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ABSTRACT 

We examine some of the features of synchrotron radiation which occur when relativistic par- 
ticles move with small pitch angles in a magnetic field. The emission from individual particles is 
computed ; the general properties of the emission from distributions of particles with small pitch 
angles are discussed; and, finally, the emissivities and degrees of polarization for several specific 
source models are presented. The application of these results to astrophysical phenomena are 
considered in the accompanying paper. 
Subject heading: synchrotron radiation 

I. INTRODUCTION 

The conventional analyses of synchrotron theory, in which it is assumed that the 
pitch angle T between the particle velocity and the magnetic field is of the order of 
unity, are adequate for the discussion of many astrophysical phenomena; however, 
some of the observable radiation from quasars, galactic nuclei, and pulsars may be 
emitted by particles which have small pitch angles. Several authors (O’Dell and Sartori 
1970a; Cavaliere, Morrison, and Pacini 1970) have suggested that in some sources the 
radiating particles may even satisfy the more stringent condition T* < y-1 = mc2/E 
(where E is the energy of the particle). The present investigation deals with the special 
features of synchrotron radiation which occur when the radiating particles have small 
pitch angles. The contribution of other workers who have dealt with some aspects of 
this problem (O’Dell and Sartori 1970a, b; Melrose 1971a; Tademaru 1972) are also 
discussed. 

In § II the emission from individual particles is examined. First, we obtain expres- 
sions for the emission from a particle which has a very small pitch angle T « y-1, 
and then we consider the more general case in which the restriction on the pitch angle 
of the particle is only T « 1 ; exact and approximate expressions are presented. In 
§ III we derive expressions for the emissivity, degree of circular polarization, and 
maximum degree of linear polarization for optically thin synchrotron sources in which 
the particles mainly have small pitch angles and stream along somewhat irregular 
magnetic fields. The emission for several source distributions is computed in § IV, and 
the main results are summarized in § V. The application of these results to astro- 
nomical objects is considered in the accompanying paper (Epstein and Petrosian 1972). 

II. SYNCHROTRON RADIATION FROM INDIVIDUAL PARTICLES 

a) Radiation from Particles with Very Small Pitch Angles 

While the general analysis of the synchrotron radiation from a particle which spirals 
in a magnetic field is fairly involved, we can gain some understanding of synchrotron 
radiation from particles with small pitch angles and derive some useful formulae by 
first limiting the discussion to particles with very small pitch angles. 

* Present address : Department of Astronomy, University of Texas at Austin. 
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For the special case of a single, isolated (in a vacuum), highly relativistic particle 
(y » 1) which has a very small pitch angle OF « y-1), the problem of computing the 
synchrotron emission is greatly simplified. Designate the inertial frame of the observer 
by K and call the inertial frame in which the particle orbit is circular the K0 frame. 
K0 moves relative to K with a velocity cß||, where ß\\ is the magnitude of the particle 
velocity along the magnetic field, ß\\ = |ßn| = ßcosT, and ß = (1 — y~2)112. As 
seen in K0, the velocity of the particle is 

_ fr’ - 1)1J3 sin y ~ vT<< ! (n 

™ (cos2 T + y2 sin2 T)1'2 y '' 

(quantities which are measured in K0 are subscripted with 0). When yT « 1, the 
particle energy in KQ is nonrelativistic so that to observers in this frame the emission 
appears to be mainly monochromatic cyclotron radiation. The particle emissivity in K0 

can be written as (Bekefi 1966) 

r¡0 = 776 Vb (1 + cos2 0¿)Kvo - vb) ergs s“1 sterad"1 Hz"1, (2) 

where B0 is the angle between the direction of emission kQ, and B\ vB = \eBI27rmc\ ; 
e is the charge of the particle; and 5 = |Z?|. 

The radiation is completely polarized, and the major axis of the polarization ellipse 
is in the k0X B direction. The degrees of linear and circular polarization are1 

1 — cos2 90 2 cos 0O 
Pl° “ 1 + cos2 60 ’ Peo- i + cos2 90 

9 (3) 

where /x = sign ( —eßn‘2?) and pc0 > 0 for right-hand elliptically polarized radiation 
(the electric vector moves counterclockwise as seen by the observer). The quantities 
Fo = J rj0dv0, Fi0 = J pi0rj0dv0, and Fc0 = J pc0r}0dv0 are shown in figure 1. In terms of 
these functions the degrees of linear and circular polarization are Fl0/F0 and Fc0/F09 

respectively. While the emission is in general elliptically polarized, it is circularly 
polarized at d0 = 0 and 60 = tt (with the opposite sense in each hemisphere) and 
linearly polarized at 60 = tt/2. 

