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1969 SMITHSONIAN STANDAED EARTH (II)

E. M. Gaposchkin and K. Lambeck
Smithsonian Astrophysical Observatory, Cambridge, Massachusetts 02138

1. INTRODUCTION

During 1966 the Smithsonian Astrophysical Observatory (SAO) published

numerical parameters for the earth's gravity field and the coordinates of the

satellite-tracking stations [Gaposchkin, 1967; Kﬁhnléin, 1967a; Veis , 1967a,b;
Whipple, 1967; Lundquist and Veis, 1966]. In 1967, a series of papers by

Gaposchkin, Kdhnlein, Kozai, and Veis [Lundquist, 1967] produced several
refinements to the 1966 solution. This combined effort was the result of
someyears of improvement in analytical techniques, computer programs,

and data acquisition, but since then a major revision of the process and
theories has been undertaken. Some of the considerations of the new analysis
were reviewed by Gaposchkin [1968], and preliminary results were presented
by Gaposchkin [1969], Lambeck [1969a,b], and Gaposchkin and Lambeck

[1969]. All these results have now been superseded by the solution presented
here, and tests have indicated that these latest results are superior to any

previous set of geodetic parameters.

These improvements are the consequences of several advances made
since 1966. A significant amount of recent Baker-Nunn data is now available,
data that are not only of higher accuracy but that also have a better geographic
distribution. The latter is due in part to relocation of four Baker-Nunn
cameras (9028, 9029, 9031, and 9091), cooperation with some additional
observatories, and careful selection of observing periods that yield an

optimum distribution and density of observations. The increase in available
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data was particularly important for the geometric solution, where, for the
first time, a global triangulation net has been established relating all the
Baker-Nunn stations except the one in Australia. A further significant
improvement in the new solution is due to the incorporation of highly accurate

laser range data on six satellites.

As before, the geodetic parameters are estimated from a combined
solution of the results obtained by the geometric and dynamic methods. In
addition, the combination solution includes station-position information
determined by the Jet Propulsion Laboratory (JPL) for its Deep Space Track-
ing Network (DSN) and surface-gravity anomalies computed by Kaula [1966a] .
The final solution yields harmonic coefficients in the potential expansion
complete to degree and order 16, plus 14 pairs of higher degree coefficients
and the coordinates for 39 stations. This solution has been compared with
recent surface-gravity data and astrogeodetic data. Figure 1 gives the loca-

tions of the stations used in this analysis.

The next section of this report deals with data collection and reduction,
the reference systems, and the accuracy of the data, all of which are impor-
tant for the understanding of the results. The following four sections discuss
the dynamic solution, the geometric solution, the data obtained from the
DSN, and the surface-gravity data, while the next section discusses the com-
bination procedure, the results obtained and their evaluation. Our con-

clusions based on this solution are given in the final section.

© Smithsonian Astrophysical Observatory ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1970SAOSR.315.....G

Suo1jel}s pajedo0l[od

"19Yy3jo803) pajaydeIq 91®

‘SUOTIN]OS UOTIJRUIQUIOD 9} Ul POSN Suolje}s jo uorjedor] [ 'S14

09—~

og-

og

09

NOILVNIEWOD NI @3asn SNOILISOd 1dPf W
NOILNTOS JIWVNAG A8 Q3NIWH3130 SNOILISOd NOILVLS O
NOILNTOS DJI¥13IW039 A8 A3NINY3IL3IA SNOILISOd NOILVLS .
SNOILNT0S DI¥L3IN03I9 ANV OJINVYNAG A8 G3ININYIL3A SNOILISOd NOILVLIS @
08I 06 o} 042 o8I
. o
L\ A I
r\ll)]v\l\(\lljll\l/ 4
74 a _m%
Q £006 \.n 1106
v B 36 )
\ TIR% ,b &
/«/\ 16LY 1006
91 X S
~ S
Lvlrl/.\jly ~ N\
5 WY R qj
4 OwNOm 116
Ar _ ° [ ]
4 2ios
. 4 918%]p 6108284
G006 N
9006 800 SI8LI 2L $006
o& w mw 1606 o8 oo
i Pard A \
g L,06 wwoo. ° 806
\Lﬁ»l 206 /ﬂ =
—~ e A G
: eVl Gile HfS <
l(z/(\dlf\m\\\.\w,\; LO\D, M == ]
D =1

QLU IGTEdVS0L6T,

© Smithsonian Astrophysical Observatory ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1970SAOSR.315.....G

FI970SABR 315 .- G!

2. DATA COLLECTION, REDUCTION, AND REFERENCE SYSTEM

Data Collection

For observations used in the dynamic solution, a new mode of data
acquisition has resulted in a better distribution and a higher density of
observations along the orbit. With the use of long-range forecasts, intervals
of 30 days or longer are chosen during which most of the stations can observe
the satellite. More predictions are generated (three per pass), and the satel-
lite is placed on a high-priority observing status. The Baker-Nunn camera
takes five to seven frames, and normally the best frame is chosen for
reduction. For selected files, all frames are measured, as are observations
of the flashing lamps of the Geos 1 and Geos 2 satellites. The multiple-frame

reductions are used to obtain synthetic observations [Aardoom, Girnius, and

Veis, 1966], and the select files are made up entirely of these data.

Laser tracking systems have been developed in the last 4 years and
coordinated observing periods established in 1967, 1968, and 1969. The

select files include significant amounts of laser data.

Since 1966, predictions for observations for the geometric solution are
made only when the station-satellite configurations meet certain optimum

conditions [Lambeck, 1966].

In addition to data from the SAO Baker-Nunn and laser networks, data

collected by other agencies have also been used:

1. Laser data from stations 7815, 7816, and 7818 were made available

by the Centre National d'Etudes Spatiales (CNES), France.

2. Laser data from station 7050 were made available by the Goddard

Space Flight Center (GSFC).
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3. Optical data were obtained from the following European stations:
8015 and 8019 (Observatoire de Paris); 9065 (Technical University of Delft);
9066 (Astronomical Institute, Berne); 9074 and 9077 (USSR Astronomical
Council); and 9080 (Royal Radar Establishment, Malvern).

4. Optical data from the MOTS cameras 1021, 1030, 1042, 7036, 7037,
7039, 7040, 7075, and 7076 were supplied by GSFC.

Data Reduction

The reduction of the optical data was carried out with all terms in
precession and nutation necessary to ensure that the maximum neglected
effect is less than 0.5 m. Annual aberration is added and diurnal aberration
must be applied to the simultaneous observations. Parallactic refraction
was applied by the use of mean nighttime temperature and pressure taken at
each station to establish the refraction coefficient [G. Veis, private commun-
ication, 1966]. Systematic corrections to star-catalog positions were applied
where appropriate. All optical data received from other agencies were

corrected in the same way.

The laser observations were reduced by use of the corrections described

in Lehr [1969] .

Reference System

SAO has its own master clock and through VLF transmission maintains
its own coordinated time system called A.S. The principal time reductions
were to convert the Goddard laser data from UTC to A. S and the French
laser data from A3 to A. S.

The UTI1 data used in 1966 were a combination of final and preliminary
values of the United States Naval Observatory (USNO). An examination of
the differences between the USNO values and those of the Bureau International

de 1'Heure (BIH) revealed differences approaching 5 m. For the present
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solution, BIH UT1 values have been adopted throughout. It appears that these
data may be a limiting factor for the ultimately attainable accuracy of station

positions.

