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ABSTRACT 
We discuss the propagation of photons in a nondispersive refractive medium with arbitrary 

velocity and gravity fields. Photons move along the geodesics associated with the optical metric 
given by Gordon in the limit where geometrical optics applies. The known properties of geodesics 
then simplify the task of finding the world lines of photons in a variety of problems. The formalism 
for describing photon propagation, summarized here, makes it possible to derive a transfer 
equation for a flowing refractive medium which is formally identical to the relativistic equation of 
radiative transfer. However, the theory is phenomenological in that it presumes that the index 
of refraction is specified. 
Subject heading: radiative transfer 

I. INTRODUCTION 

In most astrophysical applications of radiative transfer, oneisconcerned with reasonably high-frequency radiation 
and relatively rarefied media so that the index of refraction is very nearly unity. Hence refractive effects are normally 
not considered important in transfer theory. But examples do arise, such as the passage of radio waves through a 
plasma or even of optical radiation through a dense atmosphere like that of Venus, in which refraction is significant, 
and appropriate modifications of the transfer equation are then needed. For the case of static media in the 
absence of gravity such modifications have been discussed in detail, and Harris (1965) has given a careful analysis 
of the ingredients of the appropriate transfer theory. 

It is clear that refraction enters the transfer equation through modification of the photon streaming operator 
which contains terms involving both the velocity and the acceleration of a photon in the medium considered. In a 
medium with differential refraction, photon acceleration will occur; and, to describe such effects, one must introduce 
the appropriate equations of motion of the photon through the medium. This part of the problem can be handled 
most simply if we take advantage of the fact that in a refracting medium, with the introduction of an appropriate 
metric, the motion of photons is described by an equation like that for geodesics in ordinary spacetime (Anderson 
and Spiegel 1972). Such a metric was introduced by Gordon (1923) half a century ago in a discussion of Maxwell’s 
equations and light propagation in material media, and Ehlers (1967) has discussed the formulation of geometrical 
optics in this context. The optical metric is just what is needed for transfer theory in a refractive medium. 

We wish to describe here how this geometrical approach to transfer theory brings the apparatus of general 
relativity into play and permits us to formally treat media with arbitrary velocity and gravitational fields in a 
relatively simple way. The advantage gained is manifest in the description of the motion of photons in media with 
differential motion and refraction. This problem is otherwise a very complicated affair as can be seen from Synge’s 
(1956) discussion for general velocity fields or the explicit solutions for special velocity fields recently provided by 
Lerche (1974a, 6, c). 

Our plan here is to begin with the assumption that the dispersion relation is known for the stationary medium in 
the absence of gravity. If this relation holds in the local inertial rest frame of the matter, it may readily be made 
covariant, and in doing this we come directly to an expression for the optical metric in § II. In § III we begin by 
assuming that photons obey Hamiltonian dynamics, which is to say that we postulate a geometrical optics. It then 
follows that photons move along the geodesics associated with the optical metric. Then, using known properties 
of geodesics, we show how results such as those of Lerche can be obtained quite simply from this formalism. 
Having assembled these results, we are in a position to write down the transfer equation for a moving refracting 
medium.1 We do this in § IV and discuss there some consequences of the transfer equation. Finally, we conclude 
with the mention of difficulties inherent in such a phenomenological approach. 

* Guggenheim Fellow on leave from the Astronomy Department, Columbia University. 
1 A similar formulation of the transfer equation has been suggested in a recent preprint by Gerbal. 
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II. DISPERSION RELATION FOR A MOVING MEDIUM 

In making use of the transfer equation we describe the radiation field as a gas of photons. We assume that 
geometrical optics is valid and that a photon is represented by a wave packet. The status of this approximation in 
transfer theory is discussed for a static medium by Harris (1965). The world lines of the photons in this approach 
are the rays of geometrical optics and, when geometrical optics is applicable, the equations of motion of photons 
can be obtained once the dispersion relations of the waves in the medium are known. We may readily determine the 
dispersion relation in a medium with an arbitrary velocity field if we know its form in the local inertial rest frame, 

of the medium. For the propagation of electromagnetic waves in a locally isotropic medium (with no polariza- 
tion effects) the dispersion relation in the frame ^ is2 

2D = o>o2 — n~2k0
2 = 0, (2.1) 

where a>0 is the angular frequency of a wave, k0 is its propagation vector, n is the index of refraction of the medium, 
and all of these quantities are measured in J?. More generally, for propagation in an anisotropic medium, we have, 
in a dispersion relation like3 

2D = coq2 Pijkoikoj. (2.2) 

These dispersion relations are evidently valid for stationary, homogeneous media. In the geometrical optics 
limit they apply to inhomogeneous media with the refractive parameters (n or /%) evaluated locally. When there is 
differential motion, these relations hold in the local inertial rest frame J? if it is supposed that n is independent of 
derivatives of the velocity field of the matter. If this were not true but we knew the dependence of n on the local 
state of motion, we could also proceed in the manner described below. 

