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ABSTRACT 
From curve-of-growth analysis, abundances (relative to the Sun) of spectroscopically conspicuous 

metallic elements have been estimated in the archetypal Population II Cepheid W Virginis. The Fe 
abundance was confirmed by the use of fine analysis based on LTE model atmospheres. The mean 
metallic abundances, derived from three spectrograms well distributed in temperature around the cycle, 
are [An0n-s] = —1.1 and [Ns] = — 2.2, where “s” refers to elements produced by the 5-process and “non-5,, 

to all other species. It is likely that the excessive metal deficiency of 5-process elements reflects the com- 
position of the primeval interstellar medium out of which W Vir was formed. 

It is shown that the reduction in the metal/hydrogen ratio to one-tenth of the solar value leads to an 
affirmative test of the shock-wave model for the pulsations. 

I. INTRODUCTION 

Renewed interest in the chemical composition and atmospheric parameters of Ce- 
pheids in globular clusters has resulted from recent calculations of the late stages of 
stellar evolution. Schwarzschild and Härm (1970) showed that a star on the asymptotic 
red-giant branch could make loops to the left in the H-R diagram as a consequence of 
helium ignition. Of the stellar models considered, only those with high helium content 
( F = 0.30) and low mass (99Î = 0.65 9Jí0) were found to cross the Cepheid instability 
strip, a result independent of the choice of metal abundance (Z = 0.001 or 0.0001). 
High helium and low metal abundance also seem to be characteristic of Christy’s (1966) 
pulsational model of the brightest field Cepheid of Population II, viz., W Virginis; and a 
large value of Y was found by Wallerstein (1959Ô) in his rough determination of the 
H/He ratio, based on emission lines, in the atmosphere of the same star. It is also known 
empirically that long-period Cepheids never occur in globular clusters of high metal 
content (Kwee 1968; Wallerstein 1970), i.e., presumably those with Z > 0.001. 

However, few if any direct spectroscopic analyses of metal abundances in field Cephe- 
ids of Population II have been carried out. Rodgers and Bell (1963) studied the bright 
southern Cepheid k Pav, but this star may not be characteristic of the globular-cluster 
population. Here we treat the archetypal object W Vir in coarse (curve of growth) and 
fine (LTE model atmosphere) analysis. 

In his classical paper on W Vir, Abt (1954) assigned the hydrogen/metal ratio (essen- 
tially the solar value), derived from coarse analysis the atmospheric temperatures, 
pressures, and opacities, and used these to test the shock-wave model for the pulsations. 
In this paper, we shall proceed in reverse order; i.e., from estimates of the temperature, 
we shall use curves of growth to derive abundances, opacities, and pressures. We shall 
show, contrary to Abt’s conclusion, that a shock-wave very satisfactorily represents 
the physical state of the atmosphere during the pulsation. 

* Contributions from the Lick Observatory, No. 324. 
t Visiting Fellow, Joint Institute for Laboratory Astrophysics, University of Colorado, 1970 July- 

December, where a portion of this work was completed. 
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68 TIMOTHY BARKER ET AL. Vol. 165 

II. COARSE ANALYSIS 

a) T emper ature Determinations 

In the spectra of stars in the temperature range exhibited by W Vir, roughly 4000°- 
6500° K, lines of Fe i are displayed in such profusion and over such a wide range of in- 
tensities that coarse analyses are usually based upon them. Our treatment is no excep- 
tion. Using the notation ¡X] = log XJXQ and adopting the Milne-Eddington approxi- 
mation, we write 

[iVFei]^ [vîf]+ m + k]’ (1) 

where [N^e i/Vk\] is the difference in abscissa between the stellar and solar curves of 
growth for Fe i, [F] the difference in ordinate (i.e., difference in microturbulent velocity), 
[kx] the difference in mass absorption coefficient at a reference wavelength X near the 
middle of the spectral region under consideration, and [Xpe i] the relative abundance 
of Fe i per gram of stellar material. From the horizontal and vertical shifts of the stellar 
and solar curves of growth, we derive [Nfq i/Vk\] and [F], respectively. The determina- 
tion of the Fe i abundance in the star therefore depends on estimating the continuous 
opacity, a known function of the ionization temperature Fion and the electron pres- 
sure Pe- (In the present case, the principal sources of continuous opacity are free- 
bound and free-free transitions of H, H~, and Rayleigh scattering on H.) From the 
horizontal shift of the stellar curve of growth for Fe n onto that for Fe i, one condition 
on Tion and Pe is imposed by the Saha equation. A second condition could presumably 
be found from some other element manifesting itself in two ionic stages, e.g., Ti or Cr. 
For Tion > 5000° K, however, the near equality of the first ionization potentials for 
elements in the iron-peak group renders this method indeterminate, and recourse must 
be had to estimating Tion from some other consideration. 

In his study of several RR Lyrae stars, Preston (1961), for example, estimated Tion 
from Fexc, the latter being defined (through the Boltzmann equation) as that tem- 
perature giving the best fit of the Fe i lines to an appropriate theoretical curve of growth 
for the star. Oke and Searle (1962), Searle, Oke, and Giver (1962), Gunn and Kraft 
(1963), Searle and Rodgers (1966), Oke (1966), and others made use of profiles of H7 
to obtain temperatures for various F-type stars, variable and non-variable. In the 
present work, we are able to estimate Tion by three different methods, but the use of 
the wings of Ha is taken as fundamental. 

Our observational material consists of the twenty-three spectrograms obtained in 
the conventional photographic blue by R. F. Sanford and H. A. Abt at the coudé spec- 
trograph of the Mount Wilson 100-inch telescope between 1948 and 1951, and sixteen 
spectrograms of W Vir and several MK supergiants of spectral types F and G obtained 
by us with the coudé spectrograph of the 120-inch Lick reflector. The Mount Wilson 
spectrograms have a dispersion of 10 Â mm“1, and the reader is referred to the paper 
by Abt (1954) for observational details. The Lick spectrograms, listed in Table 1, 
cover a 300 Â interval including Ha and were obtained on Eastman 103a-D emulsion 
with a Varo-type image tube mounted at the 20-inch camera; the dispersion was 15 
Â mm“1. The projected slit width, as judged from microphotometer tracings of weak 
comparison lines, is 0.6 Â, i.e., 27 km sec“1 at Ha, a value about 1.3 times greater than 
the resolution of the particular camera/plate combination when used in unaided form. 

We reanalyzed the Mount Wilson material for line intensities of conspicuously identi- 
fiable metallic elements and reconstructed Abt’s curves of growth, using the Ha ob- 
servations as a basis for temperature determination. However, since the hydrogen lines 
of W Vir are in emission from phase 0.65P to 0.10P (counted from photographic light 
maximum), it was necessary to select a phase of W Vir for Ha observations which satis- 
fied three conditions: (1) hydrogen lines fully in absorption, (2) W Vir not so cool that 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
7l

A
pJ

. 
. .

16
5 

. .
 .

67
B

 

No. 1, 1971 POPULATION II VARIABLE STARS 69 

TABLE 1 

Widths of H« [^(0.90)] for W Virginis and MK Supergiants 

Star Sp. Type 
Plate No. 

