line 
center frequency, (f> is the line profile function normalized to give 

/: 
(v — Vi)dv = 1 , 

and Ki is the line strength with the units of opacity (cm2 g“1) and having the value, 

“i = 
ve^fiNi 
me vi p 

1 giNu\ 
guNi) (7) 

Here f is the oscillator strength of the zth transition; Nu the number density of the atoms in the lower level of the 
zth transition. The last factor accounts for the effect of stimulated emission with Nu giving the number density of 
atoms in the upper level and gi and gu the statistical weights of the corresponding levels. In the calculations discussed 
in §IV, local thermodynamic equilibrium is assumed, in which case the stimulated emission factor becomes 
1 - exp (—hv/kT). 

In the expanding shell, the photon sees not the opacity at a single frequency, but rather the opacity at a frequency 
which continually decreases with distance x according to the relation given by equation (3). The optical depth of 
the material traversed by the photon while traveling a distance x must therefore be expressed as an integral over the 
distance with the integrand evaluated at the proper frequency v(x) = vQe~xlct

9 where v0 is the initial frequency of 
the photon. This procedure gives, 

r(x) = l^P + 2 KiWAK*') - , (8) 

where the summation is over all the spectral lines, but in fact only those lines whose frequencies lie in or near the 
interval from v0 to v(x) will contribute significantly. 

To a good approximation, the line profile function can be replaced by the Dirac (delta) function, thus neglecting 
the intrinsic line width. This procedure will result in little error in the computed mean free path, if the line width is 
small compared with the Doppler shift that the photon experiences as it travels a scattering mean free path, a 
condition which holds in the supernova models. The variable of integration in equation (8) may be changed from 
distance to frequency by use of equation (3), and with the replacement of the line profile functions </> with delta 
functions, the integration is trivial, 

= ct if v(x) < Vf < v0 , 

otherwise. 

The result for the optical thickness corresponding to the distance x is 

Vi f â[v(x') - ViW = CtVi P S(l/ , Vi) dv' 
Jo Jv(X) V = 0 

where 

t(x) = (Tepx + 2 Ti > 
V(x) < Vf < V0 

Ti = KipCt = S(Ki/(Te) 

(9) 

(10) 

is now the optical thickness of the zth spectral line. In other words, exp (—is the probability that the photon will 
not interact with the zth atomic transition as it is redshifted through the line. This result is just the Sobolev approxi- 
mation (Sobolev 1957; Castor 1974). The notation below the summation sign indicates that the sum is over only 
those lines whose frequencies lie between the original frequency of the photon v0 and the frequency v(x) that it has 
reached after having traveled a distance x from its origin. Notice that r(x) increases linearly with distance until the 
photon is redshifted into a line; at that point, t(x) increases discontinuously by an amount r*. In other words, t(x) 
is the sum of a linear function of distance and a series of step functions. 

The next step in the derivation is_to substitute the expression for the optical depth given in equation (9) into 
equation (6) for the mean free path X, and express the resultant integral as a sum of integrals each of which is over 
a range of jc in which the r(x) is continuous. 

X 
rXj \ rxi + i 

= exp {—aepx)dx + T exp ( — X Ti) exp {—aepx)dx , 
Jo f^J V i=J 1 J Xj 

(il) 

where the /th line is the first one in the line list with a frequency less than v0, the lines being in order of decreasing 
frequency, and x,- is the distance that the photon must travel to be redshifted to the line center frequency The 
integrals are elementary, and the resulting expression can be simplified by rearranging the terms in the sum to give, 

X x!"' f / y-i \ 
J- = 1 - 2 f1 ~ eXP (_ T4] eXP [ - yepX} + 2 r‘J (12) 
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where Xa = (vePY1 is the electron-scattering mean free path. Equation (3) may be used to express the distances 
Xj which occur in equation (12) in terms of the line frequencies vjm The result yields an expression for the expansion 
opacity which is the principal algebraic result of this work, 

KexpOO = (pxy1 
N 

1 - 2 [! - exp(-T;)](p»s exp 
j = J (-14] 

(13) 

where ve is the electron-scattering opacity; s = Gepct is the expansion parameter introduced in the previous section, 
p being the density, i the inverse of the velocity gradient (i.e., the time since the beginning of the expansion), and vj 
the frequency of thejth line. The sum over j includes all the lines whose frequency is less than v. The lines are 
labeled in order of decreasing frequency starting with J for the first line whose frequency is less than the original 
frequency of the photon and ending with N for the line of lowest frequency. The quantity ri is the optical thickness 
of the ith line given above. The velocity gradient enters the expression for the expansion opacity through the 
expansion parameters s whose reciprocal is the relative Doppler shift between electron scatterings as well as through 
the optical thicknesses of the lines, the rh which are proportional to 51. 

Equation (13) can be written as /cexpW = ae/(l ~ ev) where ev, the enhancement factor, is the fraction of the 
expansion opacity arising from the mechanism treated in this paper. This quantity is significant because the 
radiation is thermalized only through the action of the lines and not by the electron scattering. For this reason as 
well as the fact that it is simply given by the value of the sum in equation (13), the numerical results of the calcula- 
tion are given in the next section in terms of ev and its Rosseland mean. 