When these dispersion relations hold in J?, we can obtain the form of D in an arbitrary observer frame once we 
have expressed the quantities co0 and k0 in terms of the corresponding quantities, a> and k, in that frame. To this 
end we construct a propagation four-vector k11 = (o>, k) and, from the velocity v of the medium in the observer 
frame, another four-vector U11 = y(l, v) where y = (1 - v2)~112. Since, in JS?, U11 = (1, 0, 0, 0), while the spacetime 
metric is locally guv = diag(l, — 1, — 1, — 1), it follows that 

<*>o = Ußku , (2.3) 
where 

K = gßVk
v. 

Next, to construct k0, we introduce a set of three spacelike mutually orthonormal vectors ef that are also orthog- 
onal to C/^. Hence they satisfy the conditions 

guvUW = 0, g^efef = -8^, (2.4) 

where 8^ is the usual Kronecker symbol. As is readily verified, ef = Sf in J2?, and therefore we may write 

koi = efk» . (2.5) 

Equations (2.3) and (2.5) together form the covariant expression, 

kov e/ku, 

where ^ = U. 
If we introduce the foregoing expressions for o>0 and kQi into equation (2.2), we obtain 

2D = g^kjc, = 0 , (2.6) 
where 

gw = . (2.7) 
For a locally isotropic medium, 

H'ij = w 28ij ; (2.8) 
hence 

guv = u
uUv + n-2{g^ - U^W) . (2.9) 

For reasons that will soon be clear, we shall denote the /xv component of the inverse of by the symbol gßV and 
introduce it as a new metric onto the spacetime manifold. The metric guv is a generalization to the anisotropic case 
of the optical metric first introduced by Gordon (1923) in his discussion of Maxwell’s equations in material media. 
In the present context, the optical metric is simply defined by the relation 

= *V. (2.10) 
2 Throughout this work we adopt units in which c and fi are unity, except where otherwise noted. 
3 Latin indices take the values 1, 2, 3, and Greek indices range through 0, 1, 2, 3; summation convention applies to both. 
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Then, if /x^-1 is the inverse of /xiy, 
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SUV UyUy [My . (2.11) 

In this expression the covectors Uß and eßi are obtained from their contravector counterparts Uß and ef by lowering 
indices with the physical metric gßV. 

We note that though kß is a null-vector relative to the optical metric (see also Ehlers 1966) it is in general not 
null relative to the physical metric, so that for n2 > 1, ku is spacelike. 

m. RAY THEORY 

The description of electromagnetic radiation in terms of the transfer equation rests on the assumption that the 
radiation field may be described by photons; this means, as we have said, that we are working to the accuracy of 
geometrical optics. Of course, the refractive index is related to both refraction and scattering, and the effect of 
random fluctuations of the refractive index on scales much less than the mean wavelength associated with the 
photons may be described by a scattering coefficient (Pekeris 1947). Refraction is ascribed only to slowly varying 
refractive indices. Thus there is a phenomenological aspect to the problem in that we suppose that processes like 
absorption and scattering can be separated from refraction and introduced into transfer theory in the customary 
way. The slowly varying component of the refractive index then enters only in the part of the transfer equation that 
deals with the free streaming of photons. We shall assume that this separation has been made and shall not go into 
the difficulties of this question except to mention that they have been discussed in the case of initial value problems 
by Burridge and Papanicoulau (in preparation). Rather, we shall assume straightaway that the photon concept 
makes sense in a refractive medium and that the motion of photons is adequately described by geometrical optics. 
In that case, the photons obey Hamiltonian dynamics as Hamiltonian himself clarified. The general theory has been 
described in several books (e.g., Kline and Kay 1965; Luneburg 1966; Synge 1954) while useful summaries by 
Keller (1974) and by Weinberg (1962) are also available. A very concise discussion of the classical origins of the 
equivalence of ray theory and particle dynamics has been given by Eckart (1950). We shall quote here some 
essential results from this classical work and then give its formulation in the optical space introduced in the 
previous section. 