(Lick Coudé) 
Date (1970 UT) 

(mid-exp.) 
JF(0.90) 

(Â) 

HD 161796. 
35 Cyg  
41 Cyg  
HR 7308... 
45 Dra  
7 Cyg  
HR 7008... 
e Leo  
ß Dra  
f Mon  
£Pup  
€ Gem  
W Vir  
W Vir  
W Vir  
W Vir  

F3 lb 
F5 lb 
F5 lb 
F6 Ib-II 
F7 lb 
F8 lb 
F9 lb 
GO II 
G2 lb 
G2 lb 
G3 lb 
G8 lb 
G I (pec) 
G I (pec) 
G I(pec) 
G I (pec) 

EC 8531 
EC 8540 
EC 8541 
EC 8539 
EC 8534 
EC 8542 
EC 8535 
EC 8517 
EC 8530 
EC 8516 
EC 8513 
EC 8512 
EC 8562 
EC 8563 
EC 8567 
EC 8568 

April 24.430 
April 24.478 
April 24.521 
April 24.513 
April 24.567 
April 24.526 
April 24.453 
April 24.221 
April 24.428 
April 24.226 
April 24.207 
April 24.188 
May 20.219 
May 20.309 
May 21.182 
May 21.207 

10.7 
12.0 
12.5 
8.9 
6.6 
8.9 
7.5 
5.3 
4.5 
5.2 
5.7 
2.9 
2.3* 
2.3 
2.3 
2.7 

* Half-weight. 

the wings of the hydrogen lines are no longer sensitive to temperature, and (3) proximity 
in phase to a Mount Wilson plate of high quality. These conditions were met on 1970 
May 20 and 21 UT when four Ha spectrograms were obtained at a mean phase of 0.46P. 
Abt’s excellent spectrogram taken at phase 0.40P (Ce 7010) was therefore adopted as 
the basic plate from which metal abundances were to be estimated. The propriety of 
using Ha rather than one of the other hydrogen lines as a temperature indicator will 
be readily understood from visual inspection of the Mount Wilson spectrograms. At 
phases when conditions (1) to (3) above are satisfied, the wings of Hß, H7, and H3 are 
cluttered with metallic lines and cannot be reliably measured; interference of this kind 
is minimal at Ha. 

The width IT(0.90) of Ha at residual intensity 0.90 was measured for each of the 
MK supergiants; values of this quantity are listed in Table 1 and plotted against spec- 
tral type in Figure 1. Following Rodgers and Bell (1967), Schmidt (1970) has calculated 
Ha line profiles and corresponding values of W(0.90) as a function of surface gravity g 
and effective temperature Te from flux-constant model atmospheres in LTE. According 
to Parsons and Bouw (1970), these stars have log g « 1-1.5; in Figure 1 we plot, as a 
function of spectral type, the values of Te derived from Schmidt’s calculation for the 
observed values of IF(0.90) and log g = 1. Also shown in Figure 1 is the (spectral type, 
re)-relationship derived by Parsons and Bouw (1970), from a fit of model atmosphere 
fluxes to six-color photometry. This has been extended later than G3 lb by using Kraft’s 
(1961) calibration, with which it differs only slightly. 

Inspection of Figure 1 reveals the following: (1) For stars earlier than about G2 lb, 
PF(0.90) is a very satisfactory indicator of effective temperature; a single measurement 
yields a value of Te with a probable error of ± 150° K, given the broadening theory. 
(2) The temperature difference between the two broadening theories declines with ad- 
vancing spectral type. (3) For stars earlier than G2 lb, the Ha measurements give es- 
sentially the same values of Te as the Parsons-Bouw-Kraft scale. Later than G2 lb, 
however, the scales separate in the sense that the widths of Ha give higher tempera- 
tures. This may be readily understood in the light of work by Kraft, Preston, and 
Wolff (1964), who showed that the Doppler core of Ha becomes very wide in the spectra 
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70 TIMOTHY BARKER ET AL. Vol. 165 

SPECTRAL TYPE 

Fig. 1.—Effective temperatures derived from 1F(0.90) for the supergiants in Table 1. From bottom 
to top, the observed spots and freehand solid curves fitted to them represent: (1) IF(0.90), the width of 
Ha at a residual intensity 0.90, corrected for instrumental width; (2) values of Te derived from IF(0.90) 
and Schmidt’s (1970) calculation based on the broadening theory of Edmonds et al. (1967); (3) the same, 
based on the broadening theory of Griem (1964), all as a function of spectral type. Dashed curves repre- 
sent the {Te, spectral type)-relation according to Parsons and Bouw (1970) and Kraft (1961). 

of stars of advancing spectral type, and satisfies a relationship between core width and 
absolute magnitude analogous to the well-known Wilson-Bappu (1957) effect. In stars 
later than G2 lb, the wings of the hydrogen lines are distorted by a powerful Doppler 
core arising high in the atmosphere (Kraft, Preston, and Wolff 1964), for which the line- 
formation theory does not adequately account. What Figure 1 demonstrates is that, 
for stars not having a wide Ha core, JF(0.90) can be used to estimate reliable values of Te. 

The four Ha spectrograms of W Vir yield a mean value IT(0.90) = 2.4 ± 0.12 
(p.e.) Â, corrected for instrumental width, at a mean phase of 0.46P. Ha is narrower 
in W Vir than in any standard star listed in Table 1. At this phase Abt (1954) gives a 
value of Tion = 5320° K based on solar metal abundances. Since Te ^ Pion, the equiva- 
lent Population I spectral type is not later than G3 lb. However, the observed width 
of Ha in W Vir corresponds to a star of much lower effective temperature, and suggests 
that (1) for some reason W Vir does not share in common with Population I supergiants 
a wide Doppler core in Ha and (2) the metal/hydrogen ratio is smaller than the solar 
value. 

At phase 0.46P, W Vir achieves approximately its maximum photospheric radius, 
and log g ^ 0 (see § IV). According to Schmidt (1970), IT(0.90) shows an inverse effect 
with log g; extrapolating his results from the log g = 2-1 range, we find that the value 
of Te increases about 200° K in passing from log g = 1 to log g = 0. Fine analysis 
(§ HI) indicates that the lower metal abundance in W Vir leads to a slight reduction 
in log Pe at the optical depths where the wings of Ha are formed; this simulates a small 
increase in the surface gravity. The net effect of the two corrections is to reduce the 
value of Te about 100° K below the prediction of Schmidt's calculation for log g = 1. 
Taking a mean of the Griem (1964) and Edmonds, Schlüter, and Wells (1967) broaden- 
ing theories, we derive Te = 4880° K at phase 0.46P. 
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Further support for the applicability of Schmidt’s results to W Vir is found in Fig- 
ure 2, where observed profiles of Ha for W Vir and for the field Population I supergiant 
€ Gem (G8 lb) are exhibited. In W Vir the wings of Ha are symmetrical but in e Gem 
are not, and an average profile for the two sides of the line is illustrated. A small extrapo- 
lation of temperature from Schmidt’s calculations yields the computed profile ior Te = 
5050° K and log g = 1; it is a good match to Ha in W Vir. Yet in c Gem the enormous 
Doppler core of the observed line renders it astonishingly dissimilar to its theoretical 
counterpart, even though Te = 5080° K (Kraft 1961) and log g ^ 1 (Parsons and 
Bouw 1970) for this star. We note that other combinations of log g and Te differing 
from the above by one order of magnitude and ± 200° K, respectively, would also give 
a satisfactory fit to the profile of Ha in W Vir. However, since we wish to determine the 
correct order of magnitude of the metal/hydrogen ratio in the coarse analysis, we are 
satisfied with a determination of Te correct to this kind of precision; a change in Te of 
200° K corresponds to a change in [Nfb] of 0.3. The above numbers would be modified 
only slightly if a Griem profile were substituted for the ESW profile in Figure 2. 