By using the transformations 

CUa t/Q 

q-ft,2)2'2 

0 1 — ßii cos 0 

(i - friT 
v % (1 - /3|| COS 

(4) 

(5) 

(6) 

we can obtain the expression for the radiation as seen in the K frame. It has been 
assumed here that ß|| is parallel to B (when ßy and B are antiparallel, B and B0 in 
eqs. [4]-[9] should be replaced by tt — B and tt — 0O, respectively). The effects of 
these transformations are illustrated in figure 1 where F = J r¡dv, = J piqdv, and 

1 By “the degree of linear polarization” we mean the apparent degree of linear polarization 
which would be detected if the emission were analyzed with antennas that were sensitive only to 
linearly polarized radiation. Similarly, the “degree of circular polarization” refers to the relative 
difference which would be recorded by antennas that were sensitive to only right- or left-hand 
circularly polarized radiation. In terms of the Stokes parameters the degree of linear polarization 
and the degree of circular polarization are given by (Q2 + U2)112/! and F//, respectively. 
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Fig. 1.—Angular distribution of the intensity and polarization for the emission from a particle 
with a very small pitch angle. The figure on the left is the pattern for the nonrelativistic cyclotron 
radiation which would be observed in K0. The figure on the right is the radiation pattern as seen in 
the laboratory frame, K, when ß\\ = 0.3. The sense of the elliptical polarization is opposite for the 
solid and dashed Fc curves. 

Fc = § Pc'qdv are shown for ß{l = 0.3. The radiation is beamed and amplified in the 
direction of ß||, and the frequency is Doppler shifted according to equation (5): at 
0 = 0 it is “blueshifted” to vß[(l + ßu)/(l — ß\\)]112 whereas at 0 = tt- it is redshifted 
to VB[(1 - /?„)/(! + ft)]1'2. 

The expressions for the emissivity and polarization of the radiation as observed in 
A: are2 

V = 
77eypv r 

VBC 

V 

yvs 

1yvb \ 
i + öyj ’ 

(7) 

2 i} is the energy emitted by the particle per unit solid angle, time, and frequency ; however, this 
is not the observed emissivity. The particle is moving toward the observer in K with a mean velocity 
cß cos 9 cos T* so that the energy which is emitted in a time dte is received in a time dtr = dte 
(1 — 0 cos 0cosT). If the “apparent emissivity” r¡a is defined as r)a — 77/(1 — ß cos dcosY), 
then rjadCl is the energy received per unit time and frequency by an observer who subtends a solid 
angle dQ. To calculate the emission from time independent collections of particles, as is done in 
§ IV, only the emissivity rj has to be used. A good discussion of the distinction between the emissivity 
and the apparent emissivity is given by Ginzburg and Syrovatskii (1969). In their notation rj = r2p 
and r]a = r2p. 
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_ 1 - 0V4 _ 2fxyvB(v - yvB) 
P° ^ i + SY p2 - 2yvpB + 2yW ’ 

_ 262y2 v(2ypB — p) 

1 + 04y4 v2 ~~ 2yppB + 2y2pB
2 

Only the terms of lowest order in Ty and 6 have been retained. 
In any given direction the emission is monochromatic with a frequency 2ypBl(l + 62y2) 

and elliptically polarized with the major axis of the polarization ellipse aligned with 
k X B. By integrating r¡ over all directions of emission the power spectrum of the total 
emission from a single particle is found: 

H(y, y, T, Æ) = 2t7 Í 77 sin 6d6 ergs s-1 Hz-1 

Vol. 183 

(8) 

(9) 

C L yvB 2 \yvB) J 

= 0 

i^«v - 2yVl) 

(y > 2yvB) . (10) 

The rate of energy loss for the particle is obtained by integrating H over all frequencies : 

<‘i> 

Equation (11) is in agreement with the general expression for the power radiated by a 
particle in a magnetic field (Blumenthal and Gould 1970). 