The relation between the wave and particle pictures is that the rays of wave theory are the paths of the particles ; 
in the spacetime description adopted here the rays are the world lines of the particles. The mathematical link 
between the two pictures is provided by the dispersion relation which we formally write as 

D(xli
9 kß) = 0 , (3.1) 

where, as in § II, kß is the propagation vector. The explicit appearance of the coordinate x* in the dispersion relation 
arises in geometrical optics through the dependence on the parameters of the medium which in turn may depend 
weakly on x11. If more than one kind of wave is possible, more than one relation of the form (3.1) may be needed. 

In the particle picture, D is the Hamiltonian while xß and kß are the canonically conjugate dynamical variables. 
Both x11 and kß are assumed to be functions of a parameter À which varies monotonically along the world line or 
ray. Hamilton’s equations have the form 

dxß _ dD 
dX dkß ’ 

and with the dispersion relation (2.11) we find 

where the dot denotes differentiation with respect to 

xßkß = 0, (3.4) 

so that if kß is spacelike, xß is timelike; while if kß is timelike (as it is when n < 1), x* is spacelike. This latter 
result points up a well-known difficulty arising from the identification of wave packets with photons in material 
media (Sommerfeld 1914; Brillouin 1914). The velocity xß

9 though parallel to the direction of energy propagation, 
is in fact distinct from the velocity with which signals propagate. This distinction is made clear in, for example, the 
discussion of Stratton (1941). 

If we eliminate kß from equation (3.2) to obtain an equation for x"(A), we find, after some simple algebra, 

X“ + = 0, (3.5) 
where4 

T'pf = %gßXgpVt<7 + gvO,P — gjOff.v) (3.6) 
4 We use throughout a comma to denote ordinary differentiation, a semicolon to denote covariant differentiation in real physical 

space, and a colon to indicate covariant differentiation in optical space. 

dkß 

~dX 
3D . 
dx*; 

= rv*v, 

A. Equations (3.3) and (2.6) imply that 

(3.2) 

(3.3) 
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is the Christoffel symbol of the second kind constructed from g^. This shows that, for the dispersion relations we 
are considering, the Hamiltonian equations are those for a geodesic in a spacetime with metricIn fact, equation 
(3.5) is that of a null geodesic since along it, 

g,vx^ = 0, (3.7) 

which follows from equations (2.6), (2.10), and (3.3). Many of the results about null geodesics in general relativity 
therefore become useful here. We know, for example, that equation (3.5) follows from a variational principle, 
namely, 

S Í {g^x^dX = 0. 

The Euler-Lagrange equations that follow directly from this principle are 

2 dk té'"’*“) + = 0 , 

(3.8) 

(3.9) 

and for some purposes this is more convenient than the usual geodesic equation (3.5). Thus, if g^ is independent of 
a particular coordinate, xp, we see from equation (3.9) that g^pX11 is constant along each geodesic. This is just a 
special case of the result that if ^ is a Killing vector of gtfv; that is, if ku satisfies 

then 
Kmv + Kv:u = 0 , (3.10) 

k^x11 = constant (3.11) 

along each ray or null geodesic (see, for instance, Anderson 1966). The constant of the motion provided by equation 
(3.11) is just gßpX11 when guv is independent of xp since then it may be shown that Kß = 8/. More generally, if it is 
found that if there are three independent Killing vectors associated with gßV9 then the three corresponding constants 
of the motion implied by equation (3.11) together with condition (3.7) permit the solution of the geodesic equation 
to be reduced to quadratures, as the examples of § IV illustrate. 

In closing this section, we recall that the canonical theory is here written in terms of the conjugate variables xß 

and kß. These are taken as basic; and in the notation used above, = kß. However, kß = gßvkv is distinct from ku. 
This example hopefully will clarify the notation. It is also instructive to note that 0» = xßVUv has the same com- 
ponents as Un = gßVU

v, as a short calculation will verify. 

IV. SOME EXAMPLES 

a) The Optical Christoffel Symbol 

We have seen in the previous two sections that the motion of photons through a refracting medium with arbitrary 
velocity and gravitational fields reduces simply to geodesic motion in the limit of geometrical optics. In general, the 
skein of geodesics in optical space produced by complex motions such as turbulence would be difficult to unravel, 
but the problem is in principle no worse than that of complicated motion in physical space. However, in practice, 
complex motions of the medium do complicate the geometry of optical space, and to illustrate this we may exhibit 
the form of the Christoffel symbol for an arbitrary velocity field. 

Suppose we consider a refracting medium with an arbitrary velocity field C/^. We would like to see how the 
geometry of optical space depends on the quantities involved in the irreducible representation of L^:v. Hence we 
introduce the standard decomposition (see, e.g., Anderson 1966) 

UH'y — Guv + 0>tfv + ^Ohuy + ÛpUy , (4*1) 
where 

Kv = gw - UßUv (4.2) 
is a projection operator, 

0 = Uß
lu (4.3) 

is the dilatation, 
auv = ihß

phv
a(Upia + Ua:p) — %0hßy (4.4) 

is the shear, 
<*>ßv = %hphv

a(yp.a - Ua,p) (4.5) 
is the vorticity, and 

Üß = Uß,aUa (4.6) 
is the acceleration of the medium. 