From the slope of Abt’s (1954) Texc or Tion curve at phase 0.46P, we estimate that 
at phase 0.40P, when plate Ce 7010 was obtained, Te = 5050° K and Tion = 4800° K. 
To these values we give the highest weight. 

A second method for estimating Tion is the use of Preston’s (1961) numerical “de- 
vice,” which is based on experience with analyses of numerous F- and G-type stars of 
normal metal abundance, viz., 0iQn = 0exc — 0.15, where 6 = 5040/P. From the Fei 
curve of growth for Ce 7010 (see § 110) we obtained rexc ^ 4040° K in agreement 
with Abt’s result; thus Tion = 4580° K. 

The preceeding values of Pion are low enough that the Boltzmann factor in the Saha 
equation is fairly sensitive to small changes in first ionization potential among iron-peak 
elements. Thus, as a third method, we have estimated Tion (and log Pe) from a com- 
parison of the abscissae of the Fe n and Fe i curves of growth with those of two corre- 

Fig. 2.—Observed profiles of H« for supergiants with Te near 5000° K, compared with a theoretical 
profile for Te = 5050° K, log g = 1. The latter is taken from calculations by Schmidt (1970), based on 
ESW broadening theory. 
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72 TIMOTHY BARKER ET AL. 

spending ionization stages in Ti and Cr. Since Cr i and Cr n lines differ rather markedly 
in mean excitation potential and mean line strength, Cr is less satisfactory for the pur- 
pose than Ti. For Ce 7010, the plot of Ti versus Fe lines yields Ti0n — 4600° K whereas 
for Cr versus Fe, = 3770° K; to these we assign relative weights of 2 and 1, re- 
spectively. 

In Table 2, we summarize the methods used to obtain T\on in W Vir at phase 0.40 P. 
The weighted mean is 4590° ± 320° K (m.e.). Some justification for the physical reality 
of the construct Tion and for the use of numeral “devices” taken over from stars of nor- 
mal metal abundance to metal-poor stars will be offered in the Section on fine analysis 
(§ ni). 

b) Curves of Growth; Abundances 

Curves of growth for Fe i and Fe n were constructed for sixteen different spectra 
of W Vir, well distributed in phase, on fifteen of the twenty-three Mount Wilson spec- 
trograms; on one plate showing double lines, it was possible to analyze both spectra. 
The equivalent widths were those published by Abt (1954), except that lines shortward 
of 4100 Â were generally omitted on the grounds that the continuum location is rather 
uncertain. Solar log Vs taken from the lists by Preston (1961) and Gunn and Kraft 
(1963) were used; solar log rfs not given by them were read directly out of the solar 
curve of growth (Goldberg and Pierce, in Aller 1953) by using line strengths taken from 
the Utrecht Photometric Atlas. Corresponding corrected stellar log 97’s were obtained 
from log 77* = log 77o + x((0exc)o “ (^exc)J, in intervals of 0.0^in (0exc)o — (0exC)*, 
where % is the excitation potential of the lower level of each transition. That (0exc)* was 
adopted which gave a curve of growth (log rj* versus log [JF/X]) having the least system- 
atic displacement between lines of high and low excitation. Our values of (0exc)* dif- 
fered from Abt’s (1954) generally by no more than 0.05; exceptions were found for 
plates Ce 7091 and Ce 5058, both of which are spectrograms of comparatively low qual- 
ity. Abt’s values and ours were averaged, a smooth curve was passed through a plot of 
(0exc)* versus phase, and a “smoothed” value of (0exc)* was assigned to each plate. These 
are listed in Table 3 along with values of the microturbulent velocity [V]. We took 
(0exc)o = 1-04 (Preston 1961) and VQ = 2.3 km sec-1. 

We note that the mean Ti0n for Ce 7010 derived from the independent methods dis- 
cussed in § lia satisfied exactly Preston’s “device.” We therefore apply the “device” to 
all other phases of W Vir, deriving the values of (0iOn)* given in Table 3. Iron abundances 
were then obtained for all plates from the shift of the Fe 11 onto the Fe 1 curve of growth, 
the calculation of the continuous opacity, and the application of equation (1). We adopt- 
ed (0ion)o = 0.89 at a representative solar optical depth of r = 0.35 (Aller and Pierce 
1952) and log (kx)0 = —0.47 at X = 4550 Â, a point midway in the region of spectral 
analysis. The degree of ionization of Fe 1 is high at all phases, and essentially all Fe is 
Fe ii. At phases near maximum light exhibiting double lines, the abundance of Fe was 
obtained for one or both spectra whenever the number of lines was sufficiently large to 

TABLE 2 

Estimates of Tlon at <f> = 0.40 P (Ce 7010) 

Method Tion (° K) Weight 

1) H« width  4800 1 
2) Ti versus Fe    4600 j 
3) CrversusFe..   3770 I 
4) reXc—>Tion (Preston’s “device”) • 4580 I 

Weighted mean  4590+320 (m.e.) 
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74 TIMOTHY BARKER ET AL. 

make the analysis. Values of [Ype] and other relevant curve-of-growth data are also 
listed in Table 3. 

The Cepheid W Vir exhibits over the cycle a wide range of temperature and pressure; 
near light maximum, one finds Tion ^ 6300° K, log Pe ^ + 1 ; whereas near light mini- 
mum, Tion^ 4000° K, log Pe~ —2.5. A test of the reliability of the abundance analysis 
is the requirement that [TVpe] be independent of changes in the atmospheric parameters 
around the cycle. In Figure 3 we exhibit [AVe] as functions of 0exc and phase </>. There is 
no systematic variation of [Nfq] with temperature (use of 6i0n instead of 0exc would have 
introduced simply a zero-point shift in the figure), but a modest systematic effect appears 
as a function of phase in the sense that the Fe abundance is anomalously low on the rising 
branch of the light curve, especially in the spectra corresponding to the “longward- 
displaced” components. At these phases, the low regions of the atmosphere, where weak 
lines are formed, are disturbed by the passage of the pulsational wave (cf. Abt 1954), and 
it is the weak lines that play the greatest role in the abundance determination. We return 
to this point later (§§ III and IV). Omitting the one low-weight point with [Nfb] — 
+0.1, we obtain ([Àf<J) = —1.05 ± 0.3 (m.e.); omitting also the four points marked 
“L,” we obtain ([AWI) = —0.95 ± 0.2 (m.e.). From the coarse-analysis point of view, 
there is not much doubt that the Fe abundance per gram of stellar material is down 
by one order of magnitude from the solar value. 