The polar-motion data were taken from the International Polar Motion
Service (IPMS). The difference between these and the BIH data for the period
since they were referred to the same origin is as much as 1. 5 m. The IPMS

data used here were all referred to the mean pole of 1900-1905.

The coordinate system used is the equator of date and the equinox of
1950. 0. The choice of this system is discussed further in Section 3. The
position of the earth with respect to this system was tabulated interms of

the UT1 and polar-motion data.

Initial Values

As in 1966, the determination of the zonal harmonics was a precursor
to this analysis. With use of the 1966 solution, the orbital information was
completely revised. Kozai's [1969] zonal harmonics to J(21) were used as
starting values. The coefficients are listed for reference in Table 1. Also

given are the adopted values for GM, a_, and the velocity of light c.

Computation of the Synthetic Observations

The methods used earlier at SAO for computing the synthetic direction

have remained essentially unchanged [Aardoom et al., 1966]. The satellite

is observed at successive instants, usually from 5 to 7, a polynomial is fitted
to the reduced positions, and an interpolation is made for some intermediate
instant. Usually from 5 to 7 observations are made separated by time
intervals ranging from 4 to 16 sec, depending on the velocity of the satellite.
A second-order curve fit is found to be adequate for describing the apparent
motion during the sequence. For simultaneous observations, the synthetic
simultaneous position is computed from overlapping series of observations

taken from two or more stations.
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TABLE 1.

Adopted zonal harmonics to J(21) [Kozai, 1969].

J(2)= 1.08262800E-03 J( 3)= -2.5380E-06
J( 4) = -1.5930E-06 J( 5) = -2.3000E-07
J( 6) = 5.0200E-07 J( 7)= -3.6200E-07
J( 8) = -1.1800E-07 J( 9)= -1.0000E-07
J(10) = -3. 5400E-07 J(11)= 2.0200E-07
J(12) = -4. 2000E-08 J(13)= -1.2300E-07
J(14) = -7. 3000E-08 J(15) = -1. 7400E-07
J(16) = 1.8700E-07 J(17)= 8.5000E-08
J(18) = -2. 3100E-07 J(19) = -2.1600E-07
J(20) = -5. 0000E-09 J(21) = 1.4400E-07
GM = 3.986013 X 1020 cm3/sec

6. 378155 X 106 m
0

a
(]

2. 997925 X 101

c cm/sec

Accuracies of the Observational Data

The accuracy of a single Baker-Nunn observation has been nominally set
to 4 arcsec, though the more recently collected data are better than this.
Accuracy estimates for the synthetic positions are derived from the least-
squares curve-fitting procedures. However, these estimates tend to be
overoptimistic since they do not reflect possible systematic errors in the
entire sequence — for example, timing of the instant of observation, star
catalog uncertainties, or anomalous refraction [Lambeck, 1969a]. An
analysis of simultaneous observations indicates that these systematic errors
average about 0.5 arcsec in the across-track component and
[(0.5)% + %2 a2 /2
angular velocity of the satellite and o is the timing uncertainty of the order

for the along-track component, where X is the apparent

1 to 2 msec. In the geometric solution the accuracy estimates of the syn-

thetic directions have been modified accordingly. The estimates range from
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about 1 to 3 arcsec. The laser range data are considered accurate to about

2 m [Lehr, 1969], but the influence of timing errors at the stations has to be
considered. For passes with more than 10 observed points, 10 points equally
spaced in the pass are selected. To account for redundancy and systematic
errors of the laser data, the assumed accuracy of each laser point is taken
at 5 m for the SAO and GSFC laser data and at 10 m for the CNES data.
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3. DYNAMICAL SOLUTION

The trajectory of a satellite is determined by the forces acting on it and

by its initial conditions; stated mathematically in terms of Newton's law,
F=m

“awmn

a
wa?

which is a family of differential equations. The more familiar form is

with suitable initial conditions.

The main problem in celestial mechanics is to develop formulas (a theory
in this nomenclature) that predict the trajectory when the forces and the
initial conditions are established. This is very difficult and, in general, we
must be satisfied with approximate solutions, which for our purpose are
quite satisfactory. Alternatively, a direct numerical integration of equation

(1) could be carried out.

The forces we consider are the gravitational attraction of the earth,
moon, and sun, and the nongravitational effects of radiation pressure and
air drag. Inthis analysis we have chosen satellites that are dominated by
the geopotential and for which other effects can, in some way, be assumed

known.

The gravity field of the earth, or equivalently the geopotential, is quite
irregular. The geopotential V can be represented as an infinite series of

spherical harmonics, and the form adopted for this analysis is

11
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) a \ P
_ GM E : e .
V = = 1 - Jn <_r_> P, (sin ¢)
n=2
00 £ J
E : 2 : e
+ <T> Py (sin ¢)(C£m cosm \ + Sfm sinm \) s
£=2 m=1

(2)

where GM is the product of the gravitational constant and the mass of the
earth, ¢, X\ are earth-fixed latitude and longitude, a, is the equatorial radius

of the earth, and

T n-2k
. ! k (2n - 2k)! sin ¢
p, (sin¢) =— ZH k.'(n-k).'(srll-Zk).‘ ’
27 2o

where r is the greatest integer = n/2,

l. r f-m-2k
. _ 224+ 1)(£ - m)! cos ¢ k (2£ - 2k)! sin¢
Pym (sind) = y/ T+ m) " Z G s
=0

where r is the greatest integer = (£ - m)/2. Expression (2) uses a mixed
normalization. The expression le (sin ¢) is the fully normalized associated

Legendre polynomial, i.e.,

P?  (sin &) sin m\\* do =41 . m#0
Im cos m\ - ’ :

sphere

and Clm’ Slm are fully normalized coefficients, as previously published
(sometimes de51gnated as Clm’ Sim)' The P, (sin ¢) are the conventional
Legendre polynomials and the J,are conventional harmonics. To include

the Jn in the fully normalized form we have
12
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P£0='\12£+ 1 Py

and
Jl
Cr0° "
N2+ 1
and the summation in equation (2) would be m= 0,1,2,...,£. The Cl ,

Ssz are called tesseral harmonics, and the Jn are called zonal harmonics.

For a systematic development see Heiskanen and Moritz [1967] .

In equation (2) we assume Jl = C S_. = 0 because the origin of the

21~ 21

coordinate system chosen is referred to the earth's center of mass, and the

z axis (¢ = m/2) is along the principal axis, i.e., the axis of maximum moment
of inertia. In fact, these are only assumptions and one can only approximately

realize such a coordinate system.

We use some striking properties of the coefficients to construct the
analytical theory by the method of successive approximations. We deal with
satellites whose ratio r/a.e lies between 1.1 and 2 and note that JZ is of the
order 10'3 and J_ (n#2), C, , S are of the order 10_6. Then, broadly

n Im’ dm
speaking, the motion is dominated by the central force term GM/r and the
major additional effect is due to J,, other gravitational terms being con-

2’
siderably smaller. The successive approximations are indicated by this

ordering.

Observations of a satellite depend on the position of the satellite and the
observer and on the nature of the observation. The positions are imperfectly
known, because of station-coordinate uncertainties, limited knowledge of the
satellite's geocentric position vector r, and measurement errors. We limit
this analysis to observers fixed to the ''solid" earth. This system of sites

defines the earth-fixed reference system.