For illustrative purposes, let the medium be isotropic in «3? so that equation (2.9) applies, and let n be a constant. 
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Then, using formulae (2.7), (2.10), (2.13), and (3.6), together with the foregoing representation of we may 
obtain after a certain amount of straightforward calculation, 

fVv1 = IV + (1 - n2)Uz(<Juv + i0huv) 

+ + Uvwav + UDUaÙv), (4.7) 

where is the Christoffel symbol constructed from the physical metric. For this relatively simple case we see 
that the geometry of the photon world lines is explicitly determined by the complexities of the flow and by any 
gravitational fields which may be present. Even if the physical space is flat, the velocity fields can induce a large 
curvature in optical space. 

b) The Classical Limit 

In many applications, the differential motions encountered are not relativistic; we may take advantage of this 
by reintroducing c, the speed of light, into the equations and letting c tend to infinity. Thus we replace x11 by 
(/, x/c), and k11 by (o>, ck). For illustrative purposes we take the specific case of a locally isotropic medium and omit 
gravitational fields. 

It should be realized that, even in the classical limit, optical space is curved and that the equations of motion of 
photons are still expressed by equations (3.5) and (3.6). The simplification of classical theory lies in the fact that in 
the expression of we are to retain only the leading terms in inverse powers of c. 

From equations (2.8) and (2.11) we find that 

where for the present illustration gßV is the Minkowski metric and Uu = y(l, v/c). To compute the leading terms in 
the expansion of gßV we make the presence of c explicit with the replacement of n by clvp where vv is the phase 
velocity. The expansion of gMV then gives 

goo = 1 - v2¡Vp2 + 0{c 2), goi = cvjvp2 + 0(c-1), giy = -c^u/Vp2 + 0(1) . (4.9) 

This expresses the structure of optical space in the classical limit; and the quantity giiV^^v
? which appears in the 

variational principle (3.8) and is to be used in the basic equation (3.7), becomes 

g^x* = (1 - v2lvp2)i2 + IViXii/Vp2 - XiXi/Vp2 . (4.10) 

We may note also that in this particular example there is no dispersion in J27, hence the group and phase velocities 
are equal ; the group velocity, of course, is the velocity associated with the motion of photons. Even when v = 0, 
we can discuss photon propagation as motion in a curved space. In this case only the three-space geometry is 
affected by refraction, and the present formulation reduces to the simpler one given by Luneburg (1966). 

c) Plane Shear Flow 

To provide explicit applications of the above formalism to cases of refracting media with relativistic differential 
velocities, we consider simple flow fields. The problem of the passage of radiation through a medium with a plane 
shearing flow and a constant index of refraction has already been treated by Lerche (1974a), and this provides a 
good illustration of the application of the geometrical metric. 

We assume that the medium has the velocity four-vector 

U» = y(l, V, 0, 0), y = (1 — F2)"1'2, (4.11) 

where Vis the speed in the ^-direction and is a given function of y, the transverse coordinate. From expression (4.8) 
we find that 

y2(l - n2V2) — y2(l - n2)V 0 0 \ 

-y2
(1 - n2)V y2(V2 - ^ 0 0 \ 

0 0 —n2 0 I ^ ' 

0 0 0 -n2/ 

Since guy, is independent of t, x, and z, it follows from the considerations outlined in § III that go^x", g^x", and 
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are all constants of the motion. This may be expressed by the relations 

y2(i _ n2V2)¿o _ y2F(1 _ n2)¿i = ao9 (4.13a) 

y2V(l — n2)x° + y2(V2 — n2)*:1 = ßi, (4.13b) 
and 

— n2x3 = a3, (4.13c) 

where a1} a2, a3 are constants along the world lines of the photons. Equation (3.7), in the present example, is 

y2(i _ n2V2^jto>)2 _ 2y*V(l - n2)*0*1 + y2(V2 - n2)^1)2 - n2[(x2)2 + (x3)2] = 0 . (4.14) 

To solve this system we must specify initial conditions. For example, suppose that at j = 0 an observer comoving 
with the fluid sends photons in the positive j-direction. This means that V(0) = 0 and, if we choose the origin of the 
path parameter so that À = 0 on .y = 0, then x^O) = 0 and x3(0) = 0. With these conditions, which are also those 
adopted by Lerche (1974a), we can proceed to solve the system of equations. But for the present purposes it will 
suffice simply to find the paths of the photons. 