In the previous section the case was considered for which r; » 1, implying that the first line encountered by the 
photon is a very strong one. In this limit, equation (13) reduces to 

X 
— = \ - (Vj¡vy = i _ exp (-sxj/ct) = 1 - exp {-<yepxj) ■ (14) 

As vj approaches v, the limit of this expression is equal to the intuitive result of the previous section, equation (4), 
which was obtained by taking the mean free path to be equal to Xj. 

Another interesting limit is that of many weak lines whose relative frequency spacing is small compared to ^ “1, 
the reciprocal of the expansion parameter. An expression for the expansion opacity can be found for the idealized 
case of a series of weak lines with the same small optical depth r « 1 and constant frequency spacing A. The spacing 
of weak lines A is assumed to be so small that a photon will encounter many lines between electron scatterings, 
that is, jA/v « 1. From equation (13) the quantity ev can be written as 

€V = T 2 [1 - O’ - J)NVY exp [-Ü - J)r], 
j=J 

where the quantity (1 — e T) has been approximated by r. Consecutive terms in the above summation differ by 
relatively small amounts, and the sum is therefore nearly equal to the integral, 

/»WA 
ev ä t (1 — wA/i/)s e~WTdw . 

Jo 

If the expansion parameter s is much greater than unity, the value of this integral can be approximated by replacing 
the factor (1 — wA/y)s with e~wsAlv. The upper limit in the resulting integral can be extended to infinity without 
making any considerable error, and the final result is 

<i5> 

or 

«exp ~ ’ 

where k is the line strength parameter defined by equation (7). Equation (15) states that the expansion opacity can 
be considerably greater than the conventional opacity as a result of the cumulative effect of many weak lines if the 
quantity (s/r^h/v) is of the order of unity or less. In any particular case, equation (15) indicates that all lines should 
be included in calculating the expansion opacity whose optical thickness is of the order of or greater than sA/v, 
where A is the typical frequency spacing of lines. This quantity can be small compared with unity, and the derived 
criterion for neglecting weak lines is much more stringent than the obvious one of neglecting those lines whose 
optical thickness r is much less than unity. According to equation (15), the expansion opacity in this high density 
of weak lines limit is independent of the expansion parameter ^ and therefore of the velocity gradient. 
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Fig. 2.—The monochromatic expansion opacity in units of the electron scattering opacity for two values of the inverse velocity 
gradient t. Doubling the expansion parameter doubles the peak opacities but halves the widths of the effective profiles. Only a small 
subset of all contributing lines was used for this example. 

In order to illustrate some of the properties of the expansion opacity that were discussed in § II, the results of a 
typical calculation of the expansion opacity have been plotted in Figure 2 for two values of the expansion parameter 
s. As s increases, the peak opacity of each effective line increases while its width decreases. Only a small subset of 
the contributing lines was used for computing the quantities plotted in Figure 2; a much larger line list was used 
for the calculations discussed in § IV. _ 

The Rosseland mean opacity is found by averaging the mean free path X = over frequency, i.e., 

<*> 
j; X(v)(dBJdT)dv 

j; (dBv/dT)dv 
X(u) ~ du, 

where u = hv/kT, and Sv is the Planck function. As in the derivation of the monochromatic expansion opacity, the 
integral can be broken up into segments that run from one line to the next, giving 

<*> = ¿ 2 Í x^~dTdu , (16) 

where the sum is over some finite list of lines in order of decreasing frequency with two fictitious lines: one at zero 
frequency, uN + 1 = 0, and one at an indefinitely large frequency, uQ = oo. These fictitious lines are introduced in 
order that the summation wilHnclude the frequency intervals from w = oo to the first line and from the last line 
to w = 0. The mean free path X(u) in the above equation is, of course, given by [p/<exp(w)]“\ which may be replaced 
by the expression in equation (13). The Rosseland mean of the expansion opacity is 

<KexP 
X> 1 = 1 - <*> ’ 

where 

<e> 
_15 
47T4 

fc = 0j = k 
[1 - exp (-T¡)] exp 

(- 
dBu 
dT 

(17) 

In the limit of .v very small, all the r/s are very small, and <«) is proportional to .v. In the limit of very large s, all 
the r/s become large; the summation over j reduces to a single term, and 

<*> 
_15 p dB^ S 

du. 
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For closely spaced lines (dBJdT) is nearly constant on the intervals uk+1 to uk and can be taken out of the integral, 
yielding 

Therefore, in both the limits ^ 0 and s -> oo, <e> -> 0, as expected from the discussion in § II. 

IV. NUMERICAL RESULTS 

The formalism derived in §§ II and III shows that the opacity can be significantly enhanced by bound-bound 
transitions if there is a sufficiently large velocity gradient in the gas. Equation (11) shows that the effect depends on 
the expansion parameter, s = aepct9 which is the reciprocal of the relative Doppler shift between electron scatter- 
ings. If the strong lines have a mean relative frequency spacing of less than s-1, a typical photon will encounter a 
strong line before being scattered, and the expansion opacity will be significantly higher than the normal, static 
opacity. A line is strong in this context if nearly all photons which are Doppler shifted to the line frequency interact 
with the line, where the measure of strength is the optical thickness r defined by equations (7) and (10). In Paper I 
it was shown that, for typical conditions in a supernova shell (t = 30d, p = 10-14 g cm-3), r ^ 1010/Z, where/is 
the oscillator strength of the transition and X is the fractional number abundance of absorbers. In § III equation (15) 
was derived, showing that a high density of lines with small optical depth can give an expansion opacity significantly 
larger than the static opacity. For these reasons, lines of rare elements with small oscillator strengths can significantly 
affect the opacity and must be included in the numerical calculations. 

