Chapter 1

FUNDAMENTAL CONCEPTS OF THE
THEORY OF TURBULENCE

[IoryIetaw hook: J.2 1 T)

A. RANDCM FIELDS

The modern theory of turbulence is a statistical theory. The statistical
methods provide the most natural tool for the description of turbulent
motion, as turbulence is in fact a consequence of instability of fluid flow in
relation to the inevitable small fluctuations in the liquid (or the gas).
Description of fluctuation phenomena which arise when sound or electro-
magnetic waves are propagated in a turbulent medium also requires
statistical techniques. The mathematical aspect of this problem has been
developed in considerable detail in recent years and comprehensive
treatment of the mathematical approach will be found in the specialized work
of Khinchin, Obukhov, Yaglom, and other authors (see, e.g., /1—9/). We
will give here (Without rigorous proof) some fundamental concepts and
relations from the theory of random functions and fields.

§ 1. Random functions

Wind speed, air temperature, refractive index, and other similar
physical quantities undergo irregular random fluctuations in a turbulent
atmosphere. Figure 1 shows some typical recordings of various
meteorological elements obtained with low-inertia equipment. Wind speed
and temperature clearly undergo irregular fluctuations of different
amplitudes and frequencies, which are randomly superimposed on one
another. The fields of meteorological elements in a turbulent atmosphere
are described in terms of random functions. The concept of a random
function is a generalization of the more familiar concept of a random
variable. For example, a discrete random variable may take on values
from a certain set of numbers §,, &, ... (the sample space of g) with corre-
sponding probabilities p;, ps, ... . We similarly regard f(f) as a random
function if there is a certain probability that it coincides with one of the
functions of a give set f. (¢) (the sample space or the set of realizations),
where a is a set of parameters taking on discrete or continuous values.
To determine the probability characteristics of random functions in
practice, we should be able to record as often as necessary the various
realizations of these functions.
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FIGURE 1. Simultaneous recordings of temperature 7, wind velocity v,
and vertical wind component in the ground air layer,

Consider two examples. 1) Let f. (!) = exp (— at?), where a is a random
variable uniformly distributed over the interval (0, 1). Each realization is
a normal curve which markedly differs in its shape from the functions
represented in Figure 1. Yet we are dealing with a random function in this
case. 2) Let the sample space, i.e., the set of all possible realizations,
comprise a single function, e.g., one of the functions shown in Figure 1.
The outcome of every statistical test is thus always the same function, and
we are forced to the conclusion that, despite the highly complex and
"randomized'' appearance, the function is fully determined -and in no way
random.

These examples were chosen to demonstrate that the apparent complexity
of the curve or the recording is not always an indication of a random
function. The realizations of the random function considered in example 1
above were so simple that the function was fully defined by specifying a
single parameter. A much more common case, however, is that of a more
diversified sample space which has to be described by a very large (often
infinite) number of parameters. The probability to end up with a smooth
function, like that in example 1, is generally much lower than the probabi-
lity of obtaining a complex, irregular curve, like those of Figure 1. This
explains why the intuitive picture of a random function is not unlike the
curves in Figure 1.

The expansion coefficients of a random function in terms of some
orthogonal system may be chosen as the parameters characterizing its
sample space. This is not the usual choice, however, and we will now
proceed to outline an alternative approach to describing the sample space.

Let f (t) be some random function of time. Its values at any given time ¢,
may differ in accordance with its random character. For each time ¢, we
should thus specify the probability density P, (f,) which determines the
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probability of an event |f(t) —f;| < —;—dfl:

[IoryIetaw hook: J.2 1 T)

P (1) — 1| <5 dh) =Py df* . (1)

Given the probability density P, (f,), we can find the statistical characteris-
tics of the function f (f).for the time ¢, such as the mean value (averaging
is denoted by the brackets ¢ )

ey =\ Pumyndn (2)
and the variance
o (t1) = ([f (1) — <F @Y% = § Po, () [ — <F ()>12 e (3)

—00

In general, the probability density P, (f;) depends on the particular time ¢, ;
this is also true, of course, for the values of (f), o%, etc., calculated using
P,,. The variation of the probability density with time is a manifestation of
a nonstationary process and may be associated, for example, with diurnal
or yearly march of meteorological elements or some other factor.