H{p), pi(p, 0), and pc(p, 6) are shown in figure 2. The relation of these expressions to 
observable quantities is discussed in § III. 

b) Radiation from Particles with Small Pitch Angles 

We will now relax the restriction that T « y "1 and obtain expressions for the particle 
emissivity with the weaker condition T* « 1. The radiation field of a highly relativistic 
charged particle which spirals with arbitrary pitch angle is well known (Ginzburg and 
Syrovatskii 1969); for emission in the k direction and at large distance r from the 
particle the electric field can be expressed as 

6 = Re 2 exp [InivJjlc - i)] 

= 

n= 1 

47rnepB sin T 
cry(l — ß cos 6 cos Tÿ 

„ . (cos 0 - ß cos T) 
e^niZn) ie2 ß sin e sin T Jn(Zn) 

Zn = 
nß sin 6 sin T* 

l — ß cos 6 cos T ’ 

= Wb   
n ~~ y(l — ß cos 6 cos Y) 

(12) 

The unit vectors ex and e2 are in the BX k and kX(B X k) directions, respectively; 
Jn(x) is the Bessel function of order n; and Jn'(x) = dJn{x)¡dx. 
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V 

Fig. 2.—The emissivity per unit frequency and the polarization of the emission from relativistic 
particles which spiral with very small pitch angles. 

The emissivity of the particle can be expressed as 

1? = ^ (1 - 0 cos 0 cos Y) 2 - vn) ■ (13) 

The factor (1 - ß cos 0 cos T) adjusts for the average motion of the particle along 
the magnetic field (see n. 2). 

Most of the radiation is beamed within an angle of the order of y_1 of the direction 
of the particle velocity. Since the pitch angle is also small, the emission is mainly 
confined to limited range of 0:6^ (T + y_1) « 1. By retaining only the terms of 
the lowest order in 6, T*, and y-1 the expression for the emissivity reduces to 

lÓTT^^V^2 V 2 
"I C(1 + 02y2 + Y2y2) ¿í 

n 

2nyvB 

{Jn\Zn)}2 + 
i - ey + Yy 

20Yy2 

2ny20Y 

UZn) 

(i + 0y + Yy) 
zn = 

(1 + 02y2 + Y2y2) 

8(v - vn) » 

(14) 
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and the total emissivity integrated over all directions of emission is 

47T2e2'F2v 

n= 1 

pyW2 

Vol. 183 

H = 
c 

y'F2 

J {[Jn\Vn)Y + 'V„[/n(rn)]2} , 

Vb 
In 

VB 

[1 + (Ty)-2] 
] 

1/2 

= 
n - (vy^/vB)[l + ('Ey)-2] 21^1 2 

(15) 

H is shown in figure 3 for several values of Ty. 
For very small pitch angles (Ty « 1) equation (15) reduces to equation (10). When 

v » Vß/yT2, the approximations for Bessel functions of large order can be used in 
equation (15) yielding (Ginzburg and Syrovatskii 1969) 

2ir3li2e2x¥v} 
- Í K5l3(x)dx, 
Vc j vlvc 

(16) 

where vc = fy2xFvfî and K5/3(x) is the modified Bessel function of order f. 
In many cases the following simple approximations for equation (15) will be 

adequate: for “very-small-pitch-angle synchrotron radiation,” yT < 0.6: 

H ^ -^(equation 10) > (17) 

for “small-pitch-angle synchrotron radiation,” yT > 0.6 and Y « 1 : 

27r2e2Y2v 
H = 

= H. (equation 16)? 

vBly « v < vB/yyV2 

VB/yV2 < v . (18) 

i'b
/y'I'2 

Fig. 3.—The emissivity per unit frequency for relativistic particles which spiral with small 
pitch angles. 
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These approximations are accurate to about 1 percent when v is less than O.li^/yT2 

or greater than Iv^y^Y2. Large deviations (20-507o) occur only in the frequency range 
0.3 ^ vyT*2/^ < 0.8 and only when 0.5 ^ /F ^ 0.8. 

In their study of low-frequency cutoffs O’Dell and Sartori (1970Z?) assumed that H 
equals zero when v < ^/yT2, Y « 1, and y Y » 1; however, since //oc v is a more 
accurate approximation for this regime (eq. [18]), their conclusions (concerning the 
occurrence of a steep “cyclotron turnover”) are incorrect. The actual emission spectra 
for source distributions of the type they considered are discussed in example 2 of § IV. 

III. SYNCHROTRON RADIATION FROM COSMIC SOURCES: GENERAL CONSIDERATIONS 

We will now consider the emission from optically thin synchrotron sources in which 
most of the radiating particles have small pitch angles. The formal expressions for the 
radiation from this type of source are easily found, but to use these expressions to 
compute observable quantities requires a complete description of the structure of the 
magnetic field and the particle distributions, information which in fact is never avail- 
able. This difficulty can be circumvented if the source structure is amenable to certain 
approximations. Two approaches that can be taken are: (1) one can first compute the 
radiation from a homogeneous source which is permeated by a uniform field and then 
make some allowances for the irregularities in the actual sources; or (2) one can at the 
outset assume that the magnetic field is tangled or irregular, and then assess how the 
results should be altered to account for a small degree of uniformity. The first approach 
is usually appropriate for conventional synchrotron sources; but when the emission is 
mainly from particles with small pitch angles, the second approach is likely to be more 
useful. In what follows we will discuss the conditions for which each of these approxi- 
mation schemes is applicable, and we will then derive expressions for the emission from 
sources in which the radiating particles have small pitch angles and the magnetic field 
structure is somewhat irregular. 