The calculations were based on the abundances shown in Table 1. This list includes all elements occurring in the 
abundances used by Fowler (1974) that have a normalized number fraction greater than 10-10. It has long been 
assumed that Type I supernovae are depleted in hydrogen because of the absence of prominent emission lines of Ha 

TABLE i 
LOG OF NORMALIZED NUMBER ABUNDANCES* 

Normal Hydrogen 
X = 0.74 Y = 0.24 Z = 0.02 

-9.036 
-3.516 
-4.076 
-3.216 
-7.437 

Ne -4.116 
Na -5.785 

-4.616 
-5.646 
-4.516 
-6.516 
-4.836 

B 
C 
N 
O 
F 

Mg 
Al 
Si 
P 
S 

H-0.036 He-1.106 
Cl -6.437 
Ar -5.236 
K -7.086 
Ca -5.735 
Sc -8.815 
Ti -6.907 
V -7.636 
Cr -6.186 
Mn -6.636 
Fe -4.437 
Co -6.936 
Ni -5.735 

Cu -7.536 
Zm -7.836 
Ga -9.636 
Ge -9.136 

9.735 
8.836 

Br -9.437 
Kr -8.836 
Rb -9.636 
Sr -9.186 
Zr -9.536 

As 
Se 

X = 0.10 
Low Hydrogen 

Y = 0.88 Z = 0.02 

H-0.506 He —0.164 
All others: renormalize by adding 0.354 

Zero Hydrogen 
X = 0.0 Y = 0,98 Z = 0.02 

H - He-0.02 
All others: renormalize by adding 0.490 

♦From Fowler (1974); normalized to make sum of abundances unity. 
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(Minkowski 1939). More recent models of the supernova spectrum computed by Gordon (1975) also require a low 
hydrogen abundance. Since the immediate objective of these calculations is to provide improved opacity values for 
models of Type I supernovae, two other abundances were also used, one having a low hydrogen content and the 
other no hydrogen at all. Therefore, one abundance reflects the effect of processing most of the hydrogen into 
helium, while in the other all the hydrogen is assumed to have been converted. These abundances are also shown in 
Table 1. Notice that the mass fraction of the metals is unchanged but that the number abundances must be re- 
normalized. These three abundances will be referred to as normal, low, and zero hydrogen, respectively. 

The cumulative effect of many weak lines can be large; it is therefore important to use as large a list of spectral 
lines as possible. Several test cases were computed using the list of about 26,000 lines included in the calculations of 
Fowler (1974). The enhancement of the Rosseland mean opacity was found to be typically less than 30% . Examina- 
tion of the monochromatic expansion opacity showed that there were spectral regions where the line list has very 
few entries. It was clear that a larger line list was needed. Kurucz and Peytremann (1975) calculated the /-values of 
all lines from the first five ionization stages of all elements with atomic number up to 30. They then supplemented 
this list with lines from heavier elements having measured /-values. After removing all lines too weak to make an 
important contribution, they were left with a set of 260,000 lines. Although any one of the computed /-values may 
be in error by a large amount, the cumulative effect of all the lines should be reasonably accurate. This line list was 
used for the calculations described below. 

The models of Paper I have a density range ofl0“8gcm~3to 10"15gcm_3,a temperature range of 4000 K to 
105 K, and a velocity gradient corresponding to times of from 2 to 30 days. The original goal of these calculations 
was to provide expansion opacities for values that bracketed these models but an unexpected difficulty arose. At 
temperatures above 30,000 K and densities as low as found in the model, most of the abundant elements are 
ionized at least 5 times. Therefore the line list, as large as it is, is not completely adequate to compute the expansion 
opacity for the models of Paper I. In addition, there are few lines in the list with a wavelength less than 200 Â 
that will influence the prediction of X-ray bursts from the shock breakout (Lasher and Chan 1975). The line list is 
fairly adequate, however, for predicting the optical light curves of supernovae, since the diffusion process is most 
important in the lower temperature range. 

Table 2 shows the value of the expansion parameter s for the entire temperature and density range for which the 
expansion opacity was computed. In general, the variation in s simply reflects the changes in density. The exception 
to this rule occurs when an abundant element is changing its degree of ionization, in which case the variation in 
the number of free electrons per nucleon can be seen by the change in s. The fact that the ionization potential of 
helium is twice as large as that of hydrogen explains the decrease in s with decreasing hydrogen abundance. This 
table shows that some of the computed expansion opacities may not be valid, since one or more of the assumed 
conditions may not hold. In particular, if s < 1, then the mean free path of the photon is larger than the envelope, 
and the assumption that the temperature and density do not vary between emission and absorption of the photon is 
not valid. In other objects, the velocity gradient may be due to something other than expansion. Even though the 
gas is still optically thick, s may be small because the velocity gradient is large. In such a situation, these results may 
be useful but the effect of violating the assumption of an isotropic velocity gradient should be carefully checked 
(see § Y). 