The function P, (f,) (which we call a one-point distribution function) can
be used to determine the statistical characteristics at only one time.

Given Py (f,) we cannot establish, for instance, the probability that f (¢
changes by a certain prescribed amount during a time 7 or that the derivative
/' (t) takes on a certain value. To solve these problems, we need the two-
point distribution function P, (f;, f;) defined by the equality

P (11— h| < 3 | t)—fal <5 dfa) =Pu, o (. fo) dfrdfa- (4)

This distribution function gives the joint probability that two conditions are
satisfied simultaneously: for t = #; the function f () is close to f, and for
t =1, it is close to f;,. The two-point distribution function carries much
more information about the random process f (f) than the function P,(f,) does,
but even the two-point distribution does not provide a comprehensive
description of f (f).

For a comprehensive description of a random process f (), we require
that for any » we know the corresponding n-point distribution function

which depends on the arbitrary times ¢,,...,¢,.

The functions (5) enable us to determine the probability of any particular
realization of the random process f(¢). In practice, however, it is fairly
difficult to determine all the functions given by (5). This is feasible only
for random processes of special kinds (e.g., the normal or gaussian
process). Random functions are therefore often described using the simpler
characteristics associated with Py, (fi, f3)-.

* The notation & (|f (t) — fol < % df,) is the probability that the inequality in parentheses is satisfied,
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In what follows we will often encounter complex random functions
F@) =9 @ + iv(@). The probability distribution of a complex random
function f (¢ is defined as the joint probability distribution of the pair of
functions {9 (¢), ¥ ()}. The one-point distribution function of f () is thus
defined by the equality

Fro71étaw. book: .25 T!

Pl — @< 1 dgui 19 (8) — 911 < 5 A1) = P, (91, %) Ay .

Many -point probability distributions of complex random functions are
obtained similarly.

If we are dealing with random functions of position, f(z, y, 2 =7 (1) (they
are called random fields), the probability distribution depends on the
radius-vector ». Thus, relations (1) and (4) are replaced by

# (11— h| <5 dh) = Pr(f) i, (6)

1 1
P11 — i1l <5 dhi |1 (re) — ol Sy dfa) = Pro,frs fo) dfa dfe (7)
In some cases we will deal with functions of both position and time,*
f=f(r, t); in general their probability distribution depends on both » and ¢.

For example,

P (11 (0 1) — Fo| < 5 11 0oy 0 — 12| < - fs) = Proimus (oo Fdfadfye - (8)

§ 2. Stationary random functions

A random function f () is called stationary if its probability distribution
functions (1.5) are invariant under time translation:

Pty oty (Fro e+ o1 Jn) = Prat, Tt (f1e o+« 5 Tn)- - (1)

For n = 1 we have

Py, (f1) = Prur (fa)-

Setting T = — t;, we get
Pt.(f1)=P0(f1)’ (2)
i.e., the one-point distribution function of a stationary process is indepen-
dent of time. For » = 2, taking T = —{,, we get
Pyt (fuy f2) = Prar et (s f2) = Po,eeti(fi f2) (3)

i.e., the two-point distribution function of a stationary random process only
depends on the distance t, — t, between the points ¢, and t, Jek 1t follows

+ The word "random" is not quite adequate in some cases: the »random” velocity field in turbulence theory,
say, satisfies certain exact relations, the equations of hydrodynamics. Perhaps a better term would be

"statistically determined” functions,

»» If (1) is satisfied only for n = 1,2, f (2)is called stationary in the wide sense (since with this definition we
can always find functions for which (2) and (3) are satisfied but (1) is not observed for » > 3), Since we
are dealing only with two=point characteristics of random processes, we will ignore this distinction,
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from (2) that <f (¢)), ¢ (), and other characteristics of a stationary process
are independent of time:

[IoryIetaw hook: J.2 1 T)

{f (t)> = const, ¢® () = const. (4)

The most important characteristic of a random function is its correlation
function, sometimes called the covariance:

B (t1, to) = <[f (ta) — <F (D] [F" (ta) — <F (8a)3]) (5)

(asterisks denote complex conjugates). In(5), setting ¢t; = t,, we get

B(t, ) = (| F (&) — () [2 = (1) (6)

For stationary processes B (¢, + I, t, + T) = B (¢, t,), so that B also depends
only on v = #;, — #,:

B(r) =<[f (t+7) — I TF (&) — <3 (7)
B0)=<|f@)— <> =0c% (8)

The value of the correlation function at the origin is thus equal to the
mean square of the fluctuations. If f (¢ + t)and f (f) are statistically
independent (which is generally true for sufficiently large 1), the mean
value of the product in the right-hand side of (7) is equal to the product
of the means, each of which is zero. B (r)thus characterizes the statistical
dependence (or correlation) between the fluctuations of f at the times ¢t + ¢
and t.