With the initial condition x3(0) = 0 we learn from equation (4.13c) that x3 = 0 on the entire world line. The ray 
is then confined to the (x, y)-plane and its form is specified by its slope 

tan 0 = x2/^1, (4.15) 

where 6 is the angle between the ray and the x-axis, as seen in the frame of the comoving observer at j; = 0. The 
initial conditions applied to equation (4.13b) show that a! = 0 along the ray, and this permits us to express x° 
in terms of x1. On introducing this relation into equation (4.14) we find that 

tan 6 = + 
(n2 - V2)112 

yV(n2 - 1) ’ 
(4.16) 

The choice of sign in this expression is determined by equations (4.13a) and (4.13b). Application of the initial 
conditions gives a0 = x°(0) = œ. Then we may solve for x1 and find that it is (n2 — l)Fa>/«2. With the convention 
a> > 0 we can then select the appropriate root of equation (4.14). Equation (4.16) then agrees with Lerche’s 
result. 

We observe that if V = n, the ray becomes antiparallel to the x-axis and we have a turning point. In fact, geo- 
metrical optics is no longer valid and a deeper analysis is needed to see how much radiation is actually transmitted. 
If we take n as fixed, then the problem is mathematically clear. However, it seems likely that, in the neighborhood 
of the turning point, radiation will feed back on the matter and complications will arise. For example, momentum 
exchange between matter and radiation should be especially pronounced near the turning point, and this will 
modify the geodesics in optical space. Feedbacks affecting n may also occur. Such difficulties are assumed not to 
arise in the transfer theory discussed in § V, but it seems clear that such questions are likely to be of interest in a 
variety of problems, as Lerche has suggested. 

The example just considered may be extended to the case where the shearing medium is a plasma (Lerche 1974c). 
For zero temperature, the dispersion relation has the general form 

2D = gßVkßkv - Q)p
2 = 0, (4.17) 

where o)p is a constant and is equal to the plasma frequency. Here, even in optical space, k is not null, and the 
photons behave like particles with finite rest mass. Nevertheless, the same kind of formalism applies. In particular, 
D plays the role of a Hamiltonian, and the rays described by equations (3.2) are geodesics in optical space. In the 
present application equation (3.7) has o>p

2 on the right-hand side instead of zero. Accordingly, the zero on the right- 
hand side of equation (4.14) is replaced by cop

2 though equations (4.13) remain unaltered. The only fundamental 
difference is that the ray is no longer a null geodesic and the scale of the path parameter must be chosen appro- 
priately. This is resolved by the initial condition on x°, x°(0) = co. If the other initial conditions are retained, we 
find a0 = ax = 0, a3 = 0, along a ray. One can then solve for the components of xß, and the results are 

. 0 _ rM»2 - n 

X1- = 
y2wV(n2 - 1) 

(4.18a) 

(4.18b) 

jc2 = i [y2w2(n2 - V2)/n2 - ojp
2]112 

x3 = 0. 

(4.18c) 

(4.18d) 
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These results agree with those of Lerche (1974c) for a cold plasma when (op
2/wz = 1 — n2, and we find 

AV\n2 - \) + n\\ - n2V2)Y'2 

w=± WW=T)   

while the condition for a turning point is 

2 = ”2 = (to2 - a>p
2)a)2 

(n2 — l)2 top4 

d) Expansion 

As a final example we consider photons propagating through an expanding medium. To isolate the effects of 
expansion we suppose that the properties of the medium remain constant in physical time and that the physical 
space is flat. The expansion is plane with a velocity 

£/" = y(l, F,0,0), y = (1 — n-1/2, (4.19) 

where V is in the x-direction and is an arbitrary function of jc (=x1) alone. 
The metric has the same form as in the previous example but it is now independent of t, y, and z so that 

gouX11, g2ßXß9 and gQux
ß are the constants of the motion. Hence we have 

y2(l — n2V2)x° — y2V(l — n2)xx = a0, (4.20a) 

nx2 = a2 , (4.20b) 

nx3 = a3 . (4.20c) 
Equation (3.7) now reads 

y2(l — n2V2)(x°)2 — 2y2 V(l — n2)^0^1 + y2(F2 — w2)^1)2 — n2[(x2)2 + (i:3)2] = 0. 