13
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If we denote the geocentric position vector of the observer by R and the
(partially) observed topocentric satellite-position vector by p, then these
vectors and Al:wmust satisfy the simple relationp = r - R. o

Equation (1) has the simplest form if expressed in an inertial reference
frame. The earth has a complicated motion in such a frame because of
precession, nutation, polar motion, and rotation. A convenient reference
frame is defined by the stars and, in practice, is defined (imperfectly) in
terms of a star catalog at some epoch. On the other hand, in an inertial
frame the earth's gravity field has a temporal variation that significantly
complicates the construction of an analytical theory. It is for this reason
that a compromise quasi-inertial reference frame referred to an equinox
(epoch of 1950. 0) and an equator (epoch of date) is adopted. Veis knew,

Kozai proved, and we have used the fact that this coordinate system minimizes
the additional effects required to account for the temporal variations of the

gravity field and the noninertial property of the coordinate system.

The elaboration of the analytical theory is distinct from the subject to
be discussed here. The analytical theory of celestial mechanics has its
origins with Lagrange and Hamilton. The process, in one form or another,
involves expressing equation (1) in harmonic functions and expansions in
terms of a small parameter. These harmonic functions are then suitable
for approximate integration. For theoretical and practical reasons the
terms are classified by their period. Hence we talk of short-period terms,
long-period terms (i. e., terms with period much longer than the orbital
period), and terms that do not have a periodic character. This last class
includes the secular terms, decay terms due to nongravitational effects,
and probably parts of very-long-period terms not modeled in the analytical

theory as such and arising as the polynomial expansion of sin x.
The five classes of forces mentioned above are smaller than the prin-
cipal term (GM/r) for the satellites considered. Departures of the motion

from the closed-form elliptical solution are treated as perturbations. The

objective of the analytical theory is to determine the perturbations.

14
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The Jn give rise to all classes of terms. The dominant perturbations are
the secular effects due to JZn’ and in practice these harmonics are deter-
mined from observations of the secular perturbations. The J2n+1 give rise
to long-period terms, with period of the motion of perigee (w), and are
similarly determined from observations of the long-period perturbations.

The sz Slm give rise to short-period terms only, and the other forces to
all three effects.

The development of perturbations, now classical, is given in many
papers (e.g., Kaula [1966b]). The choice of dependent variables is arbitrary.
The most common are w(perigee), 2 (argument of the node), I (inclination),

e (eccentricity), M (mean anomaly), and a (semimajor axis). These elements
Ei can be combined into any other set. For descriptive purposes we use M

—_— A —
and the shift in position dr = (@r - dr)t/ %= dr - dr.

The expression of a periodic perturbation (say in M) due to harmonic

Cl is given in the form
m

yJ 0
6M1m= Com 2 ; E ; A(l,m,p,q,a,e,I)S(l -2p)w+ (£ -2p+ QM+ m(Q - 9)]
p=0 g=-co
(3)
or
My pa = Com Mimpq Sl(4-2p)w+ (-2p+ QM+ m@-0)] (4)

where Sis either sin or cos and 6 is the sidereal angle.

A few well-known remarks follow:

1. A(f,m,p,q,a,e,]) e| q| ; hence the largest terms generally come
with q = 0.

2. The q summation, though formally from -wto +o, only needs to go

from -10 to 4+10.

15
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3. n=2M>6=1>> @, Q; therefore the frequency

o -2p)o+ (£ -2p+ gn+ m( - 6)
2m

of any term is mainly controlled by M and m#.

4. Since A(f,m,p,q, a,e,I) depends on elements that have virtually no
change, A is constant for any particular satellite. The Sterm contains all

the temporal variations.

5. Apart from commensurabilities in n - m6 (the resonant case), long-

period terms can arise only withm = 0, i.e., the zonal harmonics.

Frequency Decomposition

For any given value of order m, all perturbations of degree £ even will
have the same frequency. Since 0 =m= £ and 0 = p = £, arguments with
£ - 2p = r exist. This can be seen by examining the dominant term for each

£, i.e., q=0. The frequency becomes

fo {8 -2p)(b+ n)+ mE@ - 6)
- 2

With £ = 12, p= 6, and m =12, we have the same frequency as with £= 14,
p=7, and m=12; £= 16, p=8, and m = 12; etc., similarly for £ odd.

In addition, we cannot have the same period for both £ odd and £ even.

For example, the perturbations in M for DID (6701401) are given in
Equation (5) for only the principal terms withm=1,2; £= 3,4,5,6,7,8. For
this satellite,a = 7614 km, e = 0. 0843, and I = 39°455.

16
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&M = C3l[-7.1 sin (0 + 2 - 8) + 0.8 sin(w+ 2M + Q2 -80) - 63.3 sin(-w+ 2 -08) +...]

+ c32{-42.5 cos [w+ 2(2 - 8)]+ 10.5 cos [w+ 2M + 2(2 - )] - 13.6 cos [-w +2(2-8)]+...}
+C41‘[7.0cos(-M+Q-9)-8.2cos M+2-6)+5.1cos (-20+Q-86)+...]

+ c42{-1o.3 sin[-M + 2(Q2 - )] + 14.2 sin[M + 2(Q - 8)] + ...}

+ C51[-87.4 sin(w+$’2-9)+6.9sin(w+2M+Q-6)+87.9sin(-w+9-6)+..4]

+ Cg,{8.6 cosfw+ 2(2-6)] -1.4cos [0+ 2M+2(R-6)] +43.9 cos[-w+2(R-6)] +...}

+C6l[5.1 cos (-M+Q-0)-6.0cos (M+%-86) - 16.2 cos (-2w + Q2 - 8) +...]

+ C62{5.4sin[-M+2(Q-9)] -7.4sin[M+2(Q-06)] +...}

+C71[33.1 sin(w+R2-06)+0.0sin(w+2M+Q-06)+1.4 sin (-0 + Q - 0) + ...]

+ C,{40.0 cos [w+2(2 - 8)] - 5.5 cos [w+2M+2(2 - 0)] - 40.3 cos [-w+ 2(2 - 0)]+...}
+C81[-6.8cos ((M+Q2-6)+7.9cos(M+Q-6)+19.1cos (-20+2-8)+...]

+ Cgo{4. I sin[-M+2@-0)] -5 7sin[M+2@Q-86)] +...}

(5)

We can rearrange this expression in terms of the same frequency (with the

period P of each term in days given in parentheses):

M= (-7.1 C31 - 87.4 C.. + 33.1 C71+...)sin(w+Q-G) (-1. 001 days)

51

+(0.8 C +6.9C5l+O.0C71+...)sin(w+2M+Q-6) (0. 040)

31

+(-63.3C5, +87.9C,; +1.4C  +...) sin (-w +Q-8) (-0.971)

+(7.OC41+5.1 C61 -6.8C l+...)cos (-M+Q - 8) (-0.071)

8

+(-8.2 C41 —6.0C6l+7.9 C81+...)cos (M+ Q- 0) (0. 083)

17
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+(5.1C41-16.ZC +19.1C ...) cos (-2w + 2 - 6) (-0. 958 days)

61 g1t

+(-42.5C_, + 8.6 C52+ 40.0 c72 +...) cos [w+ 2(2 - 0)] (-0.497)

32

+(10.5C,, -1.4C -5.5C72+...)cos[w+2M+2(QQG)](O.O41)

32 52

+(-13.6 C32 + 43.9 C52 - 40.3 C72 +...) cos [-w+ 2(2 - 0)] (-0.327)

+(-10.3 c42 + 5.4 C62+ 4.1 C82 +...)sin[-M + 2(Q - 8)] (-0.066)

+(14.2 C42-7.4 Céz' 5.7C82+...) sin [M + 2(2 - 0)] (0. 091)

(6)

Even if we assume the satellite to be a perfect filter, uncontaminated by
other model errors, and the tracking data and analysis process to be perfect,
we see that with one satellite we can only determine spectral components that
are linear combinations of the gravity field (CJZ m) and functions of orbital
elements [A(£,m, p, q, a,e,I)]. From each satellite we obtain one or two
linear combinations of harmonics for £ odd and for £ even. By using addi-
tional data we can only refine the numerical value of these linear combina-
tions. The coefficients of the relations will depend on the orbital elements
so that other linear combinations can be determined only from additional
distinct orbits. Generally, this is achieved by selecting satellites with
different inclination, but independent linear relations can also be obtained

with changes in eccentricity e or semimajor axis a.
As the degree increases, the perturbations become negligible, .and so the
linear relation does not involve an infinite number of parameters. Of course,

the spectrum analysis gives both amplitude and phase, or as is generally

written, a sine and a cosine term.