The equations of § III and the adopted line list were used to compute the Rosseland mean of the expansion 
opacity for the three abundances shown in Table 1. These calculations are summarized in Table 3. The results are 
expressed in terms of the mean enhancement factor, <e> = 1 — o-e</cexp

_1>. Thus, when <e> is small, the effect of 
the spectral lines is small, and when <e> is near unity, the opacity is dominated by the lines. The opacity enhance- 
ment ranges from less than 170 at the highest temperatures to more than an order of magnitude at the lower 
temperatures in the zero hydrogen case. Even the smallest of the computed enhancements is large enough to 
thermalize the radiation field as assumed in Paper I. In addition, the calculations show that there is a considerable 
range of temperatures and densities for which the enhancement is large enough that it must be included in a hydro- 
dynamic calculation. 

Several trends can be seen by inspecting Table 3. In general, the opacity enhancement decreases with increasing s. 
This effect is expected if there are a large number of strong lines. As s increases (i.e., the velocity gradient decreases), 
the Doppler shift between scatterings decreases and fewer photons will be Doppler shifted to the frequency of a 
line before being scattered. Only if s is very small, so that the optical depths of most lines, r* = ^(^/cre) are small, 
could this trend be reversed. In this case, there is a good chance that a photon will be Doppler shifted to the fre- 
quency of a line, but the probability of interaction with that line will be small. Therefore, increasing s increases the 
probability of interacting with a line, which, of course, increases <e>. Fiowever, since the values of K^e are very 
large compared with unity for many lines, the increase of e with s does not occur unless s is very small. 

These trends can be understood by examining Figures 3a and 3&, which show the value of ev averaged over 25 Â 
bands. At 6000 K the peak of the Planck function, Bv, is near 8000 Â, and the features between 6000 Â and 10000 Â 
will dominate the Rosseland mean. In the plot for 7 = 2d, the feature near 6500 Â is due to Ha and the feature near 
8500 Â is due to the Ca n infrared triplet. As the velocity gradient decreases, these profiles become narrower and 
the Rosseland mean of the enhancement factor decreases. Notice that several lines that are weak at t = 2d are 
strong at t = 40d. The peak of the band-averaged enhancement factor e decreases when the width of the lines, 
Xjs, is less than 25 Â. The decrease in e at wavelengths below 200 Â is due to the deficiency in the line list noted 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
77

A
pJ

. 
. .

21
4.

 .
16

1K
 

170 KARP, LASHER, CHAN, AND SALPETER Vol. 214 

T = 6000 K, LOG (RHO) = -13.50 

HRVELENGTH 

X = 0.74 Y = 0.24 Z = 0.02 
Fig. 3a 

Fig. 3.—The opacity enhancement factor e averaged over 25 Â bands for a variety of temperatures and densities. The factor e is 
the fraction of the total opacity due to the spectral lines enhanced by the mechanism described in the text. When c is near zero, the 
effect of the lines is small; when e is near unity, the expansion opacity is dominated by line effects. The decrease in e for A < 200 Â 
is due to a deficiency in the line list. The figures are labeled with both the inverse velocity gradient, t, and the expansion parameter, s. 
(The solid portions are due to overlapping lines and have no significance.) 

above. Figure 3b shows e for F = 10,000 K and log /> = —13.5. It is clear that the Rosseland mean opacity is not 
dominated by only a few lines, as in the previous case, but is due to the cumulative effect of a large number of lines. 
The narrow dip in e near 1700 Â is a persistent feature of these calculations, and it shows up for a wide range of 
temperatures and densities. If it is not an artifact of the line list, it should appear as a broad emission feature 
in the ultraviolet spectrum of a supernova. Of course, extragalactic supernovae are too faint to be observed by 
satellites, but a similar feature might be seen in novae. The variation of the expansion opacity with increasing s is 
most dramatic in the case computed for Figure 3c. This case, T = 26,000 K and log p = —12.5, is the highest 
temperature for which almost all elements are ionized fewer than 5 times, and the line list is adequate. The decrease 
of e with increasing ^ is entirely due to the decreasing amount of overlap between effective line profiles. Figure 3d 
shows e for the same temperature as Figure 3c but for log p = —12. Although there is a slight shift in the ionization 
balance, the principal change is due to the increase of s owing to the increased density. 

In general, one would expect the enhancement factor to increase linearly with s at small values of s, attain a more 
or less smooth maximum, and then decrease as ^ _1. This is not always the case, however; the actual dependence on 
s can be more complicated. For example, in the zero hydrogen case in Table 3c, the enhancement factor for T — 
6000 K, p = 10-14 decreases with increasing s between t = 2d and t — 20d and then increases from t = 20d to 
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o 2000 4000 6000 8000 10000 

HRVELENGTH 

X = 0.74 T = 0.24 Z = 0.02 
Fig. 3b 

Fig. 3.—Continued 

t = 50d. In this particular case, there is a line with a frequency far from the peak of the Planck function that is so 
broadened by the velocity gradient that it influences the expansion opacity at small s. As s increases, the effective 
width of this line decreases until it is no longer broad enough to influence the Rosseland mean enhancement 
factor, <€>. At this point <e> again starts to increase as other lines near the peak of the Planck function become 
stronger. While this example is rather extreme, there are many places in the tables where the location of the lines 
relative to the peak of the Planck function is important. 