Consider some properties of the function B (t). From (5) it follows that

B (tn t) = B (i1, t), (9)
and for stationary processes |
B (—1) = 5 (2). (10)
If f (@ is a real function, i.e., ff = f, we have |
B(—1) =B (v (11)
For a stationary random process we have the inequality
| B (z) | < B (0), (12)

which shows that B () has a maximum at v = 0.
Indeed, let (/)= 0. Then for any complex A we have the inequality

KM (8) = @) VS (8) — £ ()] >0,
or

AA'0} — AB (44, ta) — A"B* (t1, ta) + 03 > 0.
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Let A =a B* (t,, t,), where a =a'. The last inequality then takes the form

a0} | B (t1, to) [P — 20| B (ta, t2) [ + 33 > 0.

[IoryIetaw hook: J.2 1 T)

As we know, a quadratic in « is nonnegative if its discriminant is non-
positive:

[B (t1, ta) |* — o103 | B (1, 1) [P << 0.
Hence the inequality
IB (tly t2) lz < 5?6:,

which for stationary processes reduces to condition (12).
Let f (¢) be a stationary random process with zero mean. Consider the
expression

T

ey,

—T

1

var

A=

where ¢ () is any complex function. Clearly (4]?) > 0, i.e.,

T

T
oWy =g | an | do e W) @)1 )y =
T -7

v

llt/‘a w3

T T

—T —T

Inequality (13) is the condition of positive definiteness of the correlation
function B (7). This condition is of the utmost importance, as only functions
B (7) which are positive definite may be regarded as correlation functions.
In (13) let

o(t) = o et

Then (13) becomes_ the inequality
. F T
QAP = gz § dn | dneio B (o — 1) > 0. (14)
v r
We introduce the new variables of integration

T=ti—t, and t=(t;+1t)

and integrate over t; after simple manipulations we get

T
(A= [250 (t—g7) B ‘”‘“‘LST(“%) cwBmdi]>0.  (15)
6
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In (15), setting the limit ' — o0, we obtain the condition

27

[IoryIetaw hook: J.2 1 T)

L S e B (1) dt = W (0) > 0. (16)

The function W (0)is the Fourier transform of the correlation function B (v).
According to (18), it is real and nonnegative, since otherwise B (1) is not

a correlation function. Khinchin /6/ proved the inverse theorem: if

W (w) > 0, the function

B)= { et (0)do (17)

—00

is a correlation function of some stationary random process. (Formula(17)
is the inverse of the Fourier transform (16).)

If (f)is a real function, we have B (1) = B (—1). Then (16) and (17) may
also be written in the form

W (0) = 2—1:‘— S cos 0t B (7)dr, (16')
B(t)= { cosot W (0)do. (17%)

—Co

An important equality follows from (17) which elucidates the physical
meaning of the function W (»). Putting v= 0, in (17), we obtain

o

@ =1 = § W(o)da, (18)-

—Cco

Let f (f) represent an electric current fluctuation across a unit resistance.
Then f (f) is the instantaneous power. The mean power is

(f* =c*=B(0).

From (18) we conclude that W () is the power per unit frequency. In the
literature concerned with radio physics, W (»)is correspondingly called the
noise power spectrum.

If f(t)is the magnitude of the velocity vector in a fluid, W (0) is propor -
tional to the spectral energy density per unit mass. In turbulence theory
this function is called the spectral density of the energy distribution. The
considerable importance attached to the correlation function B () in the
theory of stationary processes and its applications is directly linked with
the interpretation of its Fourier transform W (0) as the power (or energy)
spectrum of the process.