18
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From equation (6) we see that a linear combination of C3l’ C51’ C.“,

can be determined from the -1. 001 -day-period term and another of equal size
from the -0. 971-day term. The third term, and there are many smaller

terms, is a factor of 10 smaller and will not contribute significantly as an

327 C52, C72, ... has

only one significant spectral component for the -0. 327-day period.

observation equation. The linear combination of C

Therefore, one or two finite linear relations are determined for £ odd
and one or two for £ even. In addition, weaker relations can be established.
Each satellite can contribute to the unique determination of 1 or 2 odd and
I or 2 even degree harmonic coefficients in each order; i. e., if there are
24 sets of unique gravity-field coefficients affecting the orbits for a given
order, then between 6 and 12 distinct satellites would be sufficient to deter-

mine them.

For a nonhomogeneous set of satellites, i. e., where they are not all
equally sensitive to the gravity field, subsets of coefficients are determined.
In the case where insufficient satellites are available, the linear relations
are generally solved by constraining the higher degree and order coefficients

to zero.

The linear relations are not determined with equal accuracy; for exam-
ple, the resonant harmonics have a very large effect and the spectral compo-
nent is strongly determined. However, the resonant period is commensurate
with the arc length, which will cover only a small number of cycles. This
makes separating nearly commensurate periods difficult. For spectral
components bunched between P = 0. 02 and P = 0. 04 day, i.e., between 50
and 60 min, the effects are small and the spectral decomposition is also

difficult.
Resonance
Equations (1) for the tesseral harmonics written in the equivalent form

of Lagrange planetary equations are integrated, assuming a precessing

Keplerian ellipse, as a forced harmonic oscillator. The time enters the
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right-hand side of the equation through the rotation of the earth. This forced

harmonic oscillator may have a resonance that will change the character of

the motion. A resonance was not anticipated and was observed before it

was explained analytically. We turn to the analytical theory for some insight

into this problem. The expression for A({, m, ...) in equation (3), or
;krnpq in equation (4), can be further broken down as A'/[({ - 2p)&

+ (L-2p+ g n+ m(2 - 08)]. The resonance is associated with the order m

and occurs mathematically because & and @ are small, 0~ 1 rev/day, and

m X 6 = n, if n is roughly an integral number of revolutions per day. The

combination n - m8 can then become arbitrarily small. As the denominator

is the time derivative of the argument in equation (2), the larger the amplitude

the longer will be the period.' Therefore, all harmonics of order m will be

resonant with a satellite of mean motion n = m.

Resonant terms occur in satellite theory and in planetary theory, and
there is an extensive literature on the subject (e. g., Kaula [1966b] ; Hagihara
[1961]), but as yet there is no completely satisfactory treatment. It is true,
for example, that a solution such as that employed here using linearized
equations can be invalid for some cases, since the series are not uniformly

convergent, but fortunately this does not occur here.

The resonant terms are grouped by period in the same way as the periodic
terms illustrated by equation (6). Therefore, with n satellites resonant with
a given order of the gravity field, we can determine 2n sets of harmonic

coefficients.

The occurrence of resonances between the gravity field of the earth and
a satellite has been viewed as an opportunity to determine particular har-
monics with high precision. In fact, some of the low-degree harmonics have
been studied extensively with synchronous satellites, and many harmonics
of order 12, 13, and 14 have been determined by SAO and others. Satellites
with strong resonances interact with the gravity field to £ = 25 and higher.
The large number of harmonics affecting a satellite is related by a linear

equation similar to equation (6). For one satellite only a linear combination
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of coefficients can be determined. In those cases where insufficient satellites
are observed, then, to obtain independent equations, other assumptions are
necessary — usually that some of the higher degree terms are set to zero,
leading to ""lumped' coefficients that are useful for orbit determination but

are generally unrelated to the actual gravity field.

The formal theory we employ accounts for both resonances and short-
period terms. The occurrence of very large, long-period terms in the
theory is possible. For example, the perturbation in mean anomaly for the
satellite 5900701 is

_ 2 2
§M = c“’“{-l.smx 10% cos [m (t - to)]

5 2m
-1.798 X 10” cos [m (t-to)] +} s (7)
with similar terms for S C ... . The 1124-day term is much

11,11° 712,11
longer than any span of data for one orbit. Because we have no knowledge

of the coefficient C the empirical orbit would absorb the 1124-day

11,11°
term into the mean elements. It would, therefore, not be reflected in the

residuals of the orbit. The observation equation is normally of the form

—_(8r a8M dr 96w ,
dx'(am 5C. ' 50 BC +> AC%m
fm Im

which would contain the 1124-day period. Obviously, the process would be
faulty. The remedy is to ignore in the analytical theory 2ll perturbations
that would be absorbed in the mean elements. With the theory developed in
harmonic functions, the deletiﬁg of specific perturbations is quite trivial.
The analogous operation with a numerical integration technique would be

much more difficult.
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Evaluation of the Geopotential

The process of gravity-field determination begins with evaluating the
secular and long-period perturbations to determine the Jn. The perturbations
accumulate for weeks and months, and the effects are very large. The mean
orbital elements, determined from overlapping 4-day arcs, are the basic
data used in the analysis. Data and reference orbits of moderate accuracy
are adequate for the Jn determination. The unbiased recovery of the Jn
requires painstaking evaluation of the long-period and secular perturbations
from other sources. These are principally due to solar radiation pressure,
atmospheric drag, and lunar and solar attraction. This phase of the analysis
is accomplished first and forms the basis for the work discussed here. An
excellent review of the J_ determination is given by Kozai [1966], and the

most recent results are given in Table 1 of Kozai [1969].

The tesseral harmonics are determined from the short-period (1 revolu-
tion to 1 day) changes in the orbit. The detailed structure of the orbit must
be observed, and each observation provides an observation equation. Data of

the highest possible precision are needed.