First consider the emission from a small volume element in a synchrotron source. 
If the radiating particles mainly have small pitch angles, most of the emission will be 
concentrated within a small angle, dR, of the direction of the local magnetic field 
(dR is defined below in the text following eq. [30]). The magnitude of_^ can be esti- 
mated as follows: For sources in which the characteristic pitch angle Y is large com- 
pared to the typical width of the mcfiation beam for the individual particles ÿ-1, 
6r is of the order of Y ; but when Y « ÿ-1, 0R is fixed by the size of the individual 
radiation pattern. These estimates can be summarized as 

dR Z W + y-1 . (19) 

Now consider the source as a whole. The direction of the magnetic field will vary 
throughout the source, and the magnitude of these variations can be characterized by 
an angle dB. By this we mean that the magnetic field throughout the source is aligned 
for the most part within 6B of some given direction: if the field is absolutely uniform, 
dB is zero; and if it is very tangled, 0B is of the order of unity (the precise definition 
for 6b is given by eq. [31] below). Figure 4 shows a schematic of a portion of a 
synchrotron source in which 6B and 6R are indicated. As before, 6 is the angle between 
the direction of observation and the direction of the local magnetic field. 

When 6r is much greater than dB, the variations in the direction of the magnetic 
field broaden the radiation pattern by only a small amount and the net emission from 
the source is only slightly altered by the irregularities in the magnetic field. In this case 
one can compute the main features of the emission by assuming that the field is 
completely uniform. When 0B » 6R, however, the radiation from different regions of 
the source is beamed in widely different directions (relative to the size of the beam) so 
that the net emission in any one direction, say k, is proportional to the volume 
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Fig. 4.—The structure of a portion of a synchrotron source. The characteristic variation in the 
direction of the magnetic field, 0B, is taken to be much greater than the width of the radiation pattern 
for the emission from a small volume element, 0E. 

emissivity averaged over a number of the possible orientations of B relative to k. Since 
the irregularities in the source structure are predominant in this case, the second ap- 
proximation procedure can be used for computing the total source emission. 

If a synchrotron source mainly contains particles with small pitch angles, then ÛR 

will be so small that even a moderate deviation from a strictly uniform magnetic 
structure will insure that dB » 0R. Assuming that this condition is fulfilled, we will 
derive expressions for the emissivity and polarization of an optically thin source. The 
main results of these calculations can be anticipated as follows: (1) As we mentioned 
above, the net emission in the direction k is the sum of the contributions from a 
number of regions in which B has various orientations relative to k. This will enable 
us to express the total source emissivity, E, and the total emissivity of the circularly 
polarized radiation, Ec, in terms of the single particle emissivity integrated over all 
directions of emission (see eqs. [38] and [39] below). (2) Since the major axis of the 
polarization ellipse is in the A: X Æ direction, its orientation varies for the emission 
from different regions of the source so that the total amount of linearly polarized 
radiation is relatively small; equation (42) gives an upper limit for the net degree of 
linear polarization. The remainder of this section is concerned with deriving equations 
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(38), (39), and (42); in the next section these results will be used to compute the 
emission for specific source models. 

Let n(y, XF, ^dyd'Y be the number of particles per unit volume at point r with 
energies between y and y + dy and pitch angles between T* and T + (0 < T* 
< ir/2). The emissivity of a single particle is expressed as ^(v, 0, T, y, B) so that for 
incoherent radiation the emissivity per unit volume in the k direction and at frequency 
v is 

/»OO /.jr/2 
€(v, k,r) = nrjdYdy ergs(Hz s sterad cm3)"1. (20) 

Jl Jo 

Similarly, the volume emissivity of the circularly polarized radiation can be written as 

poo pJî/2 
ec(v, &,»•)= nr)cd'¥dy, (21) 

Ji Jo 

where r¡c{v, 9, T, y, B) = r¡pc and pc(y, 6, T, y, B) is the degree of circular polarization 
for the emission from an individual particle. The variable 6 in the arguments of 
and rjc is a function r since it is the angle between k and B(r). 