Like the correlation function B (1) of a stationary random process f (),
which can be represented as a Fourier integral (17), the random function
f (t) itself can be written as a Fourier — Stieltjes stochastic integral

[co]

fty= evtz(do) (19)

—co
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(see, e.g., Yaglom /1/). The function Z is a random function of the
frequency interval Aw. Since {f($)> =0, Z (Ao) must also satisfy the condi-
tion <Z (Aw)> = 0. Using (19), we write for the correlation function

B (tl — ty) =(f (tl) f. (t2)>,

[IoryIetaw hook: J.2 1 T)

[l e}

Bti—t) = | § et (Z(do) 2" (do)). (20)

-—00 —00

Since for a stationary process f (1) the left-hand side of (20) depends only
ont, — t,, the integrand should contain a factor 8 (v — ®’), which ensures the
appearance of the appropriate combination of ¢, and ¢,. Hence,

{Z(dw)Z" (do")) = 6(0 — ') F (do, do').

Using the last expression, we obtain

B(t—t) = { Q gio -t F (do, do') 8 (0 — o). (21)

Comparison with (17) shows that it is necessary to have the equality

F (do, do') = W (©) do do’.

In this case equation (20) agrees with formula (17).
We thus have the relation

Z (do) Z' (do")) = 8 (0 — ©') W (o) do do’. (22)

From (22) we conclude that the spectral amplitudes Z (do) at different
frequencies are uncorrelated.

Consider the relationship between the spectral expansion of a stationary
process and the ordinary Fourier integral (see, e.g., /165/). The function
7 (t) may be expanded in a Fourier integral if the integral of |/(¢) | between
infinite limits converges and if all the discontinuities of f (f) are finite:
[f@+0) —f(@—0)|< . A stationary random function clearly does not
satisfy the first of these two requirements and therefore cannot be expanded
directly into a Fourier integral. Consider the function

Fo) for |t] <+,

1) =
O= 0 for e>2,

which is zero outside the interval (— T Iy, whereas inside this interval

= 35)s

2' 2
it coincides with the continuous real stationary random function f (¢) such tha:
G @)y =0, (f ()Y < oo. - The function fr(f), unlike f (¢), is directly representable
as a Fourier integral: ,

)= § evig, (0)do,
1 (23)
9 (0) = o S e-iotf () dt.

=T/
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Consider the mean square of the modulus of ¢r (v):

T2 T)2

[IoryIetaw hook: J.2 1 T)

1 :
| op @) =77 S el =t (f (81) f (b)) dty s =
—T/—T/2
T/2 ’1‘4’2
— # elo (=t B (t, — ;) dty dts.
—T{2—T/2

Replacing ¢, with a new variable v defined by the equality ¢, = {, + v and
integrating over #,, we find after simple manipulations

T T
1
lop @) P = W STcos mB(T)dT—WS T cos T B (1) dr.
- 0

Multiplying by 2r/T and taking the limit I’ — o, we obtain (always assuming
that the limits in the right member of the equality exist)

oo T
1 1 .. 1
=3z S cosot B (t)dt —|——n—7!1m78 tTcos wt B (t)dT.
0

—0C0o

21 (| @p (@) %

lim 7

T—>00

If

T
F\B@dr=0 (24)

lim

T—00
(this condition is satisfied if, e.g., |B (v)|decreases for v — oo faster than
1), the second term vanishes and we obtain the relation

21 | pr (0) F) (25)

W (o) = lim 7

T—00
We see from this relation that {|¢; (@) [?> ~ T, i.e., the functlon 9, (@) is of
the order of VT, so that we may not take the limit 7 — «~ in (23) There~
fore the ordinary spectral density ¢ (o) cannot be determined for a stationary
random function f (¢), and we have to deal only with the random spectral
amplitude Z (do), which satisfies (22). Nevertheless, the expansion (19) is
often replaced in the physical literature by an ordinary Fourier integral,
‘requiring the random spectral densities to satisfy the relation

(@ (©)F" (09> = W (0)8(0; — v), (22)

which leads to correct results. The meaning of condition (22") can be
seen by examining expansion (23)‘ If (23) is used to calculate <q>T(m1)q>}((n2)>,
then for T — oo relation (22') is replaced by an expression which does not
contain an exact expression for a 8 -function but the function

sin [-;— (01 — @2) TJ
T a(@m—e)

87 (0 — 0g) = (26)

=]

For I — cowe have 8, (0) - 6§ (0 (smce 67(0) = 5~ 00 and S 8r(w) do =1), For

®; = w,, relation (25) is again found. Thus, relatlon (22') hould be inter-
preted as the limit of expansion (23) for T — co.
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However, since direct application of the mathematically rigorous
formula (19) does not lead to any additional difficulties compared to the
conventional Fourier integral, we will in fact use relation (19).