The enhancement of the opacity can be seen quite clearly in Figure 4, which compares the log of the static 
Rosseland mean opacity with the Rosseland mean expansion opacity. Calculations for two densities are shown; 
the dashed lines refer to p = lO"12 g cm"3, the solid lines, to p = lO"14 g cm"3. In both cases the lower line is the 
static opacity calculated by Cox and Tabor (1976) using the King Wa mixture, which is close in hydrogen abundance 
to the normal abundance used in this paper. The expansion opacities are for a time t of 10 days. Although the Cox 
and Tabor opacities include all continuous opacity sources, and the present calculations assume that only electron 
scattering is important, the expansion opacity is larger than the static value throughout. In particular, notice that 
the enhancement due to the velocity gradient modifies the electron-scattering opacity more than all other con- 
tinuous opacity sources combined. This effect can be seen most clearly near log T — 3.9, where the Cox and Tabor 
opacity for log p = —12 rises above the electron-scattering value because of the contribution of other continuous 
opacity sources. Another significant difference between the static and expansion opacities is the variation with 
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172 KARP, LASHER, CHAN, AND SALPETER 

T = 26000K, LOG (RHO) = -12.50 

Vol. 214 

HñVELENGTH 

X = 0.74 T = 0.24 Z = 0.02 

Fig. 3c 
Fig. 3.—Continued 

density. In regions in which the most abundant element is ionized, the static opacity almost always decreases with 
decreasing density, while, at sufficiently low densities, the expansion opacity increases. This difference may be 
important for determining the dynamical stability of an expanding gas. 

V. ASSUMPTIONS AND APPROXIMATIONS 

Several assumptions were made in computing the expansion opacities summarized in § IV. These assumptions 
fall into three categories: (1) an assumption concerning the physical conditions of the gas which reduces the 
complexity of the problem—local thermodynamic equilibrium, LTE; (2) assumptions about the various length 
scales which allow writing the expansion opacity as a function of a single temperature, density, and velocity gradient 
—isotropic velocity gradient; temperature, and density constant over a photon mean free path; and (3) assumptions 
concerning the frequency dependence of the static opacity which simplify several integrations—electron scattering 
as the only continuous opacity source and the Sobolev approximation. 

A supernova shell is of low density, so that collisional processes may be relatively ineffective in maintaining the 
ionization and excitation fractions at their LTE values. However, if the shell is optically thick, the radiation field 
may still be Planckian. In particular, if the radiation is thermalized over a distance small compared with the 
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T = 26000K, LOG (RHO) = -12.00 

X = 0.74 T = 0.24 Z = 0.02 
Fig. 3d 

Fig. 3.—Continued 

temperature scale height, the radiation will always be Planckian at the local temperature. This condition is equivalent 
to comparing the relevant scale heights with the thermalization length lT given by 

It-1 = (3*i p/w)1'2 = crep(l - O»-1^»1'2, 

where kx = <*exp_1>_1 - tre = <€><KeXP''
1>“1 is the part of the opacity by means of which the radiation field is 

thermalized. Actually, this value of lT is only a lower limit, since it has been assumed that scattering in the lines is 
negligible, compared with true absorption, and, therefore, that all the line interactions tend to thermalize the 
radiation field. The more detailed treatment needed to determine the fraction of the line interactions that result 
in thermalization of the radiation is beyond the scope of this paper. 

If the lines are important, <e> is of order unity and lT is about a photon mean free path; if the lines make only 
a small contribution, <e> is small and lT is large. Examination of Table 3 shows that <e> is typically of the order of i, 
which means that lT is the order of the photon mean free path. Since the models of Paper I are typically more than 
50 scattering mean free paths thick, the LTE assumption appears to be reasonable. The fact that the supernova 
shell is optically thick to electron scattering also implies that the temperature and density do not vary much over a 
photon mean free path. 

In a supernova explosion, the velocity field after a few days is very nearly proportional to the distance from the 
center of the expansion and has an isotropic velocity gradient (see § II). In most astronomical objects, however, 
deviations from isotropy will be significant. Castor (1974) has derived an expression for the optical depth of a 
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TABLE 2* 

Temperature 
Density 
1.00(—15) 
3.16(—15) 
1.00(—14) 
3.16(—14) 
1.00(—13) 
3.16(—13) 
1.00(—12) 
3.16(—12) 
l.OO(-ll) 
3.16(—11) 

Temperature 
Density 
1.00(—15) 
3.16(—15) 
1.00(—14) 
3.16(—14) 
1.00(—13) 
3.16(-13) 
1.00(—12) 
3.16(—12) 
l.OO(-ll) 
3.16(—11) 

Temperature 
Density 
1.00(—15) 
3.16(—15) 
1.00( —14) 
3.16(—14) 
1.00(—13) 
3.16(-13) 
1.00(—12) 
3.16(-12) 
l.OO(-ll) 
3.16(—11) 

6000 8000 

EXPANSION PARAMETER 5 = o^pct FOR 
Normal Hydrogen 

10000 14000 "18000 

1 DAY 

22000 26000 30000 

1.91(+0) 
4.65(+0) 
1.01(+1) 
2.02(+l) 
3.84( + l) 

7.61(+0) 
2.40(+l) 
7.55(+l) 
2.34(+2) 

6000 8000 

2.43(+1) 
7.65(+l) 
2.41(+2) 
7.61(+2) 

10000 

2.62(+l) 
8.27(+l) 
2.61(+2) 
8.24(+2) 
2.59(+3) 