Assuming that the source is optically thin and that the ambient medium within the 
source does not significantly affect the transfer of the radiation, we can express the 
total emissivity E and the circularly polarized emissivity Ec as 

k) = \ €ic)d
3r ergs(Hz s sterad) ~1, (22) 

Jv 

where V is the total volume of the source or, if the source is sufficiently well resolved, 
the portion of the source which is being observed. 

The degree of circular polarization is now given by 

pc(v, k) = Ec/E. (23) 

If the quantities n and B were known throughout the source, equation (22) could 
be used in its present form; however, since this is not normally the case, it would be 
more useful to have expressions which involve only the gross or average properties of 
the source. For the type of sources which we are considering here (ones for which 0B 

is much greater than ¿?ñ), these expressions can be obtained by changing the variables 
of integration in equation (22) and integrating over the orientations of the magnetic 
field. 

The magnetic field at each point in the source can be expressed as 

B(r) = B ûn 9 cos </>/ + B sin 9 sin </>y + B cos 9k , (24) 

where i,j,k form a set of three mutually perpendicular unit vectors, k is in the 
direction of the observer, and B, 9, and </> are functions of r. The volume element in 
equation (22) can be written in terms of the B, 9, </> variables by using 

d3r = 
d3r 
IFb 

B2dB sin 9d9d<!>. (25) 

This expression for d3r represents that portion of the source volume in which the 
magnetic field strength is between B and B + dB and the field direction is between 9 
and d9 in one of the angular coordinates and between <j> and <f) + d(j> in the other. 
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By defining 

N(y, Y, B, 6, (ß) = n 
d3r 
d3B 

B2 particles (gauss sterad erg rad) “1 

and using equation (25), we can transform equation (22) to 

k) = ^ Nrjic) sin OdOd^dBdYdry . 

(26) 

(27) 

The position r in the argument of n in equation (26) is now a function of B. It may be 
that r(B) is not a single-valued function of B, but this can be allowed for by modifying 
the definition of N as follows: Consider the source divided into, say, j regions, in 
each of which r(B) is a single valued function. The right-hand side of equation (26) is 
evaluated separately in each of these regions, and N is taken to be the sum of these j 
terms. 

The quantity N describes the net properties of a source. It gives the total number of 
particles that are in a given interval of energy and pitch angle and which are located in 
regions of the source in which the magnetic field has a certain range of directions and 
field strengths. Since we are concerned with sources in which the average pitch angle 
of the particles is small and the magnetic field is fairly irregular, N is peaked near 
Y = 0 and it is a slowly varying function of 0 and 4>. To simplify the analysis we will 
limit our discussion to sources for which N is separable : 

N{y, Y, B, 6, <f>) = A(y, B, 6, ¿^(y, B, Y) . (28) 

With the definitions 

/»tt/2 
/(c)(v, 6, y,B)=\ , (29) 

Jo 

equation (27) now becomes 

E(c)(v, = J Me) sin 6ddd(j)dBdy . (30) 

Since £ is peaked in the vicinity of Y = 0, and r¡ and r¡c are small everywhere except 
for 6 near Y and tt — Y, the integrals / and Ic are peaked about 0 = 0 and 6 = tt. 
Furthermore, / and Ic are symmetric and antisymmetric functions of (0 — 7t/2), 
respectively (since r¡c depends on the sign oí k*B while 77 does not). A measure of the 
angular width of / is given by 0ß(v, y, B), which we now define as the value of 0 < tt/I 
at which / is one half of its maximum value. 

The overall structure of the source is described by À. The quantity 0fî, which 
characterizes the scale of the irregularities in the source, is defined in terms of À by 

ößiy, B, 0, 0) 
A 

|0A/00| * (31) 

As we noted earlier, if the mean pitch angles of the relativistic particles in a syn- 
chrotron source is sufficiently small and if the magnetic field is somewhat irregular, 
then dB is much greater than 0R. In the present context this means that A is nearly 
constant over the ranges of the values of 0 and </> for which / and Ic make significant 
contributions to the integrands in equation (30) so that by excluding A from the 
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angular integrations we only introduce relative errors of the order of (6R¡6B). To this 
accuracy the expressions for E and Ec can be reduced to 

J» oo oo 
{A0 = o + hQ=Jl}QdydB, 

o 
P oo p oo 

k) — I I {A0 = o — hQ=n}QcdydB, (32) 
Jo Ji 

where 

r»2n i»nl2 ~nl2 *271 r>nl2 
0(c)(v, k,y,B)=\ 7(c) sin 6d6d<f> = sin dddd^dY , (33) 