The unbiased recovery of the CE m’ Slm requires the evaluation of the
periodic terms from other sources that have periods similar to those arising
from the gravity-field coefficients. The most important terms are the short-
period terms due to Jn and the lunar attraction. Because they are smaller
than 1 m for the satellites used in this analysis, the periodic effects of air
drag and radiation pressure can be ignored. The nonperiodic terms are
empirically determined and hence are accounted for. The short-period
terms due to J2 must be carried to second order. Further details on the

analytical theory will appear separately.
We have the basic relation

[A]p(t) = [A][F(C, . S, . &, t)-RM®] , (8)

m
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where the matrix operation [A] transforms p to our observed quantity, either

a direction or a range. With an orbital theory, we can develop (8) in a series

about initial values of 8.0, C0 , S0 , and Rp:
i Ifm’ Im i
— 9T or or 9R
[A] de(t) = [A] (g5 AC,  +55— AS,  +3g- 48 - 357 AR;] .,
Im Im i i

where

or  _ar &
8C, _~ 0E, BC
m 1

by the chain rule.
Im

From equations (2), (3), (6), or (7) we observe that asi/aclm = 9% Si/acﬂm

is linear in Cﬁ m’ and the formula is obtained by omitting the gravity-field
coefficient. This linear property is very powerful and would not have occurred
if the alternative representation of an amplitude and phase angle had been

used for the form of equation (2).

For each orbital arc a set of six mean elements, Ei’ is determined. The
linear rates are determined empirically, as are accelerations in perigee,
node, and mean anomaly. In addition, higher polynomials in the mean

anomaly are employed where appropriate to account for the nonperiodic, yet

nonsecular, effects of air drag, radiation pressure, etc., as discussed above.

There are 13 or more orbital elements determined for each arc. The arcs
range in length from 14 to 30 days. Therefore, with the more than 100
orbital arcs used in this solution there are over 1500 additional parameters
to be determined. This can be accomplished without dealing with 2000 X 2000
matrices by using a device described by Kaula [1966b, p. 104] for reducing
the normal equations. For systems of 2000 unknowns, the time required to
compute reduced normal equations is much greater than the adopted method,
which is a block Gauss-Seidel iteration. Reduced normal equations are used
with more limited problems, e. g., solution for resonant harmonics, because

it rigorously accounts for the interaction of the elements and unknowns.
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The determinations of the orbital elements and the geodetic parameters
(gravity field and station coordinates) are separated and iterations are per-
formed alternately, improving one set and then the other. As the iterations
proceed, the choice of unknowns is modified: satellites are either deleted
or augmented as gravity-field coefficients and station coordinates appear

ill determined or significant.

The observation equations are archived arc by arc and combined as the
last step. As the normal equations are formed, the solubility of the system
is determined. The overdetermined system is solved by the method of least
squares. The weighting is given a priori. As the iterations proceed, the

weight of certain data sets is modified.

Equation (4) leads us to the method of selecting the gravity-field coeffi-
cients that affect the orbit and, therefore, can be determined from observing

the orbit. Since -1 = SS 1, C, , a, e, and I determine the size of 6 £, )
Im ifmpq
By using an estimate of Cﬁm and the value of the mean elements, we can
compute the quantity 6 €. An estimate of sz =as P is used to test
-P are retained. The §&, are all calcu-
i
lated and combined into a shift of position V dp - dp and are given in Table 2

for satellite 6701401 with £= 11, 12, ..., 20. The units are adjusted so that

il mpq’
for significance and only terms >a/{

with Cfm expressed in units of 10-6 (e.g., C,, = 2.4), the perturbation in

position is in meters. Conservative values fc?fa and B are used, and more
terms are carried than perhaps necessary. For example, for£= 11, m= 5,
and C, = 10-5/122 = 0. 083, the perturbation is 0.083 X 38 = 3 m. From
such tabulations for each satellite the coefficients that affect the motion of
the satellite and determine how many satellites contribute to the determina-
tion of a coefficient can be chosen. In addition, the accuracy of the data
available controls the size of the effect that can be detected. The choice of
coefficients is made by balancing the amount and precision of the data avail-
able for a particular satellite with the sensitivity of that satellite to particular
coefficients. Further, as the combination with surface gravity proceeded, it
became apparent that such information was stronger than the satellite infor-

mation for some coefficients, and some higher coefficients were dropped

from the satellite solution on that basis.
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TABLE 2.

Sensitivity coefficients for satellite 6701401.

e= 0.0843130 A = 7614 km
I =39745459 Perigee = 594 km
n= 13.064356 Apogee = 1878 km
N 11 12 13 14 15 16 17 18 19 20
1 154 229 121 75 139 160 66 69 118 67
2 113 43 61 94 58 35 59 46 0 33
3 52 78 65 25 54 43 12 18 39 26
4 66 34 19 39 38 14 10 27 0 0
5 38 28 51 29 0 23 10 0 0 18
6 65 48 42 14 27 19 0 17 0 0
7 68 62 61 45 10 0 18 16 0 0
8 46 62 45 37 18 12 0 0 18 0
9 21 30 46 64 55 53 23 0 0 0
10 0 0 29 44 43 58 37 32 0 0
11 0 0 8 16 27 48 47 57 48 44
12 0 0 21 44 64 89 101 75 99
13 425 1203 2987 4758 8014 9531 12277 11613
14 0 0 20 47 77 111 145
15 0 0 0 0 16 20
16 0 0 0 0 0
17 0 0 0 0
18 0 0 0
19 0 0
20 0
25
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Table 2 illustrates two points referred to earlier. The amplitudes for
m = 13 are quite large because of the resonance. The large size of the
effects continues well into the 20th-degree terms. Them =12 and m = 14
harmonics also have some effects because they are adjacent to a resonant

harmonic.

The station coordinates to be determined are easier to choose. They
are limited to those stations that contribute a significant amount of data to
all the satellites. Many other stations contributed simultaneous observa-
tions that were included in the combined solution. In general, data must be
available in considerable amounts for a variety of satellites to give reliable

results.

Table 3 details the selection of satellites used in the final solution. They
are ordered by inclination. Figure 2 graphically represents the distribution
in inclination and perigee height. Many of the satellites are new objects not
included in the 1966 solution, while some of the original objects contained

new files of data.

The choice of unknowns on the final iteration comprised 290 parameters.
The sites treated as a net using survey information were (8015-7815),
(9001—7901), (9003—9023), and (9091—7816). The sites selected were the

fundamental Baker-Nunn cameras and the laser sites.

Apart from the resonant harmonics, the tefrns higher than{ = 12,
m = 12 are weakly determined by the satellite data — when the satellite is
low, it is infrequently observed — but it had been demonstrated in earlier
iterations that the surface gravity could determine these higher harmonics.
The satellite solution was limited to those harmonics that have an effect of
greater than 3 to 4 m on the orbit. The resulting terms were compléte
through £= 12, m = 12, omitting C/S(11,7); C/S(12,6); and C/S(12,9). Higher
order terms selected were C/S(£,1) 13 =4 =16; C/S(L£,2) 13 =4 = 15;
C/S(14,3); C/S(£,12) 13 =4 = 19; C/S(£,13) 13 = £ =21; C/S(£, 14)
14 =1 =22.
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Fig. 2. Distribution of satellites used in the 1969 Smithsonian Standard
Earth (II).
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Them =9, 12, 13, 14 terms are resonant with some satellites. Table 4
lists the resonant satellites with their resonant periods. Several satellites
are resonant with more than one order. For example, 6701101 has a 1.6-
day period with the 13th order and a 2. 6-day period with the 14th order, the
latter be'ing the principal effect. Other resonances have several periods, as
illustrated by equation (7) for 5900701, which was not used in the final solu-
tion, and as illustrated in Table 4 for 6701401. The multiple periods are due

to the large eccentricity, which causes the frequency splitting.

The results of the dynamical solution must be discussed in the context
of the combination solutions. The statistical summary of the data used is
given in Tables 3 and 5. The selection of data and unknowns evolved through
the analysis. The number of satellites used ranged from 21 to 25, and the
number of arcs in the largest solution was 244. Arcs were added and rejected
on the basis of contribution to the normal equations, number of observations
for a particular station, improvement of distribution for a resonant harmonic,

and quality of the orbital fit.
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TABLE 4. Resonant periods.