Abundances of spectroscopically conspicuous metals other than Fe were obtained 
from an analysis of three spectrograms well distributed in temperature, viz., Ce 6211, 
Ce 5651, and Ce 7010. Since Abt (1954) published only a few line strengths other than _ 
those for Fe i and Fe n, we reanalyzed the line intensities from microphotometer trac- 
ings. For each plate we adopted the simplified procedure of preparing a curve of line 
depth versus equivalent width based on AbCs measurements of Fei and Fen lines; 
the curve was entered with the depths of lines for other elements and the corresponding 
values of log W/\ read out. All line strengths are therefore essentially on the system 
of Abt; a catalog is given in Table 4. 

The abundances derived from the three spectrograms are summarized in Table 5; 
for each element, we give also the number n of neutral and/or ionized lines measured, 
and a quality designation (“a” = good, “b” = fair, “c” = poor) based largely on n. 
The leading conclusion is that, while most of the iron-peak elements (except Sc) have 
abundances similar to Fe, elements such as Sc, Sr, Y, Zr, Ba, and Ce have abundances 
reduced below the solar value by yet another order of magnitude. In the context of 
nucleosynthesis theory (Burbidge et al. 1957), we can separate the elements formed by 

Fig. 3.—Values of [YfJ as a function of 0exc and in W Vir. Open circles are derived from Fei 
curves of growth having fewer than forty lines and are assigned half-weight. For spectrograms obtained 
between </> = 0.70 P and 0.10 P, “L” and “S” refer to material ahead of and behind the shock front, 
respectively (see § IV). 
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Line 
(x) 

4077.71* 
4215.52* 
4226.73* 
4246.83* 
4337.94 
4341.40 
4349.80 
4355.08 
4374.46 
4386.82 
4394.07 
4395.03 
4395.84 
4398.30 
4403.28 
4411.11 
4411.94 
4417.71 
4421.95 
4425.45 
4435.66 
4436.29 
4441.72 
4443.81 
4468.49 
4477.07 
4485.39 
4486.90 
4493.53 
4502.25 
4507.23 
4512.78 
4533.24 
4534.78 
4545.14 
4545.97 
4548.78 
4554.04 
4554.99 
4558.66 
4562.38 
4563.78 
4568.30 
4571.09 
4572.00 
4585.84 
4588.18 
4589.96 
4591.45 
4605.03 

TABLE 4 

EQUIVALENT WIDTHS OF LINES OTHER THAN Fe I and Fe II 

Ident. log n Ce 6211(S) 
° <f>=0.089 P 

Sr II 3.77 4.03 
Sr II 3.30 4.31 
Ca I 4.58 4.06 
Sc II 2.93 4.54 
Ti II 2.75 
Ti II 2.44: 
Ce II -0.30 
Ca I 1.82 5.82: 
Sc II 1.90 4.72 
Ti II 0.70 4.71 
Ti II 1.38 4.43 
Ti II 2.37 3.94: 
Ti II 1.17 4.09: 
Ti II 0.28 5.17 
Zr II 0.75 5.74: 
Ti II 0.80 4.79 
Ti II 0.80 5.17 
Ti II 1.70 4.20 
Ti II 0.52: 4.83 
Ca I 2.45 5.11 
Ca I 2.23 5.50: 
Mn I 0.30 5.75 
VI 1.09 5.39:: 
Ti II 2.36 4.28: 
Ti II 2.26 4.13 
Cr I -0.30 
Zr II 
Ce II 0.10 5.50 
Ti II 0.28 5.36 
Mn I 0.92 >5.13: 
Cr II 0.05 5.41 
Ti I 0.90 5.79 
Ti I 1.50 5.46:: 
Ti I 1.35 
Ti II 0.84 4.97 
Cr I 1.31 
Ti I 1.09 
Ba II 2.80 4.34 
Cr II 0.48 5.27: 
Cr II 1.18 4.69 
Ce II 0.18 5.65 
Ti II 2.15 4.21 
Ti II 0.28 5.83: 
Mg I 0.78 5.50 
Ti II 2.27 4.20 
Ca I 1.77 5.57 
Cr II 1.12 4.62 
Ti II 0.48 4.51 
Cri 1.01 5.63 
Ni I 1.03 5.50: 

-log(WA) 
Ce 5651 Ce 7010 e?v. 

<J>=0.123 P <(>=0.395 P 

4.07 3.75 0.00 
4.22 3.84 0.00 
4.07 3.91 0.00 
4.63 4.26 0.31 

4.10: 1.08 
4.26: 1.11 
5.62 0.70 

5.33: 5.40 2.70 
0.62 

4.52 4.52 2.59 
4.41 4.38 1.22 
4.14: 3.98 1.08 
4.30: 4.40: 1.24 
4.68 4.70 1.22 
5.75 5.58 1.18 
4.69 4.72 3.08 
4.67 4.72 1.22 
4.43: 4.16 1.16 
4.67: 4.70 2.05 
4.79 4.66 1.87 
4.42: 4.35 1.88 
5.85 5.54 2.91 
4.65: 4.50 0.27 
4:32: 3.98 1.08 
4.32 4.03 1.13 
6.40: - 2.70 

5.70: 1.23 
6.04 5.60 0.29 
4.73 4.67 1.08 
5.31 5.60 2.91 
6.26 5.58 3.09 
5.83 5.21 0.83 
4.69: 4.77 0.84 
4.72: 4.87: 0.83 
5.06 4.63 1.13 
5.61 5.38 0.94 
5.51: 5.17:: 0.82 
4.30 4.06 0.00 
5.17: 4.83 4.05 
4.60 4.46 4.06 
5.40 5.23 0.00 
4.29 4.09 1.22 
5.12 4.78 1.22 
5.01: 4.43 0.00 
4.28 4.07 1.56 
4.94 4.98 2.57 
4.85 4.57 4.05 
4.55 4.31 1.23 
5.97 5.28: 0.96 
5.30 5.35 3.47 
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Line 
(x) 

4609.33 
4613.92 
4617.27 
4618.80 
4623.10 
4626.07 
4628.18 
4634.08 
4636.32 
4639.39 
4639.70 
4639.95 
4646.19 
4647.96 
4651.28 
4652.10 
4656.45 
4682.00 
4682.36 
4702.97 
4707.99 
4708.73 
4715.77 
4718.40 
4719.41 
4722.20 
4730.04 
4754.03 
4758.12 
4759.30 
4763.89 
4764.56 
4777.68 
4779.95 
4783.40 
4801.06 
4805.18 
4812.33 
4824.17 
4825.02 
4836.19 
4840.97 
4848.27 
4849.10 
4874.12 
4883.78 
4884.62 
4900.11 
4934.09 
4942.50 
4964.93 

*Notes: 

TABLE 4 (continued) 

-log(W/x) 
Ident. 