Jo Jo Jq Jq Jo 

and we have used the symmetries of / and Ic mentioned above. 
Since ^(y, B, T) is independent of 6 and </>, Q and Qc can be evaluated by first 

integrating over all directions of emission ; this yields 

Q(c)(v, y,B)=j iH(C)dr , (34) 

where 

y, f, B) = J V(c) Sin 6ddd<t>. (35) 

H is given by equation (15), or it can be approximated by equations (17) and (18). 
For ylF « \, Hc = Hpc(v), where pc(v) is given by equation (8). When v « rB/(y'-F2), 
Hc nearly equals -pH (since this is mainly emission from the first harmonic and at 
large 0); and when y'F » 1 and v » »Wly'l’2). Hc can be expressed as (Legg and West- 
fold 1968; Melrose 1971Z>)3 

Hc - [|/vc Km{x)dx + 2 ^ Klt^ 

- ^ jtan YKw{x)dx + 2 - Km||J • (36) 

Combining equations (32) and (34) and the definitions 

A^(y, T, 2?, k) ^ {A0 = o + A0 = 7r}^(y, B, T) , 

ATc(y, T, B, k) = {A0 = o - \e = n}t(y, B, Y) , (37) 

we obtain our final expressions for the source emissivities : 

E{v, k) = NEHdWdydB 

Ec(v, k) = NcHcd'YdydB. 

3 Integration of equation (34) by parts yields the integrand 

(38) 

(39) 

47Tfie2vB£ 
3ll2c 

tan Y di 
K1i3(x)dx 

When i is replaced by <¿(Y) sin Y/2, this expression can be written as %tt2í&21{E, cü, Y) sin Y, 
where (£21 is given by equation (37) of Melrose (19716). 
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Equations (38) and (39) give the emission and degree of circular polarization in the 
k direction in terms of the functions NE and Nc, which describe the net properties of 
those portions of the source in which the magnetic field is parallel to k, and in terms 
of the functions H and Hc, which describe the average contribution of each particle 
to the total emission. NE represents the total flux of particles in the direction of the 
observer, while Nc is equal to the particle flux in the regions in which B*k is positive 
minus the particle flux in the regions in which B*k is negative. 

While it was possible to express the circularly polarized emissivity simply as an 
integral of NCHC, a similar expression cannot be obtained for the linearly polarized 
emissivity, because, for the type of source with which we are concerned here (dB > 0ß), 
the degree and direction of linear polarization depend very sensitively on the magnetic 
field structure; nevertheless, we can still set an upper limit to the degree of linear 
polarization. First consider the emission from a source for which A(y, Y, B, 6, <f>) is 
isotropic. Since there is no preferred direction along which the polarization ellipse 
could be aligned, the degree of linear polarization for this emission must be zero. For 
the more general cases where the source distribution can be described by the sum of an 
isotropic term, V0, and a nonisotropic term, Nu the emission which is related to N0 

will not exhibit any linear polarization, while the emission from the portion of the 
source which is represented by Nx will, in general, be somewhat linearly polarized. 
In the vicinity of 0 = 0 the total source distribution function can be expressed as 

A(y, Y, 5, 0, cf>) = A0(y, Y, B) + A^y, Y, B, 0, ¿) , 

No = N(y, Y, 5, 0 = 0) , 

#! = 0 x lim U • (4°) 0_*O uv 

The source distribution function near 0 = tt/2 can be expanded in the same way, but 
to simplify the present discussion the contributions from these terms will not be 
included here. 

The total emissivity for the source, E, and the emissivity for the anisotropic portion 
of the source distribution, are given by equation (27), and the angular derivative 
of N is related to 0B by equation (31) so that an upper limit to the degree of linear 
polarization can be written as 

p( n < El^’Q Isin r4n 
^ E(v,k) J Nv sin 6d6d<j)dBdx¥dy ' 1 ’ 

Since the integrands in equation (41) are small everywhere except for 0 C 0fí, the 
upper limit for Pl becomes 

pl{v,k)^ eRieB«\. (42) 

For sources in which the relativistic particles have small pitch angles and the 
magnetic field is somewhat nonuniform, the radiation will exhibit only a small degree 
of linear polarization; the actual amount will depend on the details of the source 
structures and particle distributions. For these reasons we cannot derive any useful 
quantitative expressions for the linear polarization and have not attempted to compute 
the degrees of linear polarization for the simple source models considered in the next 
section. 
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IV. SYNCHROTRON SOURCES: EXAMPLES 