FI970SABR 315 .2 G!

i Resonant

1 with Order Inclination

! (m) Satellite (deg.) Periods (days)

i 9 6102801 95 2.90

: 12 6100401 39 15.0
12 6000902 47 15.5
12 6508901 59 7.2
12 6506301 69 3.3
12 6507801 144 2.3
13 6701401 39 9.4,10.9,13.1, ...
13 6503201 4] 5.6
13 6701101 40 1.6
13 6206001 50 5.3
13 6800201 105 6.3
13 6600501 89 1.8
13 6304901 90 2.5
14 ' 6701101 40 2.6
14 6302601 50 , 12.2
14 6101501 67 3.84
14 6101502 67 3.76
14 6400101 70 4.9
14 6406401 80 2.9
14 6408101 87 3.8
14 6600501 89 2.2
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TABLE 5. Number of observations per station used in the dynamical

solution. Final adopted solution.

21 Satellites
114 Arcs
60, 456 Observed Quantities

Station Station

Number Observations Number Observations
7050 198 9009 1218
7818 96 4 9010 1936
8015 361 9011 1473
7815 245 9012 2427
9001 3306 9021 143
7901 761 9028 518
9002 2040 9029 277
9003 584 9031 408
9023 2035 9091 459
9004 2950 7816 1017
9005 1010 9113 407
9006 2334 9114 346
9007 1348 9115 215
9008 1302 9117 742
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4. GEOMETRIC SOLUTION

The geometric method for determining station positions from observa-
tions of satellites does not require any knowledge of the orbit, since the
object is observed simultaneously from two or more stations and the relative
positions of these stations are computed by a three-dimensional triangulation
process. The geometric solution does not give any information on the position
of the earth's center of mass, nor does it give a scale determination if only
direction observations are used. The solution is further characterized by
highly accurate directions between stations, but also‘by an unfavorable error
propagation in station coordinates. When combined with the dynamic solution,
the geometric solution contributes significantly to the solution for station
coordinates and provides a valuable means of assessing the reliability of these

results.

A total of 38 stations was involved in this solution, and 20 of these were
also used in the dynamic solution. Observations from 16 SAO and 4 USAF
Baker-Nunn cameras, from 13 NASA MOTS cameras, and from 7 European
stations were utilized. Approximately 50, 000 individual direction observa-
tions were used in the analysis, a number comparable to that used in the
dynamic solution. Table 6 gives the distribution of the data between the
stations. Most of the observations have been made to high-altitude satellites
not used in the dynamic solution. These satellites include 6102801 (Midas 4),
6303004, 6605601 (Pageos), and 6805501. For stations closer than about
2500 km, observations in both the passive and the flashing modes of 6508901
(Geos 1) and 6800201 (Geos 2) form the majority of the data.

For stations close together (less than 200 km apart), ground-survey
information, when available, was used to impose constraints on their relative
positions. This has been done for the following groups of stations:
(9051—9091-7816), (1022—7072—9010), (1030-9113), (1021—7043), and
(7815—8015—8019).
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TABLE 6. Summary of the number of simultaneous events from
the Baker-Nunn, K-50, European, and MOTS stations.
Events Observed Simultaneously from Two Baker-Nunn Stations
No. of No. of No. of

Stations Events Stations Events Stations Events
9001—9007 25 9005—9006 62 9010—-9012 2
9001—9009 101 9005—9008 2 9010—9029 6
9001—9010 161 9005—9012 28 9010-9114 38
9001—9012 200 9005—9117 20 9011—9029 19
9001—9113 20 9006—9008 167 9011—9031 12
9001—9114 59 9006—9028 29 9012—9021 32
9001—9117 15 9006-9091 6 9012—9113 14
9002—9008 7 9006—9115 9 9012—9114 24
9002—9028 31 9007—9009 176 9012—9117 241
9002—9091 2 9007—9010 65 9021—-9113 61
9004—9006 5 9007—9011 391 9021—-9114 7
9004—9008 119 9007—9029 79 9021-9117 6
9004—9009 36 9007—9031 32 9028—9091 41
9004—9010 36 9008—9028 21 9029—-9031 21
9004—9028 35 9008—9051 16 9113—9114 49
9004—9029 48 9008—9115 27 9113—-9117 18
9004—9051 47 9009—9010 158 9114—9115 5
9004—9091 45 9009—9011 148 9114—9117 2
9004—9114 I 9009—-9029 16

9004—9115 73 9009—-9114 9

Events Observed Simultaneously from Three or More Baker-Nunn Stations

No. of No. of

Stations Events Stations Events
9001—9007—9009 2 9004—9008—9115 10
9001—9007—9010 6 9004—9009—9010 7
9001—9007—9009—9010 2 9005—9006—9 008 1
9001—9009—9010 82 9005—9012—9117 3
9001—9009—9114 4 9006—9008—9028 1

9001—9010—9012 1 9006—9008—9115 6 -
9001—9010—9114 9 9006—9028—9091 4
9001—9012—9114 2 9007—9009—9010 20
9001—9012—9117 2 9007—9009—9011 77
9004—9006—9008 5 9007—9011—9029 4
9004—3006—9008—9115 2 9007—9029—9031 1
9004—9006—9115 2 9009—9010—9114 3
9004—9008—9028 6 9012—9021-9117 2
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TABLE 6 (Cont.)

Summary of Simultaneously Observed Flashes from Geos 1 and 2

for European Stations

No. of No. of No. of
Stations Events Stations Events Stations Events
8015—9004 135 8019—9074 86 9065—9080 25
8015—9051 22 8019—9077 10 9065—9091 5
8015—9065 23 8019—9080 10 9066—9074 37
8015—9066 186 8019—9091 79 9066—9077 7
8015—9074 33 9004—9066 203 9066—9080 30
8015—9077 7 9004—9074 41 9066—9091 20
8015—9080 89 9004—9077 19 .9074—9077 26
8015—9091 30 9004—9080 139 9074—9080 14
8019—9004 258 9065—9066 12 9074—9091 47
8019—9065 8 9065—9074 32 9077—9091 31
8019—9066 78 9065—9077 4
No. of No. of
Stations Events Stations Events

8015—8019—9004 20 8019—9004—9066 12
8015—8019—9004—9074 2 8019—9004—9066—9091 7
8015—8019—9004—90091 11 8019—9004—9074 11
8015—8019—9065 6 8019—9004—9074—9091 20
8015—8019—9065—9091 4 8019—9004—9091 50
8015—8019—9074 13 8019—9065—9091 1
8015—8019—9077 6 8019—9066—9074 5
8015—8019—9080 1 8019—9077—9091 7
8015—8019—9091 15 8019—9080—9065 6
8015—9004—9051 11 9004—9066—9080 11
8015—9004—9066 27 9004—9066—9091 7
8015—9004—9074 1 9004—9074—9080 5
8015—9004—9080 16 9065—9066—9074 4
8015—9004—9091 5 9065—9066—9074—9077 4
8015—9066—9051 10 9066—9074—9077 7
8015—9004—9066—9080 T 9074—9077—9091 10
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TABLE 6 (Cont.)
Summary of Number of Observations per Station for the MOTS Cameras
Number of Flash Number of Flash
Station Sequences Observed Station Sequences Observed
1021 85 7045 157
1022 227 7072 86
1030 167 7075 51
1034 166 7076 80
1042 125 9001 108
7036 149 9009 19
7037 189 901 0% 122
7039 45 905 0% 30
7040 67 9113%* 70
7043 - 82 9114 8

>'<SAO Geos 1 flash observations, which are simultaneous with MOTS
observations.