Ti II 
Zr II 
Ti I 
Cr II 
Ti I 
Cr I 
Ce II 
Cr II 
Ti II 
Ti I 
Ti I 
Ti I 
Cr I 
Cr I 
Cr I 
Cr I 
Ti I 
Ti I 
Y II 
Mg I 
Cr I 
Ti II 
Ni I 
Cr I 
Ti II 
Zn I 
Mg I 
Mn I 
Ti I 
Ti I 
Ti II 
Ti II 
Cr II 
Ti II 
Mn I 
Cr I 
Ti II 
Cr II 
Cr II 
Cr II 
Cr II 
Ti I 
Cr II 
Ti II 
Ti II 
Y II 
Cr II 
Y II 
Ba II 
Cr I 
Cr I 

log ^ 

0.03: 
0.24 
0.89 
0.95 
0.62 
1.20 
0.14 
0.88 
0.12 
0.48 
0.48 
0.38 
1.38 
0.44 
1.08 
1.26 
1.00 
1.28 
0.36 
3.55 
0.84 
0.64 
1.12 
0.98 
0.00 
1.00 

-0.50 
1.85 
0.41 
0.57 
1.25 
0.35 

-0.75 
1.14 
2.42 
1.51: 
1.60: 
0.70 
1.40 

-0.05 
0.29 
1.01 
0.78 
0.32 
0.36: 
0.90 
0.23 
1.01 
2.80: 
1.40 
0.46 

Ce 6211(S) 
<(>=0.089 P 

5.65: 
5.83 
5.09: 
4.98 
5.43 

4.89 
4.89 

5.54 

5.95 
5.47 
5.64 
4.62 
5.84 
5.17 

5.56 
5.63 
4.96 
5.74 
5.17 
5.77 

5.13 

5.13 

Ce 5651 
<(>=0.123 P 

5.67: 
5.95 
5.73 
5.00 
5.84 
5.31 
5.72 
5.01 
5.06 
5.79 
6.22: 
6.30: 

5.49 
5.21 
5.65: 
5.12 
6.05 
4.61 

5.46 
5.78 
5.71 
5.13 
5.61: 
4.79 
5.79 
5.58 
4.60 
5.01 
5.58 
4.74 
4.98 
5.59 

4.88 

5.45 
4.67 

4.80 

Ce 7010 
<(>=0.395 P 

5.04 
5.56 
5:41: 
4.58 
5.50 
5.03 
5.24 
4.60 
4.82 
5.38 
5.43 
5.57 
4.71 
5.45 
5.11 
5.11 
5.30: 
5.22 
5.49 
4.38 
5.42: 
4.58 

5.60 
5.04 
4.94 
5.50 
4.76 
5.48 
5.45: 
4.74 
4.67 
5.41 
4.49 
4.60 
5.29 
4.48 
5.02 
4.60 
5.23 
5.29 
5.18 
4.58 
4.64 
4.97 
5.34 
5.00 
5.10 
4.49 
5.31 
5.25: 

X 
e.v. 

1.18 
0.97 
1.74 
4.06 
1.73 
0.96 
0.04 
4.05 
1.16 
1.73 
1.74 
1.73 
1.03 
2.53 
0.98 
1.00 
0.00 
0.05 
0.41 
4.33 
3.15 
1.23 
3.53 
3.18 
1.24 
4.01 
4.33 
2.27 
2.24 
2.25 
1.22 
1.23 
3.81 
2.04 
2.29 
3.11 
2.05 
3.85 
3.85 
3.81 
3.84 
0.90 
3.85 
1.13 
3.08 
1.08 
3.84 
1.03 
0.00 
0.94 
0.94 

(-log W/x) taken from Abt (1964). 
Colons indicate low weight; double colons, very low weight. 
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78 TIMOTHY BARKER ET AL. Vol. 165 

the ^-process from those formed by other processes. We obtain from the three plates 
the following mean results: [Anon-*] = —1.1 ± 0.1 (p.e.) and [A8] = —2.2 ± 0.2 (p.e.). 
A similar excessive deficiency of ¿-process elements relative to Fe was found by Rodgers 
and Bell (1963) in k Pav, and may be characteristic of numerous old stars of Popula- 
tion II (cf. Greenstein 1970). Segregation, for example, of Preston’s (1961) abundances 
for RR Lyr, which has a metal deficiency similar to that of W Vir, yields [Anon-»] = 
— 1.3 and [As] = —1.7; the latter quantity, however, is derived from only nine lines 
distributed over four elements, and the distinction may not be significant. 

Any ¿-process elements that might have been produced in the central core of W Vir 
during evolution have apparently not been mixed into the atmosphere, despite the pre- 
sumption that the star has undergone helium flashing. Evidently the present abundances 
reflect the mix in the primeval interstellar medium. 

If the metal abundances are really as low as claimed here, then we should be able to 
detect the effect visually in weak lines by intercomparing spectrograms of W Vir with 
Type I supergiants of similar temperature. This is illustrated in Figure 4 (Plate 3); 
one can clearly see that, in passing from any of the Population I stars shown to W Vir, 
metallic lines of moderate intensity are little affected, but weak lines tend to disappear. 
The effect can be seen because even in the metal-rich stars, at the level where the weak 
metallic lines are formed, the continuous opacity has a 25 percent contribution from 
Rayleigh scattering on H, and of the H~ opacity about one-third of the free electrons 
are supplied by the ionization of H itself. A substantial part of the continuous opacity 
is due only to hydrogen, and therefore the change in the ratio of line to continuous opac- 
ity with decreasing metal abundance is readily discernible from simple visual inspection. 

III. FINE ANALYSIS 

As a check on the results of coarse analysis, and particularly the propriety of using 
Preston’s “device” in stars of reduced metal abundance, we have calculated line in- 
tensities directly by means of an LTE fine analysis. Several LTE flux-constant, non- 
blanketed model atmospheres were kindly supplied by Drs. Duane Carbon and R. Hil- 
lendahl. All had Te = 5200° K; we selected two subcases: (1) log g = 1.0, normal metals; 
and (2) log g = 0.0, one-tenth normal metals. The former applies to the classical 45-day 
Cepheid SV Vul (see Fig. 4) near minimum light (Kraft et al. 1959; Parsons and Bouw 
1970), the latter to W Vir at phase about 0.35P (see § IV for a discussion of log g). The 
line intensities of W Vir change almost not at all between <j> = 0.35P and 0.40P; there- 
fore, we can use the models to predict line strengths for Ce 7010. 