At x = 0 we set x2^1 = tan 90, x
3 = 0, F = 0, and n = n0. Some algebra then leads to the result 

tan2 6 = ”°2 sin2 e° . 
n2 — y2(l — n2V2)n0

2 sin2 60 

(4.21) 

(4.22) 

Evidently, if a ray starts out parallel to the flow, it remains so. If « > 1, there is a tendency to align the motion of 
the photons with the direction of the expansion. To see this, consider n to be constant. Then y2(l — n2V2) < 1 
(for n > l); and if (as we have supposed) F increases with x, then 0 0 and F-> 1. For n < l, the tendency is 
to turn photons away from the flow. For constant n, in this case, the photons (according to geometrical optics) 
move orthogonally to the direction of expansion when F2 has increased to cos2 0O/(1 — «2 sin2 0O). 

These illustrations of kinetic trapping of refracted radiation raise interesting possibilities. What happens when 
radiation from a source is trapped by relativistic motions in the ambient material? Of course, there will be some 
leaking in general, but there is also the possibility that radiation pressure will build up and produce instabilities 
leading to eruptive phenomena. Refracted radiation generally has low frequency, and the situation in kinematic 
trapping has some similarities to the instabilities of the zero frequency case, i.e., that of a magnetic field which is 
amplified by being wound up and thus strengthened until it buckles. 

V. TRANSFER THEORY 

a) Transfer Equation 

If one knows the equations of motion of the photons, one can readily write down an equation of continuity for 
the one-photon distribution function, or phase-space density. This task is straightforward in relativistic transfer 
theory (Lindquist 1966 ; Anderson and Spiegel 1972); and, if we work in optical space, it can be equally readily 
carried out for a refractive medium. Though, as we have formulated the problem here, we may deal with relativistic 
motions and arbitrary gravitational fields, the use of geodesic equations for photon motions is convenient also for 
nonrelativistic problems with refraction and flow. 

Consider an eight-dimensional phase space with coordinates xß and k11. The variations of xß and along a ray 
are governed by equations (3.2). These equations may be rewritten as 

x = kß, kß = - . (5.1) 

We assume the existence of a dispersion relation of the form (4.17) and introduce an invariant element of “volume” 
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dK in the hypersurface D(x, k) = 0 in (optical) momentum space such that 

dK={-g)ll2h+[D{x,kWk, (5.2) 

where 8+ is the positive-frequency delta function satisfying 

8+(jc2 - a2) = i 8(jc - a), (5.3) 

g = detg^v and, for given by equation (2.13), 

g = g det/iy-1, (5.4) 

with g = det g^. From definition (5.2) we see that dK is a scalar. 
We next introduce in optical configuration space a timelike hypersurface with directed element dS» = 

(—g)1,2€flvpadiXvd2x
pd3x

(T where diXß are three linearly independent infinitesimal displacements lying in the hyper- 
surface and €ßvp<T is the Levi-Civita tensor density of weight — 1. We note that dS» is a vector and not a vector density. 
It is related to the usual hypersurface element dSß = (—g)1,2€flvp<jd1x

vd2x
pd3x

a by 

(-g)ll2dSß = (-gy^dS» . (5.5) 

Now let dÑ be the number of photon world lines having P in dK and crossing dSu. Then we define a one-photon 
distribution function f(x, h) such that 

dÑ = f(x, fyfrdSvdK. (5.6) 

To see that this definition of/isja generalization of the usual one, suppose that the medium is isotropic and that 
equation (2.1) holds. Then, since = g^k?, = œ and £* = g^'kj = in J£\ We also have g = —if in 
so that with the help of equations (2.1) and (5.3) we find dK = («3a))“18(a) — |A:|«“1)¿/W3A:. Likewise fodS» = 
ri*a>dV in where dV is a proper volume. Then, if we set f{x, ^)|C0= \kVn = /(/, x, k), we see that equation (5.6) 
reduces to the usual definition of the classical one-photon distribution function. 

Consider now a beam of photons of small cross section in physical space and with momenta in dK. Let A be the 
path parameter along the pencil. We wish to write an equation for dfjdX allowing for losses and gains from the 
beam due to absorption, scattering, and emission. We express this in the general form 

= P(& - ßf) . (5.7) 

Here à and ß are functions of x and k and are related to the invariant emission and absorption coefficients of 
Thomas (1930) and thus to the usual emission and absorption coefficients as we shall discuss presently. 

Since 

€ 
dX x dx> + k db (5.8) 

we find, with the help of equations (5.1), that 

k^- 
dx“ 

r^k* £ = P(ü - ßf) (5.9) 

Thus, the equation of transfer for a refracting medium, when expressed in optical coordinates, is formally identical 
to the standard one for a nonrefractive medium (Lindquist 1966; Anderson and Spiegel 1972). 