We will consider the emission from source distributions of the form 

NE{y, XF, B, k) = Gy-T exp - B0), y1 < y <y2, 

= 0, otherwise; 

7Vc(y,T5 B,k) = /xGy-T exp [-T2/^2]^ - B0), n < y < y2 , 

= 0, otherwise, (43) 

where yx » 1, T« 1, and s > 1. The dependence of NE and Nc on k is not explicitly 
shown, but the parameters G, s, T, BQi y1? and y2 may be slowly varying functions of 
k. The sources described by these distributions have (1) energy spectra which follow 
power laws within certain intervals and are zero elsewhere and (2) pitch-angle dis- 
tributions which are peaked at small angles. We have assumed that the magnetic field 
can be characterized by single values of the field strength and = sign ( — eB»k). 

The source emissivity and the degree of circular polarization for a given distribution 
function are obtained by using equations (23), (38), and (39). We have computed 
these quantities for three sets of parameters: (1) y2T‘ « 1, (2) » 1, and (3) 
yiT « 1 and y2^ » 1. These examples illustrate sources which respectively emit 
predominantly very-small-pitch-angle synchrotron radiation (eq. [17]), small-pitch- 
angle synchrotron radiation (eq. [18]), and a combination of the two. 

Example 1. y^F « 1: Very-small-pitch-angle synchrotron radiation. 

These distribution functions describe sources in which essentially all of the particles 
have yT « 1. The appropriate single-particle emissivities are H as given by equation 
(17) and Hc = pc{v)H, where pc(v) is given by the last expression in equation (8). The 
source emissivity and the degree of circular polarization are 

2v_ + 2 
1 JJ'1 5+1 fe)1 

_J 2v_  2 

5—1 5^"5+ FT! ^s/ri « i- < , 

- -hjh] 

lOT 

Vx <v <v2> (44) 

Pc(v, k) = 
E{v, k) Sv-L S — \ 

2y_ _ _ 

SP2 S 

VbIYi «V < Vx, 

M(y2Y)2- 
E(i>, k) 

v1 < V < v2 , (45) 

where A = (27r2e2vBGYs + 2)lc, vB is evaluated at i? = B0, v1 = 2y1vB, v2 = 2y2vB, and s 
is not exactly equal to 2. The functions E and Pc are shown in figure 5 for y^ = 10"4 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
7 

3A
pJ

. 
. .

18
3.

 .
5 

93
E 

606 RICHARD I. EPSTEIN Vol. 183 

Fig. 5.—The source emissivity and the degree of circular polarization. Example 1 : yiT = 10" 4 ; 
72T* = 0.1. The solid and dotted Pc curves indicate opposite sense of circular polarization. 

and y^ = 0.1. The spectrum is mainly composed of two regions: a high-frequency 
region where 

Vl«v«v2, Ea:v2-‘, Pc x ,, (^r_2)f^ > (46) 

and a low-frequency region where 

W/i « ^ « it , E cc v , Pc x —¡J,. (47) 
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At the higher frequencies the spectrum follows a power law, but the power-law 
index differs from that which is obtained by conventional synchrotron theory; in the 
present case the logarithmic slope of the emissivity is 2 — £ instead of the usual result 
of (1 - s)ß. 

From figure 5 it can be seen that the sense of the circular polarization reverses near 
the frequency at which the emission is a maximum. This is a striking feature by which 
it may be possible to identify this type of emission; however, there are other processes 
whereby similar effects can be produced. Several authors (Ramaty 1969; Ramaty and 
Holt 1970; Pacholczyk and Swihart 1970; Melrose 19716) have noted that synchrotron 
sources which are self-absorbed at low frequencies may also exhibit a reversal in the 
sense of the circular polarization. If a reversal of this sort were ever observed, it would 
be necessary to rely on other features of the emission, such as the shape of the spectrum 
and the variations of the polarization with frequency, to distinguish between self- 
absorption and the optically thin emission considered here. 

Recently Tademaru (1972) and Melrose (1971a) have studied the emission from 
particles with very small pitch angles (y'V « 1). Tademaru’s work was concerned with 
the emission from distributions which are significantly different from those considered 
in the present investigation. Melrose computed the quantities and rc which, in the 
present notation, are equivalent to 

ri,< 

/» oo / roc 

J Pl,c(v)Hclv IJ Hdv, (48) 

where ph pc, and H are given by equations (8), (9), and (10), respectively. It is not 
clear how r¡ and rc can be related to observable quantities. Melrose claimed that |rc|, 
which equals 0.5, represents an upper limit to the degree of circular polarization which 
can be exhibited by a source; however, as one can see from figure 5, this clearly is not 
true. 