Contribution functions, following Pecker (1950, 1951) as modified in practice by 
Aller, Eiste, and Jugaku (1957), were computed for four lines of Fe i, one line of Fe n, 
and one line of Ti n. Two of the Fe i lines are “weak” or “moderately weak,” two Fe i 
lines are on the flat portion of the curve of growth as are the Ti n and Fe n lines, and 
a range of lower excitation potentials is represented. The lines chosen are listed in 
Table 6. The contribution function C is defined by the following equations: 

00 
W\/\ = fC{x)dx, (2) 

—co 

C{%) = MZ(x)*Gibw(%) , (3) 

where x — log r455o, MZ(x) is a state population factor determined locally in LTE by 
the assumed abundances, temperature, and pressure, G4550W is a weight factor describ- 
ing the source function (taken here as Planckian), and Sk is Pecker’s saturation function 
(depending in turn on M and Z) which we assumed corresponded to the purely Doppler 
case (no pressure broadening). The reader is referred to the exhaustive paper by Aller 
et al. (1957) for details, and it is enough here to remark that a plot of C as a function 
of x displays the region of the atmosphere responsible for the line. Normally C peaks as x 
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No. 1, 1971 POPULATION II VARIABLE STARS 79 

TABLE 6 

Observed and Computed Equivalent Widths for Six Lines 
OF Fe I, Fe II, AND Ti II 

Line 
(Â) 

Identifica- 
tion 

x 
(eV) 

-log W/\ 
(observed) 

-log W/\ (computed) log(W7X)0b.s-log(W7X)c0mp 

Model 1 Model 2 Model 1 Model 2 

4494.57. 
4495.99. 
4574.24. 
4489.74. 
4582.83. 
4545.14. 

Fe I 
Fe I 
Fel 
Fe I 
Fe II 
Ti II 

2.19 
3.64 
3.20 
0.05 
2.83 
1.13 

4.33 
5.47 

>5.58 
4.53 
4.47 
4.63 

4.35 
4.53 
4.96 
4.38 
4.31 
4.24 

4.44 
5.14 
5.92 
4.46 
4.39 
4.29 

+0.02 
-0.94 

<-0.62 
-0.15 
-0.16 
-0.39 

+0.11 
-0.33 

<+0.34 
-0.07 
-0.08 
-0.34 

grows larger; for weak lines, = 1 and C declines eventually in response to the source 
function weight factor G. For saturated lines, in the present case, G plays a minor role 
because the rate of change of the source function with x is extremely small; rather, C de- 
clines because of the influence of For these saturated lines, the computed equivalent 
width is quite insensitive to the assumed metal abundance, as would be expected. 

We estimated the abundance of Fe by attempting to reproduce the observed equiva- 
lent widths of the two weak Fe i lines XX4495.99 and 4574.24. These lines (see below) are 
formed so low in the atmosphere that departures from LTE are expected to be minimal. 
We adopted the solar Fe abundance favored by the Kiel group (Garz et al. 1969) and 
correspondingly reduced the values of gf given by Abt (1954) which were based on the 
earlier work by King and King (1938). Since only Nf enters, the line absorption coeffi- 
cient is invariant to these changes. The recent adjustment in the Fe abundance affects 
the present work only through the model atmosphere, since Fe is a modest contributor 
to the free electron supply. However, adjustment of the Abt ^/-values downward by a 
factor of 10 does permit a comparison with the most recent laboratory/-values for two 
of the lines, viz., XX4494.57 (Bridges and Wiese 1970) and 4574.24 (Garz et al. 1969), 
and the agreement is found to be very good. 

In the upper panels of Figure 5 we plot the leading parameters of the two models, 
viz., T, log Pey and log «4550 as a function of xy and in the lower panels the corresponding 
contribution functions C for the six lines. Comparison of Figure 5 with Table 6 reveals 
that the computed equivalent widths of two weakest Fei lines are about an order of 
magnitude greater than is observed in W Vir if the Fe abundance is taken as the solar 
value; if the Fe abundance is reduced by a factor of 10, quite reasonable agreement is 
obtained. Unfortunately, log W/\ for the weakest line X4574.24 cannot be measured 
very accurately because of blending, but the upper bound to its equivalent width is 
4 times smaller than the computed strength if normal Fe abundance is taken. 

Inspection of Figure 5 gives one some insight into the meaning of the physical parame- 
ters used in curve-of-growth analyses. In practice, Te^c involves measurement of equiva- 
lent widths for moderate to moderately weak lines, i.e., those with log W/\ > —5.10. 
(The weakest lines usually do not include a sufficiently large sample of lines of low excita- 
tion.) This favors the low temperature plateau above log T4550 = — 1 as a region repre- 
sentative of rexc, and it matters little where the line is formed; the temperature and 
continuous opacity are essentially constant. For the phase of SV Vul illustrated in 
Figure 5, for example, one has Te = 5040° K corresponding to G8 lb (Kraft 1961), 
and Texc = 4000° K + 300° K (Kraft et at. 1959) ; the latter agrees well with the mean 
plateau temperature of 4240° K in Model 1. 

For the same star, Kraft et al. derived Tien = 4630° K, a temperature reached in 
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80 TIMOTHY BARKER ET AL. Vol. 165 

Fig. 5.—Model-atmosphere parameters and contribution functions for lines of Fe i, Fe n, and Ti n. 
LTE model atmospheres are those computed by Carbon. Dashed lines, extrapolations based on calcula- 
tions by Hillendahl. A number in parentheses is the lower excitation potential of the transition (in volts). 

Model 1 at log 74550 near —0.75. Now we may rewrite equation (1) as follows, as long 
as the degree of ionization of Fe is high: 

Q(Tim) ^ k] + log 5 - [NFe] - — [V], (4) 

where log S is the shift of the Fe 11 curve of growth onto the Fe 1 curve of growth. The 
left-hand side of equation (4) depends only on Tion, as long as the major source of opacity 
remains H~. This is because k\ goes directly as Pe, and S goes inversely. Thus for a fixed 
value of [Ape], Q{T\or) depends principally on the value of [Ape iAx] at the level in the 
atmosphere where the weak and moderately weak Fe 1 lines (i.e., those with log W/\ < 
— 5.00) are formed, since these lines carry the greatest weight in shifting the stellar onto 
the solar curve of growth. For Model 1, such lines are formed between log 74550 = —0.75 
and —0.50 where the mean temperature is 4750° K. This is quite close to the value of 
Tion derived from the spectroscopic analysis cited above for SV Vul. On the other hand, 
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in Model 2 with reduced metal abundances, Fe i lines of this strength are formed at 
essentially the same optical depth as in Model 1. This is because the weight factor G(x) 
is nearly the same in the two models as a consequence of the near equality in temperature 
distribution. Thus the temperature at which the weak Fe i lines are formed in Model 2 
is not more than 100° K different from the temperature in Model 1. The plateau tem- 
peratures in the two models are the same, but in Model 2, the moderately weak to mod- 
erate Fe i lines are formed somewhat lower than they are in Model 1; thus Texc (Mod- 
el 3) — jHexc (Model 1) = 150° K, a small deviation. Thus if our interpretation of Tion 
is correct and is about the same for the two models, then our application of the Preston 
íídevice,, to the case of W Vir, to the extent its atmosphere can be represented by 
Model 2, seems justified. 

It is not known in principle if the preceding analysis would be seriously upset by de- 
partures from LTE, but it is not likely to be disturbed by stratification effects such as 
increase in turbulence with height. The Fe abundance derived from curves of growth 
depends on rather weak lines of Fe i; and because [Are i/kV] is not a function of Pe in 
the first order, it is independent of the degree of ionization (as long as it is high). What- 
ever the region of formation of the Fe n lines, departures there from LTE or from other 
assumptions inherent in the fine analysis are not likely to affect the Fe abundance sig- 
nificantly. In the case of W Vir, the issue may not arise in any case. The narrowness of 
the core of Ha suggests either that, high in the atmosphere, the microturbulent velocity 
does not exceed the photospheric value, or that LTE is a good approximation at all 
heights, or both. The first possibility at least is supported by the fact that the Ti n lines, 
weak and strong, can be fitted with the same curve of growth as the Fe i lines at 0 = 
0.40P (Ce 7010). 