Consider some examples of correlation functions and their spectral
densities.

1. In applications a frequently used correlation function is

[IoryIetaw hook: J.2 1 T)

B(r)—a’exp(—ﬂi). (27)

To
The corresponding spectral density is readily computed:

X |

1 ¢ iwT T — il
W((JJ)-:E; S e~iwtgle ° dT-—m;—z‘rg)—. (28)

—00

Clearly W (o) >0, and function (27) may indeed be a correlation function of
a stationary random process.
2. It is easily verified that if

B (1) = a%exp (—:-:) , (29)
we have

V _ atr . w"rg) .

W (o) = 2]/Trexp( — ) >0. (30)

3. The spectral density
1
a2ty P<v+_2—) 3
— =_\ . 1
Wwy=4 T >0, where4d VAT 0 (31)

1+l 2

is associated with the correlation function

1
2'1r (v)

B()=a (&) E(5) BO)=a, (32)

where K,(z) is Bessel's function of the second kind of an imaginary

argument (Macdonald function). A correlation function of the form (32) was

proposed by von Kdrman as an approximation to the correlation functions

arising in the theory of turbulence. The correlation functions of examples i,

2, 3 and the corresponding spectral densities are plotted in Figures 2 and 3.
We will now establish a useful relation between the scales of the corre-

lation functions and the spectral density function, which will be often used

in the following. A characteristic scale of the correlation functlon B (1)is

the so-called integral scale T,,

§° B (t)dr. (33)

—0

=B

(The area of a rectangle of height B (0) and base 1, is equal to the area
enclosed by the correlation function and the v axis).

10
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Similarly we introduce the integral scale of the spectral density W (o),
which is designated g

[IoryIetaw hook: J.2 1 T)

1 [ee]
D = Jr oy S W (o) do. (34)

(This definition is effective only in the case where W (o) <W ©).)

2,
(7]
a3
5 v
a8 J 22
a6
44 a7
a7z
0 G2 TETE 10 1774 16 16 20 0 Q2UTFTET 121416 1620222426
747 0Ty
FIGURE 2, Examples of normalized corre=~ FIGURE 3. Spectral densities W (v)corre=
lation functions: sponding to the correlation functions of

Figure 2 (curves numbered as in Figure 2),

—:—0;); 2) b(1)=
=2 [ (F)] () o)

3) b(r) =exp (—— —T—z—) .

“|7()2

1) b(r)=exp (— l

Using (16) and (17), we obtain

1 1
'COT—‘WZTIW (0), Wy, = WB(O),

and hence the relation
T = 27, (35)

between the ''width'' of the spectrum ®, and the correlation scale 7,. Note
that the 1, and o, defined by (33) and (34) do not always exist (i.e., if the
corresponding integral is divergent). However, if some alternative
definition of 1, and o, is devised for these improper cases (e.g., 7, can be
defined as the point where B (t;) = 0.5 B(0)), a relation of the form (35) is
again applicable, but now it acquires ah additional coefficient of the order
of unity.

In conclusion let us consider another important problem, associated with
the actual construction of the statistical characteristics of a random process.
In practice, we generally have access to relatively few realizations of the
random process obtained under identical external conditions. The averaging
over the ensemble is thus far from being very effective, and in deriving the
statistical characteristics we are often restricted to time averaging over a
single realization of the process.

Let u (¥) be a quantity whose mean value is to be obtained by time
averaging; u may stand for the random function f (f), or for its square, or
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for the product f (¢) f (¢t + 7) with a fixed translationv, etc. We regard u (f)as
a stationary random process with a known correlation function .

[IoryIetaw hook: J.2 1 T)

By (1 — tg) = ([u (ta) — <wd] [u (t2) — <wd])

(we are dealing only with real functions u (t)).
The time average of the random function uover the period T is defined by

This average, like u itself, is arandom variable. Successive determinations
of @ from different sections of the curve u () will give somewhat different
results. The variance between the time average u and the ensemble
average <u) is given by

o2 = ([a (t) — <u)®.