Method of Adjustment

Because of the Baker-Nunn station locations and satellite-visibility
patterns, a majority of the observations are made from only two stations at
a time. In the first phase of the adjustment, these observations are used to
solve for the directions of the station-station vector. If the n topocentric
satelhte p051t10ns as observed from the two stat1ons are denoted by pl and
p2 and the unknown station-station vector by p3, the condition that these
three vectors must satisfy can be expressed simply as

i i i_ .
(A&IXQZ)-£3-O (i=1,2 ... n)
For nearby stations or for very high satellites, simultaneous observa-
tions from more than two stations become frequent. This occurs, for exam-

ple, with observations from the 10 European stations and the 16 North

American stations. These observations together with the results obtained
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from the first phase are included in the second phase of the adjustment

together with any laser range observations. The mathematical model in this

1, 2, 3
1,2 ... n ,
1,2 ... b

where the XJl are the coordinates of the n satellite positions and XJa the

case can be written as

. . j
XJi-XJ=|p.|p. <

i
a

coordinates of the b stations. The family of equations obtained are solved for
the XJa after first eliminating the satellite coordinates and any unobserved

components of the topocentric position vector.

The Baker-Nunn network is used here as the basic global framework in
the adjustment, but because of the station distribution this net is best con-
sidered in two parts: the American-Pacific stations (group 1) and the
Afro-Eurasian stations (group 2). These two groups link up at San Fernando
(9004), at Tokyo (9005), and to a lesser extent at Oslo (9115), so that all the
SAO stations with the exception of Woomera (9023) can be connected into one

net.

Phase 2 consists of the independent adjustments for the stations in these
two groups, as well as for a third group comprising the MOTS data from
North America and a fourth group comprising data from the European sta-
tions. The reasons for this subdivision are first to isolate and detect possi-
ble systematic errors arising from different reduction techniques or instru-
mentation used in the different data sources, and second to separate the
propagation of variances caused by the poor geometry provided by the station

posi’ciohs from the propagation of the variances of the observed quantities.

In the third phase of the adjustment the four groups of stations are linked
via common stations. In linking the groups it is only necessary to determine
the relative translations and scale. No differential rotations need be con-
sidered, since all the data used in this analysis refer to the same astronomical

reference system, polar-motion data, and UTI.
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The adjustments of the three stages were made by a least-squares pro-
cedure, carrying along the full covariance matrices of the functions of the
observed quantities from phase to phase. Such a procedure is equivalent to
adjusting all the data in a single phase [Tienstra, 1956; Baarda, 1967], but
has the advantage of isolating possible systematic errors in the data. If
statistical testing of the results of phases 1 and 2 indicated the presence of
such errors, the adjustments were further split up in an attempt to locate
the faulty data. The statistical testing procedures used followed the ideas
of Baarda [1968].

Throughout the adjustment it has been assumed that observations taken
at different time instants or from different stations are uncorrelated.
Systematic timing errors may prevail over a long period, so that the first
assumption is difficult to justify. The second assumption, however, appears
generally acceptable, since error in time kept at distant stations is almost
always uncorrelated. An analysis of the results of the adjustment of the

various phases will indicate whether or not these assumptions are valid.
Results

For the single station-station vector adjustments the average variance
factor is 1.5 and varies from 0.7 to 3.1 (Table 7). If no systematic errors
are present, the expected value of this quantity should be unity. For exam-
ple, station-station vectors associated with station 9028 consistently show a
large variance factor indicating possible systematic errors in data from this
station. The accuracies of the station-station vectors vary between 0. 2 and
2 arcsec depending on the number of observations and the station-satellite
geometry. Figure 3 plots the accuracies for vectors between SAO Baker-
Nunn cameras for which the number of simultaneous events is greater than
30. Also shown are the expected accuracies given by the expression

[Lambeck, 1969c, d]
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2 5 1
v og 0.09(L/h) - 0.03
n

2 1
0.34(L/h) - 0. 15

where Tg is the accuracy of a synthetic observation (1.5 arcsec) and L /h is
the average ratio of length of station-station vector to satellite height (= 1. 2);
oy is the accuracy in the vertical component and Tp is the accuracy in the
azimuth component of the station-station vector, and generally the correla-

tion between these components is small.
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Fig. 3. Mean accuracy of station-station vector as a function of the

number of pairs of simultaneous observations used. The crosses mark
results obtained from the analysis, and the solid line indicates the expected
results for the ratio (station-station distance)/satellite height = 1.2 and the
accuracy of a synthetic observation= 7 prad (1.5 arcsec).
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TABLE 7. Accuracy estimates for the station-station vectors for which the

number of simultaneous pairs of observations n exceeds 27; cr% is the vari-
ance of unit weight of phase 1, o7 and ¢% are the accuracy estimates of the
vectors derived from phase 1 and phase 3, 62 is the square of the angular
difference betwe'en the two estimates, and k2 is the scaling factor; Ty, Oss
and 6 are given in prad.

Line n 0'%) cr% crg 62 kZ
9001—-9009 101 1.2 3.4 0.9 12.2 5.5
9001—9010 161 0.9 2.6 1.1 20. 4 10.7
9001-9012 200 1.6 2.2 2.6 16.0 6.7
9002—9028 30 3.1  13.8  15.2 7.3 0.5
9004—9008 119 1.2 3.5 1.8 30.4 11.2
9004—9009 36 0. 8 9.8 5.4 6.3 0.9
9004—9010 36 0.9 11.4 5.7 7.3 0.9
9004—9028 35 1.9 19.1 3.7 14. 4 1.2
9004—9029 48 1.5 22.7 11.0 1.0 0.1
9005—9006 62 0.7 7.1 6.2 1.0 0.2
9005—9012 28 1.3 43. 4 23.3 4.0 0.1
9006—9008 167 1.2 2.3 5.3 3.2 0.6
9007—9009 176 1.6 2.2 1.5 9.0 4.7
9007—9010 65 1.6 4.2 1.1 1.0 0.4
9007—9011 391 1.5 2.1 2.7 1.0 0.4
9007—9029 79 1.2 4.5 6.3 9.0 1.7
9007—9031 32 0.9 4.0 6.8 2.2 0.4
9009—9010 158 1.3 3.8 2.5 7.2 2.2
9009—9011 148 2.3 2.4 0.9 3.2 1.9
9012—9117 241 1.6 10. 4 16. 9 36.0 2.6
9028—9091 41 2.7 18.6 9.3 121.0 8.8
9029—9031 29 1.8 22.0 6.8 17.7 1.2

K, = 2.8
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The variances of unit weight for the adjustment in the second phase of

the four groups of stations are the following:

group 1: 0'? = 1.39 (Baker-Nunn, Americas, Pacific, Atlantic)
group 2: cr% = 1.59 (Baker-Nunn, Afro-Eurasian)

group 3: crg = 0. 93 (European Optical)

group 4: oi = 1.99 (North American MOTS).

Application of the variance ratio tests to the results of phase 2 lead to
the general conclusion that, with the exception of the data in group 3, the
null hypothesis (i. e., there are no model errors) is to be rejected. However,
a reevaluation of the original data gave no indication where the problems may

occur, and the results have, of necessity, been accepted.