IV. RADIUS variations; test of the shock-wave model 

Kwee (1967c, 1968) derived the mean absolute magnitude of W Vir by comparing it 
with Cepheids in globular clusters. His photometry (1967a, b) and analysis, based in 
part on work by Arp (1955), yield {V) = 9.93 and {Mv) — 2.40. In Table 7 we list effec- 
tive temperatures, colors, magnitudes, bolometric corrections, and radii as a function 
of phase. We derived the values of Te from Tion, using the Kraft-Parsons-Bouw trans- 
formation, as explained in § lia. Between </> = 0.10P and 0.65P, however, Pion was 
not derived directly from rexc. Rather, we assigned the mean Fe abundance, [Afr] = 
—1.0, to each Mount Wilson spectrogram analyzed, made use of equation (4), and 
from a plot of Tion as a function of phase derived the smoothed values given in the table. 
In the phase interval 0.65-0.10P, the atmosphere is composite, with the “longward- 
displaced” (L) components of the absorption lines arising in a region higher in the 
atmosphere than the region responsible for the “shortward displaced” (S) components 
(Abt 1954). As discussed below, the velocity discontinuity responsible for the line split- 
ting is above the level of the photosphere from phase 0.65P, at least until evidence for 
its existence disappears at phase 0.10P. Since the region ahead of the discontinuity is 
transparent in the continuum (Abt 1954), we need to make estimates of Ti0n for the 
region behind the discontinuity if we are to obtain Te. However, physical conditions 
there are not known because of the small number of lines that can be measured for coarse 
analysis. At maximum light and continuing to phase 0.10P, the 5 components dominate 
the spectrum, and Te has been estimated from Ti0n as before. 

We resorted to the colors to obtain an estimate of Te at one phase between 0.65 and 
0.00P. At phase 0.85P, (B — V) = +0.65. This color is affected by absorption-line 
blanketing in the overlying region. From the blanketing theory for main sequence F- and 
G-type stars (Wildey et al. 1962), we estimate that a star with [Ape] = —1.0 will have 
{B — V) reddened by 0.12 mag in comparison with a line-free star. Ignoring interstellar 
reddening, we find a true (B — F) = +0.53, which by comparison with the descending 
branch of the color curve gives the same Te as at phase 0.08 P, viz., 5600° K (the L com- 
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TABLE 7 

EFFECTIVE TEMPERATURE, LUMINOSITY, COLOR, AND RADIUS 

OF W VIR AS A FUNCTION OF PHASE 

Phase(P)* 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

0.98 

<B-VW 
(Kwee) 

0.45 

0.52 

0.57 

0.61 

0.65 

0.68 

0.71 

0.73 

0.78 

0.83 

0.90 

0.96 

0.99 

0.94 

0.87 

0.80 

0.72 

0.65 

0.54 

0.46 

0.43 

'ion 
(°K) 

6270(S) 

5770(S) 

5150(S) 

4760 

4550 

4520 

4470 

4450 

4380 

4180 

4030 

4060 

4180 

4380 

Te 
(°K) 

6470 

6000 

5310 

5040 

4830 

4800 

4760 

4740 

4660 

4420 

4280 

4320 

4420 

4660 

4880: 

5110: 

5380: 

5620: 

5940: 

6310: 

6550: 

B.C. 
(Johnson) 

+0.10 

+0.07 

-0.08 

-0.15 

-0.24 

-0.25 

-0.26 

-0.27 

-0.30 

-0.42 

-0.52 

-0.48 

-0.42 

-0.30 

-0.22 

-0.13 

-0.07 

-0.01 

+0.05 

+0.09 

+0.11 

Mv 

-2.80 

-2.78 

-2.77 

-2.78 

-2.75 

-2.74 

-2.71 

-2.66 

-2.52 

-2.29 

-2.05 

-1.81 

-1.64 

-1.64 

-1.78 

-1.91 

-2.08 

-2.24 

-2.44 

-2.63 

-2.74 

bol 

-2.70 

-2.71 

-2.85 

-2.93 

-2.99 

-2.99 

-2.97 

-2.93 

-2.82 

-2.71 

■2.57 

■2.29 

■2.06 

•1.94 

■2.00 

•2.04 

■2.15 

■2.25 

■2.39 

■2.54 

■2.63 

♦Counted from maximum light in B 

R 

x 10“6km 

16.7 

19.2 

26.5 

30.0 

34.0 

34.1 

34.5 

34.5 

33.7 

35.8 

35.9 

31.0 

26.5 

22.5 

21.0: 

19.6: 

18.7: 

17.7: 

17.1: 

16.3: 

15.4: 
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ponents at phase 0.08P are feeble and produce negligible blanketing). We interpolated 
the values of Te listed in Table 7 from the estimates at phases 0.65, 0.85, and 0.00P. 

Bolometric corrections were taken from the list by Johnson (1966), with Te rather 
than (B — V) as argument, since line blanketing is known to have only a small effect 
on the F-magnitude of a star with given Te and Mho\ (Wildey et al. 1962). The derived 
radii, listed in Table 7, are illustrated (after smoothing) as a function of phase in Figure 6. 
Between 0 = 0.7OP and 0.00P, the curve is uncertain, and minimum radius is un- 
known in magnitude by 10 percent and in phase by +0.05P. There is little doubt 
that maximum radius occurs near 0 = 0.40P, and that the radius variation is ^±40 
percent of a mean value near 26 X 106 km. Maximum bolometric luminosity is at phase 
0.25P. We assume that the radius changes shown in Figure 6 describe the motion of 
the stellar photosphere. 

At phase 0.40P, when the fundamental plate Ce 7010 was obtained, the photospheric 
radius is about 35 X 106 km, and for a mass of 0.65 3)îo (the evolutionary value suggested 
by Schwarzschild and Härm 1970) the surface gravity is 7.1 cm sec-2. In the regions 
where the spectral lines are formed, the change in radial velocity (Abt 1954) indicates 
that the gravity should be reduced by an r term of 5.5 cm sec“2, so that the effective 
log g = +0.2. A similar value f would be obtained from the change in photospheric 
radius. The selection of log g = 0 from among the model atmospheres discussed in § III 
therefore appears justified. 

From these static model atmospheres, the abundances of §§ II and III, and the photo- 
spheric radii we can make a test for plausibility of the shock-wave model. In this picture, 
a shock front is to be associated with the hydrogen emission lines that first make an ap- 
pearance in the spectrum at phase 0.65P. At this moment, the shock lies at a level corre- 
sponding to the photosphere. The front rises and the preshocked material becomes op- 
tically thin in the continuum; at phase 0.825P, double absorption lines appear. The 
shortward (5) and longward (i) components arise in material behind and ahead of the 

Fig. 6.—Radius variations of W Vir. R is derived from L = 47rR2oTe
4, and is assumed to represent 

the motion of the stellar photosphere. Phases are counted from blue {B) light maximum. Dashed section 
is uncertain because of uncertainties in Tei as explained in the text. The motion of the strong shock front 
is shown for two Choices of the center-of-mass velocity of the star. 
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shock, respectively. The shock front rises above the photosphere, consuming the pre- 
shocked material before it, and the longward absorption components gradually dis- 
appear. By phase 0.10P, all traces of the preshocked material have disappeared and 
the emission lines are gone. 