Inserting the expression for i, we readily get

TT T
1 2
:TS S B (ty — to)dtydty = _TTS dtSBu(r)dT.
0 113

0

el

(U]

We now prove that if

T
. 1
71'1_1’1010T§Bu(r)d'c=O (36)
then
lim 6~__ 0 (37)
T 00

(see, e.g., /2/). Indeed, by (36), for any %>0 there is T, such that
t
|SBu(r)drl<5—; for t>T,.
D .

On the other hand, for any ¢ we have the inequality

}§Bu<r>dr]<3u(0>t,

0
since B, (0) > B, (1). Thus,
' B,(0)t for t<T,,

'SB (r)drl<{ t  for t>T,

Integrating this inequality over the interval (0, T), where T > T,, we obtain

4 (0 T5

|§dt§3u(r)dr|< +2 (1.

.
[} o
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2B, (0)
8 J
term, and their sum is at most 6 72/2; hence the inequality

If7>T,

the first term or the right is at most equal to the second

[IoryIetaw hook: J.2 1 T)

T t
‘S dtSBu(r)dr|<-—g—T’,
0 0
which immediately yields (37). Thus, if (36) is satisfied, the statistical
averages can be replaced by time averages.
If the integral

©o

1
Ty = F_(0) § B,(t)dr< oo

exists, condition (36) is always satisfied. The variance between the time
average and the ensemble average is then easily estimated. Interchanging

the integrations over ¢ and v in the expression for c% and taking the integral

over ¢, we obtain

T
af-‘=-721—§ (1——%) B, (v)dt.

If T> t,, the second term in parentheses is negligible compared to unity,
while the integral over the first term can be expressed in terms of 7.
This leads to an approximate relation

2B (0
ot = “;)tu, - (38)

which can be conveniently used to choose the averaging period needed to
achieve the desired accuracy. Relation (38) was first derived by Taylor
in his development of the theory of eddy diffusion.

§ 3. Random functions with stationary increments

Real fluctuation processes are often described with sufficient accuracy
by stationary random functions. These processes include, for instance,
the voltage fluctuation across a resistor which is in thermodynamic
equilibrium with the surrounding medium. There is another class of
processes, however, which are not stationary. As an example we can
mention the integral of a stationary process.

Discussion of nonstationary processes implies that we know how to
exactly reproduce the conditions under which the process takes place.
Indeed, the only way to determine the statistical characteristics of such a
process is by averaging over an ensemble of realizations obtained under
identical conditions.

Moreover, in dealing with nonstationary processes, it is necessary to
have some sort of a natural initial time (zero point on the time scale) for
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each realization; otherwise, calculation of the statistical characteristics
will entail time averaging and the process will become indistinguishable
from a stationary one. '

To avoid this difficulty, the correlation functions (2.5) are replaced in
turbulence theory by so-called structure functions, first introduced by
Kolomogorov /10,11/. The underlying idea of this approach is the fol-
lowing. If f(¢) is a nonstationary random function, i.e., if <f (s))is variable
in time, f(¢)can be replaced by the difference

[IoryIetaw hook: J.2 1 T)

Frt) =f({t+T)—f(®)

for some fixed 7. For not too large 7, the low-frequency component of the
function f (¢) does not affect the value of this difference, which thus may
prove to be (perhaps approximately) a stationary function of time. If Fr(f)is
a random stationary function of ¢, f(t)is called a random function with
stationary first increments, or simply a random function with stationary
increments.

As an example, consider a function of the form

f(t) = at+ & (1), (1)

where a is a real random variable and & (¢) is a stationary random process,
such that <ef (t)) =0. Clearly, if <¢) =0, we have

@O = <ayt. (2)
It is also easy to show that
B(t,t4+1) =< O — DI E+D)—fE+DD) =+ +Be (), (3)
where
o2 = <a*» —<a)? and Bg (v) =<E(£)E (¢ + 7).
Therefore, the process f (t) is not stationary, since its mean value and

its correlation function both explicitly depend on the time i.
Now consider the first increment

Fr)=al +E¢+T)—E(). (4)
Clearly,
{Fr(t)) = <a)T = const.