8.28(+l) 
2.62(+2) 
8.28(+2) 
2.62(+3) 
8.27(+3) 

Low Hydrogen 
14000 18000 

2.62(+2) 
8.28(+2) 
2.62(+3) 
8.28(+3) 

22000 

2.75(+2) 
8.52(+2) 
2.65(+3) 
8.32(+3) 
2.62(+4) 

26000 

2.82(+2) 
8.90(+2) 
2.79(+3) 
8.70(+3) 
2.69(+4) 

30000 

3.20( —1) 
9.35(—1) 
2.49(+0) 
5.85(4-0) 
L24( + l) 

L06(+0) 
3.34(+0) 
1.06(+1) 
3.33(4-1) 

6000 8000 

5.97(4-0) 
1.48(4-1) 
3.92(4-1) 
1.12(4-2) 

10000 

1.06(4-1) 
3.36(4-1) 
1.06(4-2) 
3.32(4-2) 
1.03(4-3) 

3.37(4-1) 
1.07(4-2) 
3.37(4-2) 
1.07(4-3) 
3.36(4-3) 

Zero Hydrogen 
14000 18000 

1.10(4-2) 
3.40(4-2) 
1.07(4-3) 
3.37(4-3) 

22000 

1.62(4-2) 
4.57(4-2) 
1.27(4-3) 
3.65(4-3) 
1.10(4-4) 

26000 

1.79(4-2) 
5.60(4-2) 
1.72(4-3) 
5.11(4-3) 
1.44(4-4) 

30000 

3.01(—3) 
9.39(—3) 
2.91(—2) 
8.94(—2) 
2.68(—1) 

7.47(—2) 
1.41(—1) 
2.77(—1) 
5.82(—1) 

3.83(4-0) 
7.82(4-0) 
1.5K+1) 
2.83(4-1) 

8.16(4-0) 
2.58(4-1) 
8.12(4-1) 
2.55(4-2) 
7.84(4-2) 

2.59(4-1) 
8.18(4-1) 
2.59(4-2) 
8.17(4-2) 
2.58(4-3) 

8.60(4-1) 
2.63(4-2) 
8.23(4-2) 
2.59(4-3) 

1.45(4-2) 
4.01(4-2) 
1.07(4-3) 
2.96(4-3) 
8.62(4-3) 

1.62(4-2) 
5.08(4-2) 
1.56(4-3) 
4.57(4-3) 
1.27(4-4) 

*Numbers in parentheses are the appropriate power of 10. 
The electron density can be found from aQ = 0.6552 x 10~24 Njp. 

spectral line in a spherically expanding stellar atmosphere that has an arbitrary velocity gradient in terms of a 
parameter. 

0 _ d(\n v) . 
¿(Inr) 

which measures the deviation of the velocity gradient from isotropy. The velocity gradient in any direction is 

where /x is the cosine of the angle between the radial direction and the direction of the photon. A prime will be used 
to denote quantities computed with Q / 0. Examination of Table 3 has shown that, over a wide range of tempera- 
ture and density, the Rosseland mean of the enhancement factor <e> is proportional to 5 -1. If the velocity gradient 
is not isotropic, then s' = s(l + Q/x2)-1, and <e>' = <e>(l + ü/x2). Of course, this approximation breaks down if 
the deviation from isotropy is too large. If the gas is optically thick, the diffusion approximation obtains, and the 
frequency-integrated specific intensity is approximately 

/' = 2? + /^ = 2? + ^[1 - <e>(i + , 
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where dTa = oe pdx is the optical thickness to electron scattering, and B = is the integrated Planck function. 
The first moment integral of /' with respect to /x gives the flux 

When the velocity gradient is isotropic, the flux is given by 

„ l dB 1 dB 

It appears that, for those cases in which <e> oc s“1, the effect of a nonisotropic velocity gradient can be approxi- 
mated by taking <e>' = <€>(1 + 0.6 Q). The result is the same as using the velocity gradient for a single angle, 
Pest = 0.775, to represent the mean over all directions. 

Another assumption made is that electron scattering is the only source of continuous opacity. Examination of 
tables of static Rosseland mean opacities and Figure 4 indicates that this assumption is excellent in the Rosseland 
mean. In certain spectral regions, however, the continuous opacity is considerably larger than the electron-scatter- 
ing value. Since the enhancement factor is in general proportional to s ~1, and s is proportional to the continuous 
opacity, it is conceivable that e shown in Figures 3 can be an overestimate in several spectral regions. However, the 
erroneous values of ev must be limited to narrow spectral regions or regions far from the peak of the Planck function 
where the flux is low. If this condition did not hold, the effect would be seen in the static Rosseland mean opacities. 
Therefore, this assumption has only a small effect on the Rosseland means and a larger, but not excessively large, 
effect on some of the monochromatic values. 