We can test this model by the requirement that the height H of the atmosphere above 
the shock be the same as the distance D traveled by the shock from phase 0.65 P to 
phase 0.10P. H can be estimated from Model 2 of § III, since at phase 0.65P, Te is 
only 150° cooler than it is at phase 0.40P. The contribution functions (Fig. 5) show 
that significant line opacity can be expected as high as log —4 to —5, and the 
model gives a height for this material above the photosphere of about 20 X 106 km, a 
number roughly equal to the radius of the photosphere itself. Since the layers overlying 
the shock front at phase 0.65P have a mean continuous opacity of order unity, we can 
also write H ~ l/p(/c), where p is the density and {k) the mean mass absorption coeffi- 
cient determined from the analysis of plate Ce 5110. We obtain p = 7.0 X 10~10 gm 
cm-3, (k) = 1.6 X 10“3 cm2 g-1, and # = 10 X 106 km, in good agreement with the 
first estimate. These two estimates are rather independent since the former goes inversely 
as g and ia independent of [TYpe], whereas the latter depends directly on the metal abun- 
dances derived in this paper. Using the same procedure, Abt (1954) obtained H = 
0.3 X 106 km, about 30 times smaller than our value. His values of p and (k) were both 
larger than ours, directly reflecting his assumption of a normal metal abundance. 

The distance D traveled by the shock front can be obtained by integrating the radial 
velocities. We assume first that the center-of-mass velocity is given by the mean of the 
maximum and minimum velocities (Case A), in accordance with Wallerstein’s (1959a) 
study of M5, Nos. 42 and 84. Between </> = 0.65P and 0.825P, Abt was able to measure 
the emission velocity directly: when the absorption lines arising behind the front are 
first seen at phase 0.825P, they have the same velocity as the emission lines; the shock 
therefore is “strong” and is characterized by a large pressure and density discontinuity 
(Courant and Friedrichs 1948). At this phase, however, the intensities of too few spec- 
tral lines arising in the wake can be measured to test this surmise. Later, the emission 
lines of hydrogen become too badly mutilated by overlying self-absorption to be mea- 
sured reliably for radial velocity. Between phases 0.00P and 0.10P, however, we can 
analyze the pressures and densities in material on both sides of the front. For the pre- 
shocked material (corresponding to the L components), the strengths of weak and 
moderately weak lines of Fei, and therefore [N/kV], are poorly determined, both be- 
cause they are mutilated by the underlying S components and because they tend to be 
formed mostly behind the front, as may be seen by inspection of the contribution func- 
tions (cf. Fig. 5). We therefore resorted to the Schuster-Schwarzschild approximation for 
the curve of growth of the L components, and derived the degree of ionization without 
reference to the Fe abundance. We estimated Pion from Pexc using Preston’s “device,” 
and obtained log Pe from the shift of the Fe n onto the Fe i curve of growth, a procedure 
based essentially on moderately strong lines. Gas pressures Pg and densities p were esti- 
mated at all phases from Pión, Pe, and the hydrogen/metal ratio. In the present case, 
Pg and p are not easily determined, since the reduced metal abundance makes the rela- 
tionship between Pe and Pg rather dependent on the degree of hydrogen ionization, a 
quantity in turn highly sensitive to small errors in Ti0n. 

The variations in p and Pe around the cycle are shown in Figure 7. Although the 
errors are large, it seems rather certain that the density has an average value around 
10-9 g cm~~3, reaches a minimum near maximum stellar radius, and exhibits a sharp dis- 
continuity by a factor of 10 to 100 at the double-line phase. The shock is therefore 
“strong,” and the velocity of the front is presumably the same as that of the material 
behind it. The velocity curve of the L components can therefore be integrated directly 
to obtain the distance D traveled by the front. We find from Abt’s (1954) paper, D = 
19 X 106 km. If we had taken the systemic velocity so as to correspond to a general in- 
fall of material of (say) 9 km sec-1 (Case B), we would have had (Abt 1954) Z) = 13 X 106 
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Fig. 7.—Variation of density (p) and electron pressure {Pe) around the cycle. Open circles have low 
weight. “S” and “L” refer to material behind and ahead of the shock front, respectively. 

km. In any case, D agrees well with our two estimates of H, as is required of the shock- 
wave model. Wallerstein (1959Ô) suggested earlier that a reduction in metal abundance 
would support the shock-wave model by yielding Z) ^ a conclusion demonstrated 
here. 

The location of the shock front in Cases A and B is shown in Figure 6. It is somewhat 
surprising (Castor 1970) that the photospheric advance lags so far behind the advance 
of the shock. The former might actually come much earlier than is indicated in Figure 6 
if our values of Te are too high between </> = 0.60 P and maximum light. The photosphere 
would also follow the shock more closely if the systemic velocity were taken 10-20 km 
sec-1 more negative; this would, however, violate the rather limited results on radial 
velocities of Cepheids in globular clusters (Wallerstein 1959a). 

Note added in proof, 1971 January 6.—Dr. George Wallerstein has kindly called our 
attention to two points, the second of which could somewhat affect the conclusions of 
this paper. (1) Scandium is no longer included among the ^-process elements (cf. Arnett 
and Clayton, Nature, 227, 780, 1970) by most workers in the field of nucleogenesis. 
However, since the weight of our Sc-abundance determination is quite low, its inclusion 
in [TVnon-s] in no way affects the conclusions of this paper. (2) Our metal abundances (with 
one exception) are fairly well correlated with the second ionization potentials in the 
sense that those metals with second ionization potentials above 13.54 eV have anoma- 
lously low abundances. The one exception is Ca [I.P. (Ca n) = 11.82 eV] for which the 
abundance, while a little low compared with Fe, Ti, and Cr, is considerably higher than 
that of the ^-process group. The possibility that Sr, Y, Zr, Ba, Ce, and Sc are mostly 
doubly ionized as a result of emission in the Lyman continuum, while unlikely (owing 
to the result for Ca), cannot definitely be ruled out. 

We are greatly indebted to Dr. R. Hillendahl of Ames Research Center and Dr. Duane 
Carbon of Harvard College Observatory for the use of model atmospheres computed 
by them, and to the Director of the Mount Wilson Observatory for the loan of plates 
of W Vir. We thank Mr. Remington Stone of Lick Observatory for obtaining photoelec- 
tric observations of W Vir from which Kwee’s ephemeris was checked. One of us 
(R. P. K.) is grateful to the Joint Institute for Laboratory Astrophysics for the award 
of a Visiting Fellowship and wishes to record his special thanks to Dr. John Castor of 
JILA for valuable and illuminating discussions on shock-wave phenomena. Helpful 
talks on the evaluation of contribution functions were had also with Dr. F. Praderie. 
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