To compare equation (5.9) with the equation found by Harris for the specific intensity in a static medium with a 
time-independent refractive index we take = diag (1, —n2, —n2, —n2). Then 

£# = ¿a = (^,«-2*), (5.10) 

where a> is constant along a ray if n is independent of time. If we use this fact, set k = no»/, replace /by f{x, t, (U,l), 
and & and ß by «(x, t, oj, l) and ß(x, t, w, /), we have 

(5.11) 

Now, if we use the expression Harris suggested for the specific intensity, 

/ = cok2f = tu3«2/, (5.12) 
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equation (5.10) will agree with his equation (30) if we make the identifications 

a = Cüf, ß = coa, (5.13) 

where f and a are quantities defined by Harris. In the discussion of the radiative stress-tensor (below) we shall see 
that relation (5.12) between / and/holds in «£?. From this we conclude that equations (5.13) hold in Since a 
and ß are scalars, we can use our knowledge of them in to determine them in any frame. 

b) Photon Number Current 

For some purposes, one often works with just the low-order moments of the transfer equation. These usually 
represent particular conservation laws, and the lowest order moment of the usual transfer equation is the conserva- 
tion law for photon number. If we take the lowest moment of equation (5.9), which is to simply integrate it over 
momentum space, we find after some elementary manipulations, 

#“:v = p J(S-£/y£, (5.14) 

where 

Ñ* = ^ fcfdR. (5.15) 

For a purely scattering medium, the right-hand side of equation (5.14) vanishes and we have 

(-g)1'2^:« = [(-|)1/2^].„ = o . (5.16) 

This expresses the conservation of N*. Of course, Ñ* is not the ordinary number current since the volume elements 
in the optical and physical spaces are not identical. However, with pure scattering, we expect the usual number 
current to be conserved, and to verify this we proceed as follows. 

If we integrate equation (5.6) over dK, we obtain the total number of photon world lines intersecting the element 
of optical hypersurface In view of expression (5.15) this is just Ñ^dS^. By analogy, we define the total number 
of photon world lines crossing the element of hypersurface in physical space to be N^dS^ and we interpret the object 
N* as the photon-number flux. Then, using equation (5.5), we obtain 

N* = (g/g)1/2^ . (5.17) 
Equation (5.16) becomes 

[(-g)1/2^L = 0, (5.18) 

which is the usual expression of the conservation of photon number. 

c) Radiative Stress Tensor 

The next higher moment of the transfer equation, obtained by multiplying by kv and then integrating over dK, 
is 

?“V:v = pj£“(S-$V£, (5.19) 

where 
f «V = J fckidK. (5.20) 

Equation (5.19) expresses the way in which energy and momentum are exchanged between the matter and radiation, 
but there are difficulties of interpretation. As with the number current, we would like to find the analog of !PV in 
physical space and identify this as the stress (or stress-energy) tensor. To do this we may try to proceed in analogy 
with the method we used to define N*. 

Suppose we consider the total four-momentum of the world lines crossing the element of hypersurface dSu. In 
optical space we find this by multiplying equation (5.6) by £v and integrating to obtain 

dPu = J {hdÑ)dK = T^dSv. (5.21) 

If we take (5.21) as a definition of f^, we are led to define ÜPV through the analogous relation 

dPß = TuvdSv, (5.22) 

where dPu is the total four-momentum of the world lines intersecting dSv. However, there are two ways to use this 
definition to compute TßV from the expression dN = fkßdSßdK. That is, according as one assigns fc or £ as the 
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pseudo-momentum, one finds J (k^dtydK or J fodNdK for dP11. There result two possible expressions for 
which we shall distinguish by subscripts. We obtain either 

Tmuv = (g/g)112 J k^kfdK (5.23) 

or 

7’/v = (k/g)112 J kW/dk . (5.24) 

We have stressed this dichotomy since it appears to be closely related to the somewhat controversial problem of 
defining the stress-energy tensor for an electromagnetic field in the presence of matter in bulk (Pauli 1958; Ehlers 
1967). Expressions (5.23) and (5.24) correspond respectively to the Minkowski and Abraham forms of the electro- 
magnetic stress tensor. The present discussion indicates that the choice depends, at least in the context of transfer 
theory, on how one interprets the photon in classical (but relativistic) physics. In fact, what is physically important 
is that the total stress tensor (matter plus radiation) be conserved. If one has a model for the matter, then the choice 
of radiative tensor can be decided. But, as we have already noted, the present theory is phenomenological in 
assuming that n is fixed in advance, and to couple it to the matter-dynamics would require a theory for n. Attempts 
to do this must presumably build from a microscopic theory. Interestingly enough, some recent work along these 
lines (de Groot 1969) gives yet another form for T^. In transfer theory we could conceivably recover even this form 
by identifying an appropriate momentum of photons. This is all by the way here, since one is really interested in 
approximating solutions to the transfer equation. From these, one can then calculate any physically meaningful 
property of the radiation field, at least to the extent that geometrical optics makes sense. Our aim in presenting 
these remarks on TßV is that it may give another way of seeing the origin of the disagreement in attempts to define 
Tß\ For a useful discussion of the macroscopic theory, see the recent paper by Robinson (1975). 