The final assumption made is that the intrinsic line profiles can be approximated by Dirac (delta) functions. This 
assumption is equivalent to putting all the line opacity at line center, and it has the effect of neglecting the possibility 
that the photon may be absorbed in the line wings. The error introduced into the mean free path is just the distance 
between the point in the line wing where the photon is absorbed and line center. The distance is proportional to 

TABLE 3 
ROSSELAND MEAN OF OPACITY ENHANCEMENT 

<e> = 1 - <7 <K 

Temperature 
Log density 

-14.5 

-14.0 

-13.5 

-13.0 

-12.5 

-12.0 

-11.5 

-11.0 

-10.5 

t(days) 
2 

20 
50 

2 
20 
50 

2 
20 
50 

2 
20 
50 

2 
20 
50 

2 
20 
50 

2 
20 
50 

2 
20 
50 

2 
20 
50 

6000 

0.486 
0.393 
0.356 
0.527 
0.389 
0.350 
0.506 
0.389 
0.345 
0.501 
0.393 
0.337 
0.516 
0.393 
0.328 

8000 

0.872 
0.703 
0.573 
0.832 
0.572 
0.443 
0.748 
0.452 
0.340 
0.635 
0.349 
0.241 

(a) Normal Hydrogen 
10000 14000 18000 22000 26000 30000 

0.797 
0.514 
0.386 
0.719 
0.407 
0.296 
0.615 
0.316 
0.214 
0.510 
0.226 
0.132 

0.760 
0.563 
0.463 
0.706 
0.465 
0.355 
0.620 
0.350 
0.235 
0.519 
0.227 
0.128 
0.406 
0.123 
0.059 

0.623 
0.371 
0.267 
0.589 
0.305 
0.196 
0.527 
0.213 
0.116 
0.426 
0.118 
0.056 
0.289 
0.054 
0.024 

0.430 
0.182 
0.109 
0.363 
0.126 
0.067 
0.296 
0.074 
0.036 
0.210 
0.037 
0.017 

0.343 
0.113 
0.060 
0.266 
0.073 
0.035 
0.202 
0.043 
0.020 
0.139 
0.024 
0.011 
0.081 
0.012 
0.006 

0.287 
0.081 
0.038 
0.198 
0.040 
0.017 
0.126 
0.020 
0.009 
0.081 
0.012 
0.006 
0.049 
0.008 
0.004 
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TABLE 3 (cont.) 
(b) Low Hydrogen 

Temperature 6000 
Log density t(days) 

-14.5 2 0.379 
20 0.503 
50 0.474 

-14.0 2 0.588 
20 0.506 
50 0.466 

-13.5 2 0.621 
20 0.494 
50 0.458 

-13.0 2 0.608 
20 0.498 
50 0.454 

-12.5 2 0.607 
20 0.503 
50 0.445 

-12.0 2 
20 — 
50 

-11.5 2 
20 
50 

-11.0 2 
20 
50 

-10.5 2 
20 
50 

Temperature 6000 
Log density t(days) 

-14.5 2 0.918 
20 0.553 
50 0.435 

-14.0 2 0.806 
20 0.539 
50 0.614 

-13.5 2 0.687 
20 0.744 
50 0.770 

-13.0 2 0.758 
20 0.798 
50 0.796 

-12.5 2 0.810 
20 0.821 
50 0.795 

-12.0 2 
20 
50 

-11.5 2 
20 
50 

-11.0 2 
20 
50 

-10.5 2 
20 
50 

8000 10000 14000 

0.901 
0.858 
0.807 
0.894 0.888 0.829 
0.806 0.718 0.678 
0.716 0.599 0.588 
0.878 0.866 0.800 
0.713 0.644 0.600 
0.597 0.520 0.495 
0.837 0.825 0.741 
0.605 0.561 0.494 
0.491 0.443 0.377 

0.756 0.653 
0.475 0.370 
0.362 0.245 

0.555 
0.239 
0.132 

(c) Zero Hydrogen 
8000 10000 14000 

0.917 
0.903 
0.897 
0.909 0.906 0.848 
0.902 0.772 0.711 
0.893 0.667 0.626 
0.908 0.898 0.825 
0.900 0.731 0.640 
0.887 0.616 0.538 
0.910 0.888 0.775 
0.899 0.693 0.539 
0.877 0.577 0.424 

0.874 0.692 
0.659 0.418 
0.548 0.289 

0.598 
0.284 
0.165 

18000 22000 26000 

0.713 
0.479 
0.371 
0.683 0.546 0.413 
0.419 0.274 0.153 
0.302 0.180 0.085 
0.644 0.475 0.338 
0.334 0.208 0.108 
0.210 0.124 0.056 
0.566 0.412 0.281 
0.221 0.140 0.074 
0.117 0.072 0.036 
0.445 0.330 0.222 
0.116 0.078 0.045 
0.054 0.036 0.021 

0.150 
- 0.024 

0.011 

18000 22000 26000 

0.742 
0.516 
0.408 
0.712 0.581 0.432 
0.458 0.307 0.164 
0.340 0.207 0.093 
0.680 0.513 0.358 
0.376 0.239 0.118 
0.247 0.147 0.062 
0.608 0.451 0.304 
0.260 0.167 0.084 
0.144 0.089 0.041 
0.494 0.371 0.248 
0.144 0.097 0.054 
0.068 0.046 0.025 

0.177 
0.030 
0.014 

30000 

0.345 
0.110 
0.056 
0.248 
0.058 
0.026 
0.166 
0.029 
0.012 
0.112 
0.017 
0.008 
0.076 
0.017 
0.006 

30000 

0.361 
0.119 
0.061 
0.262 
0.063 
0.028 
0.177 
0.032 
0.014 
0.120 
0.019 
0.009 
0.084 
0.013 
0.006 
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Fig. 4.—The log of the Rosseland mean opacity versus the log of the temperature for densities of p = 10"12 g cm 3 {dashed line) 
and p = 10"14 g cm-3 {solid lines). All cases were computed with an abundance of X = 0.74, Y = 0.28, Z = 0.02. In each case 
the lower curve is the static opacity of Cox and Tabor (1976), and the upper curve is the expansion opacity computed using the 
method described in the text with a time ¿ = 10d. 

the Doppler width. Since the thermal velocity of a metal atom is typically less than 3 km s“1 for the cases computed 
above, the relative Doppler width is Av/v ^ 10-5. An error of a factor of 2 in the mean free path could be made if 
this is equal to the relative Doppler shift between electron scatterings, s _1. Examination of Table 3 shows that <e> 
is always small when s'1 < 10"4. Therefore, the relative error in the enhancement factor due to this assumption is 
large only when the opacity enhancement is negligibly small. 