Calculation of Br (¢, t + 1) gives after simple manipulations

Bp(t,t + 1) =([Fr()—<Fr ()] [Fr(t + 1) —<Fr(t + 0 =
= G2T* + 2By () — Bg (1— T) — Be (v + T). (5)

Both the mean value and the correlation function of the process Fr (¢) are
independent of the time ¢ (they depend, however, on the constant time
translation 7).
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Consider a random function

F#) =att + bt +c+ ),

[IoryIetaw hook: J.2 1 T)

where £ (¢) is again a stationary process and g, b, ¢ are random variables;
the difference Fr () = f (¢t + T) — f (¥) in this case is no longer a stationary
random function (the second increment Fr (¢t -+ T,) — Fr (b)), however, is
stationary). A random process f (f)is thus a process with stationary first
increments only if ifs mean is a linear function of tirhe. However, for not
too large time intervals any function may be approximately treated as linear
(taking the first terms of its Taylor series), so that introduction of pro-
cesses with stationary first increments will markedly extend the class of
real random processes that can be treated within the framework of this
theory.

Consider a real random process f (t) with stationary first increments.
Its mean (f (f)) in general is a function of t. Consider a new function

E@ =7 — <@,
for which (% () = 0. The random process £ (f)is also a process with
stationary increments, since its correlation function may explicitly depend
on t, although <€ () = 0. Now take the difference
Fr@=80¢+7T)—E(@);

this is a stationary random process, and its correlation function By should
not depend explicitly on ¢t. Computing Br (1), we get

Be(t)=(Fr(t+ 0 Fr (1)) =<EC+ ) —EOIEC+T+T)—E¢+ 0D, (6)
Using the algebraic identity
(a—b)(c—d) =5 [@a— D+ b—f — @@= — B —d)*],
we obtain

Br(t) =5 KEE+T)—E( + )12 + (EE + v+ ) — (O —
—(EE+T) =8¢+ 7+ TN —EE + ) —EOI) (7)

We now introduce the structure function Dy (¢, ) of the process f (t), defined
by

D (1, ta) = <[E (t1) — & (t)]%, (8)
Equation (7) is then written in the form

Bp(v)=—5 Dyt +T,t4+ 1)+ 5Dyt + 7+ T, 8)—
— Dyt AT Tt +T)— D (47, 0). (9)

Since by assumption f (¢) is a process with stationary increments, and
Fp(t) is therefore stationary, Bpshould be independent of ¢ and may depend
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on v and Tonly. This will be so if Dy (¢, ¢,) depends on the difference ¢, — ¢,
only, i.e., if

[IoryIetaw hook: J.2 1 T)

CIE(E + ©) — &)1 = Dy(v). (10)
Relation (9) takes the form
By (1) = 5 D, (t+ T) + - Dy(v— T) — D, (). (11)
Substituting & () = f (/) — </ ()> in (10) we obtain |
Dy (v) = It + ) —F (O] —<F (¢ + 1) — F ). (12)

Since the left member of (12) is a function of t alone, <f (t + ) — f (¢))> should
also depend only on t and be independent of ¢. IHence it follows that <f (¢)> is
a linear function of time,

G@>=a+bt and <f(t+ 1) —f@)> = br. (13)

Processes with stationary increments often have a constant mean <{f ()
(e.g., the locally isotropic random fields considered in the next section).
In this case relation (12) takes the simpler form

Dy(v) =<[f(t+ 1) —F (). (14)

The structure function is a fundamental characteristic of a random
process with stationary increments, and replaces the ideal of a correlation
function. Roughly speaking, D;(t)characterizes the intensity of the
fluctuations of f (¢) with periods less than or comparable with 1. Indeed,
variations in f (¢!) which are slow compared to v do not affect the difference
f(t + 1) — f(t) and therefore do not make a contribution to D (1). Clearly
Dy (1) may also be constructed for ordinary stationary functions, which are
a particular case of functions with stationary increments. If f(f)is a
stationary random function with zero mean, we have

Di(v) =<If @+ 7)— F (1D = <[F ¢ + D +<F O —2<F ¢+ D) F (@)
Since f(¢) is stationary, we have
AF @ =<l ¢ + 9P> = B, (0).
Thus for a stationary process
Dy (t) = 2[By(0) — B (1)]. (15)
If B;(c0) =0 (in practice this is almost always so), Dj(c0) = 2B (0). Using the
above relation we can express the correlation function B(t) in terms of the

structure function Dy (t):

By(v) = 5 D; (c0) — 4 D; (7). (16)
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