Example 2. » 1 : Small-pitch-angle-synchrotron radiation. 

For sources described by these distribution functions most of the particles have 
yT » 1 and Y « 1 so that the single-particle emissivity H can be approximated by 
equation (18). At high frequencies the function Hc is given by equation (36), and at 
very low frequencies it is equal to — H. In those frequency intervals for which equa- 
tions (38) and (39) can be easily evaluated the source emissivity and the degree of 
circular polarization are given by 

E(y, k) = Ac^y-^lv,, 

= Ac¿vYlvBr-^ , 

pc(v, k) = -p , 

= PCiy^r^iyYIv,)^ , 

= K5Wß)-
1/2 , 

vBly1 « v « Vßjy^2 , 

VbIvi^2 « ^ > 

Wl
2Y « , « vBy2

2<¥ , (49) 

Vßlyi « V « VbIVi^2 > 

VbIyi^2 « v « vbYi2^ > 

VbYi^2 « v « vbY22^ • (50) 

The functions c^s) are defined and tabulated in the Appendix. The quantities E and 
Pc are shown in figure 6 for y^Y = 10 and y2Y > 103. For frequencies much higher 
than ^/yiY2 our results for the source emissivity and the polarization are the same 
as those of conventional synchrotron theory (Ginzburg and Syrovatskii 1965; Legg 
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H 00 OÏ LO 

00 CO 

Fig. 6.—Same as fig. 5. Example 2: yiT = 10; y2'¥ > 103. The dashed curve segments are 
rough interpolations between the computed portions of the curves. 

and Westfold 1968). At frequencies lower than Vß/y^Y2, however, the emission decreases 
linearly with frequency and becomes strongly circularly polarized. O’Dell and Sartori 
(1971Z?) were the first to note that synchrotron spectra should have unusual features 
in this frequency range; however, their actual analysis was incorrect because, as we 
mentioned in § II, they used a poor approximation for the single-particle emissivity. 

Example 3. y^ « 1 and y2^ » 1 : Small-pitch-angle and very-small-pitch-angle 
synchrotron radiation. 

These distributions are essentially superpositions of the distributions of examples 1 
and 2. At low frequencies the emission is similar to that of example 1, and at high 
frequencies it is similar to that of example 2. For intermediate frequencies, v ^ Vß/'P, 
the spectra are either concave or convex (on a log E versus log v display) for distribu- 
tion indices s greater or less than 3, respectively. The emissivity and degree of circular 
polarization for this example are shown in figure 7 where yxT = 10"3 and y^E > 103. 
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Fig. 7.—Same as fig. 5. Example 3: yi'F = 10 3; y2
xF > 103. 

V. SUMMARY 

The emission from a relativistic particle which spirals with a small pitch angle 
[T ^ 0(y~1)] differs qualitatively from the usual synchrotron emission Ç¥ » y-1): 
the particle spectrum peaks around v x yvB (instead of at v ^ y% sin T*) and falls 
off linearly with frequency as v -> 0 (rather than as v113). For sources which mainly 
contain particles with small pitch angles, the degree of circular polarization will 
normally be high, whereas, if the magnetic field is somewhat irregular, the degree of 
linear polarization will be small. If the particle distribution also has a low-energy 
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cutoff, the emissivity will vary linearly with frequency at low frequencies. Applica- 
tions of these results to specific astrophysical problems are considered in Paper II. 
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APPENDIX 

Cl = 2(7^1) ’ 

2 
C2 “ 3ll3(3s - 1) ’ 

c3 = (877)-1 

3s - 1 
Cé “ 31,3(3í + 4) ’ 

C5 — »yF 
3s + 19 

12 
^ + 1 

4 

TABLE A1 
Coefficients for Equations (49) and (50) 

S Ci C2 Cq €4 c5 

1.0   0.69 0.64 0.20 0.18 
1.5   1.00 0.40 0.39 0.29 0.30 
2.0   0.50 0.28 0.32 0.35 0.40 
2.5   0.33 0.21 0.31 0.39 0.48 
3.0   0.25 0.17 0.33 0.43 0.56 
3.5   0.20 0.15 0.39 0.45 0.63 
4.0   0.16 0.13 0.48 0.48 0.69 
4.5   0.14 0.11 0.63 0.50 0.74 
5.0   0.13 0.10 0.88 0.51 0.80 
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