Despite these difficulties, we can exploit the fact that, in k° = £° and hence TA
0li = TM

0ß to calculate un- 
ambiguously the radiative flux F in From definition (5.22) we see that 

Fi = Taoí = Tmoí ' (5.25) 

Thus for the computation of the radiative flux, the ambiguities in the definition of 7^v do not present a problem. 
Moreover, we can also verify that relation (5.12) is correct. 

In terms of the specific intensity the flux is 

= J Hioj, l)dwd£ï, 

where / is a unit vector in the direction of propagation and JO is an element of solid angle. If we now make use of 
the expression in the discussion following equation (5.5) and set k = œnl, we find that 

Tai = J . (5.26) 

This result together with equations (5.22) and (5.23) then leads to the relation (5.12). 

VI. CONCLUSION 

The outline of transfer theory presented here began with the premise that a prescription is known for calculating 
the index of refraction. This prescription could in principle require a knowledge of the radiation field, which would 
introduce a nonlinearity into the problem, but we have here assumed that the refractive index is specified as a 
function of space and time. We have also supposed that the dispersion relation is quadratic in the propagation 
four-vector. Given these basic requirements, we added the assumption that the photons involved in the transfer 
process obey Hamilton’s equations, with the dispersion relation providing the form of the Hamiltonian. The 
essence of the procedure was the generalization of the dispersion relation for a (locally) static and gravity-free 
medium to one with arbitrary velocity and gravitational fields. This led to the result that there is a metric for which 
the associated geodesics are the photon world lines. Once this is known, the equation of transfer can be written 
down for a refractive medium in analogy with the relativistic theory of radiative transfer. As we proposed earlier 
(Anderson and Spiegel 1972), this procedure is convenient for handling transfer problems involving refraction even 
when there are no relativistic aspects to the problem. 

Except possibly for the last step, the joining of propagation problems to transfer theory, the discussion simply 
draws together a number of previously (though not always widely) known results. The cornerstone of these is 
Gordon’s (1923) discussion of Maxwell’s equations for a moving refractive medium. As Ehlers (1967) has discussed, 
one can formulate on this basis a theory of geometrical optics. In starting at the other end, as it were, and assuming 
that Hamilton’s equations describe the motion of photons, one is led quite simply to Gordon’s optical metric, as 
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we have seen. But from either point of view, one is limited to slowly varying refractive indices and, when turning 
points occur, perhaps to the usual kind of transition formulae associated with the WKB solution. However, it 
would clearly be of interest to look further into these questions at the deeper level of physical optics. On the other 
hand, phenomena like diffraction around a black hole and the metric irregularities of a turbulent cosmology seem 
worthy of investigation at the present level of approximation. 

A problem that remains to be explored is that of handling the transfer of polarized radiation through a biré- 
fringent medium. An example might be propagation of radio waves through a dense gas permeated by a strong 
magnetic field. In such a medium different polarizations can have different dispersion relations and hence give rise 
to different optical metrics. As the different polarizations would be mixed by scattering, separate transfer equations 
with separate metrics would not be possible. Does a generalization of the material in § V exist to deal with this 
problem? 

Another problem, which was foreshadowed at the end of § V, arises if we wish to couple the dynamics of the 
medium to that of radiation. If there is refraction, the radiative transfer is best formulated in optical space, but the 
matter equations are naturally expressed in physical space. In such problems one often prefers to work with stress 
tensors, and as we saw in § V, there is more than one way to compute the radiative stress tensor in physical space. 
If, however, we are given a model for the matter dynamics, we must define a radiative stress tensor such that the 
total stress-energy is conserved. This in turn means that we would be led to seek an appropriate definition for the 
momentum of a photon in a refractive medium. Any approach at this level would be phenomenological, but for 
the purposes of many problems of astrophysical interest such an approach would suffice to reveal many qualitative 
aspects of the solutions. 
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Dr. M. E. McIntyre considerably clarified the stress-tensor question raised in § V. Our work on this and related 
problems was supported by the NSF under grants GP-3233X and GP-34621 and indirectly by their sponsorship 
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