VI. SUMMARY AND CONCLUSIONS 

A supernova explosion is one of the most violent events in the Universe. There is an understandable tendency, 
therefore, to consider phenomena associated with supernovae as extremes inapplicable to other objects. Such is 
not the case for the velocity gradients considered in this paper. To put things in perspective, a velocity difference of 
1 km s"1 over a distance of a solar radius corresponds to an inverse velocity gradient t of 10 days, a value charac- 
teristic of the supernovae models of Paper I. This result indicates that there may be many astronomical objects in 
which the expansion opacity is significantly larger than the static opacity. Table 4 summarizes some possible 
applications of these calculations other than supernovae. The table entries in most cases were read from a figure 
appearing in the literature. They are not precise, but they serve to indicate whether or not the phenomenon dis- 
cussed in this paper applies. In most cases the value of the continuous opacity used to compute the expansion 
parameter s was taken from Alexander (1975). As a general rule of thumb, if the expansion parameter s is of the 
order of 104 or greater, the enhancement factor <e) will be small. On the other hand, if s is of the order of 103 or 

TABLE 4 

EXPANSION PARAMETER 5 = Kcpct 
FOR INTRINSIC VARIABLES 

Type of Object Av(km s ^ t(days) log p kq s reference 

nova 2000 
Mira variable 2 
Long period variable 2 
Cepheid 5 
RR Lyrae 5 
protostar 20 
Of star 100 

1 -11 0.003 
40 -12 0.01 

120 -10 0.001 
1 -9 0.005 

0.1 -8 0.1 
600 -15 0.15 
0.5 -12 0.3 

<100 Starrfield, et al. (1974) 
1000 Maciel (1976) 

30000 Hill (1976) 
<2000 Karp (1975) 

500000 Hill (1972) 
<1000 Larson (1972) 
<1000 Castor, et al. (1975) 
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less, the contribution of the lines to the total opacity will be significant. Only in the photospheres of the long-period 
variables and RR Lyrae stars is the enhancement negligibly small. In the novae, on the other hand, the lines prob- 
ably dominate the opacity. The results of this paper cannot be applied directly to most of these objects, since, in 
general, the density scale height is comparable with the photon mean free path. The table does indicate, however, 
that the enhancement of the opacity by the Doppler effect should be considered. 

To summarize, this paper has made the following points: 
1. The probability that a photon will be absorbed in a spectral line is greatly enhanced in the presence of a velocity 

gradient. It was shown that this effect decreases the mean free path of a typical photon and, therefore, increases the 
effective opacity of the gas. In the case of optically thick supernova shells, it is useful to define a monochromatic 
expansion opacity which is inversely proportional to the mean free path of the photon. This expansion opacity 
depends on the velocity gradient through the expansion parameter s = Kcpct, where kc is the continuous opacity, 
P the mass density, and t the inverse of the velocity gradient. 

2. While the strong lines are obviously important, it was shown that a high density of weak lines can also make 
a large contribution to the expansion opacity. An expression was derived for the monochromatic expansion opacity 
in terms of the strengths and frequencies of the spectral lines and the expansion parameter, s. This expression was 
then integrated to give the Rosseland mean expansion opacity, ^exp-1)-1* In both cases the derived expressions 
are general in that they allow for the effects of the continuous opacity and overlap of the effective line profiles. 

3. A line list of 260,000 atomic transitions compiled by Kurucz and Peytremann (1975) was used to evaluate the 
expansion opacity for a wide range of temperatures, densities, and velocity gradients, including those values 
expected in a supernova envelope. It was found that the line list was adequate only for temperatures less than 
30,000 K and wavelengths greater than 200 Â. The range of opacity enhancements was found to be large. At the 
highest temperatures and densities, the relative enhancement was small, changing the static opacity by less than 1%. 
Although this effect need not be used to modify the opacities, it may be important for keeping the radiation in 
thermal equilibrium, thereby justifying the use of the diffusion approximation in Paper I. On the other hand, at the 
lower temperatures and densities, the expansion opacity ranges from a factor of 2 to more than an order of magni- 
tude larger than the static opacity, and therefore will change the quantitative results of hydrodynamic models like 
those of Paper I. In this case, the enhancement effects must be included in any hydrodynamic calculation. 

4. The velocity gradients in supernovae are of the same order of magnitude as those found in several other 
astronomical objects. The opacity enhancement may well be significant in several such cases. 

We would like to thank J. Niebuhr and Dr. D. Fischel for supplying data tapes containing the line lists and 
Dr. C. Gordon for many helpful discussions. 
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