Finally, the adjustment linking up the four groups of data gives a vari-
ance of unit weight equal to 1.4 with 16 degrees of freedom and
FO. 95, 16,oo= 1.71. This suggests that the observations and methods of

reduction used in the four groups are compatible.

To investigate further the unsatisfactory conclusions that have to be
drawn from the phase 2 adjustments, the directions between stations were
computed from the phase 3 results and compared with the phase 1 station-
station vectors (see Figure 4). Both these vectors represent estimates of
the same quantity, and they can be expected to lie within the accuracy esti-
mates given for them. Comparisons for all the station-station vectors show

that this is the case about 60% of the time.

Denoting the mean accuracy of a station-station vector derived from

phase 1 by oy and that derived from phase 3 by o, and denoting the angular

2’
distance between the two estimates of the vector by &, we would expect that

on the average

§2 < (1/2)(0‘? + o‘%)
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These quantities are given in Table 7 and their values, averaged over the
vectors used, indicate that this condition is not satisfied unless the variance

estimates are multiplied by a factor

2 52

k- =
(1/2)(e% + o5)

The results in Table 7 yield a value of k2 = 2.8, and the covariance matrix
for the final geometric solution (phase 3 results) are multiplied by this num-
ber. Table 8 gives the directions between stations for which the number of

simultaneously observed events was greater than 30.
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5. INFORMATION FROM DEEP-SPACE PROBES

The DSN has used data from its tracking of deep-space probes to obtain —
among other parameters — the relative longitudes and the distances to the

earth's axis of rotation of their antennas [Vegos and Trask, 1967; Trask and

Vegos, 1968]. As the JPL sites can be related to nearby Baker-Nunn sites,
by use of ground-survey information, a valuable and completely independent
control of the results is possible. Comparison with the JPL data is particu-
larly important for the two instances where the geometric solution is either
very poor (South Africa) or nonexistent (Australia). ‘The two sets of data
also complement each other since the JPL solution gives a very strong scale
and relative longitude determination but no latitude information, whereas the
SAO solution accurately determines the orientation with respect to the astro-

nomical reference system.

Comparisons of the JPL and SAO results were made by Veis [1966] and

Vegos and Trask [1967] using data from the Ranger missions. However,

more refined JPL solutions have recently become available using data from
the Mariner 4 and 5 missions. The solution used in the present analysis is
that of Mottinger [1969] called L.S 25. Table 9 gives his determination for
the station locations. Mottinger estimates the standard deviations of the
computed quantities to be about 3 m. In this solution the polar-motion data
from BIH and UT! derived from USNO data are used. Thus, a difference in
longitude between the JPL and the SAO solution can be expected. A longitude
difference can also arise from possible discrepancies in the right-ascension
definitions of the planetary ephemeris used by JPL and of the star catalog
used at SAO.

The geodetic coordinates of the JPL and associated Baker-Nunn stations

are given in Table 10. In three cases, 9002—4751 (South Africa), 9003—4741
(Australia), and 9113—4712 (United States), the survey distance between the
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TABLE 9.

Results for the locations of the JPL antennas

as determined by Mottinger [1969] .
Station X (deg) r (km) X (km) Y (km)
4712 243.194559 5212. 0535 -2350.4397 -4651. 9819
4741 136. 887507 5450. 1986 -3978.7174 3724. 8454
4742 148. 981301 5205. 3504 -4460. 9809 2682. 4097
4751 27.685432 5742.9417 5085. 4425 2668.2678
4761 355. 751007 4862.6078 4849.2429 - 360.2752
TABLE 10. Geodetic coordinates for the SAO and JPL stations.
Height
Mean
Sea Height
Geodetic Coordinates Level Ellipsoid
Station Datum ¢ X (m) (m)
9002 ARC -25°57'33!'85 28°14'53!'91 1544 1544
4751 ARC -25 53 21.16 27 41 08.52 1398 1405
9003 AND -31 06 07.26 136 46 58.70 162 162
4741 AND  -31 22 59.36 136 53 10.16 153 152
4742 AND -35 24 08.04 148 58 48. 21 662 656
9004 EUR 36 27 51.37 353 47 42. 09 26 -6
4761 EUR 40 25 47.72 355 45 08.28 788 769
9113 NAD 34 57 50.74 242 05 11.58 784 760
4712 NAD 35 17 59.85 243 11 43.41 989 96 7
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stations is small and any datum tilts or distortions should not cause any
problems when the geodetic survey information is used to relate the two
earth-centered systems. However, for the other two JPL-SAO station

groups 9003—4742 and 9004—4761, this may not be true.

In the case of the European datum the combined geometric-dynamic
satellite solution gives the positions of nine stations that are also tied to the
datum. Thus the relation, expressed by three translations, three rotations,
and a scale [Lambeck, 1970], between these two coordinate systems can be
determined and used to transform the geodetic coordinates of the stations
9004 and 4761 into the geocentric system. The '""corrected' survey differences
referring to this system can therefore be computed (Table 11). In the case of
Australia, SAO has only one station tied to the datum and a complete datum
orientation is not possible. However, a Naval Weapons Laboratory (NWL)
Doppler solution by Anderle [1967] gives the geocentric coordinates for a
number of stations that have also been tied to the Australian datum. Thus
the corrected survey difference between 9003 and 4742 in the Anderle geo-
centric system can be computed in the same way as the European case. But
it must be remembered that the Doppler solution describes a reference
system different from the SAO system, and a further transformation (three
rotations and a scale) is required to relate the geodetic coordinate difference
to the SAO reference system. The longitude difference can be determined
by a comparison of the coordinates obtained by SAO for their Baker-Nunn at
9023 with the coordinates obtained by NWL for a nearby Doppler site, but the
other two rotation elements are indeterminate and are assumed to be zero.

The scale difference is derived from the respective values of GM.
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TABLE 11.

Survey differences between the SAO and JPL

stations. o¢y; and oy are the accuracy estimates for the

survey differences in horizontal coordinates and in the

vertical component,

Stations AX (km) AY (km) Oy (m) Ty (m)
9002—4751 -29. 331 48. 258 1
9003—4741 -5.074 18. 236 1
9003—4742 477.194 1060.673 1
9004—4761 256. 347 194. 932 3 1
9113—4712 -99. 547 27.556 1
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6. SURFACE-GRAVITY DATA

Surface-gravity data provide a means of comparing the satellite solution
with an external standard and of improving the overall gravity-field solution.
The satellite solutions are most suited for determining the lower order
harmonics while the surface-gravity data are expected to contribute most to
the higher order terms. The dynamic satellite solution described above gives
a complete representation to degree and order 12, with the exception of the
(11,7), (12,6), and (12,9) harmonics; and for higher degree only those
coefficients with orders 1,2,3 and 12,13,14 have been determined from the
present data. The surface gravity, on the other hand, does not reflect such a
partiality to certain coefficients, and all terms of the same degree can be

determined with about equal reliability.

The gravity anomalies Ag are related to the harmonic coefficients by

00 n
£
- a . .
Ag=y 2 : (£ - 1)(;) (Clm cos m\ + Sﬂm sin mM\) P]Zm(mn ) |,
£=2 m=0
where CZ, 0 and C4 o are referred to a specified reference ellipsoid, in this

case 1/298.255, corresponding to Kozai's [1969] determination for J,. Thus,
if Ag is known all over the earth, the harmonic coefficients can be estimated.

This approach was used by K8hnlein [1967b] and is also used here.

An alternative method of estimating the harmonics from the gravity data

is by evaluating the following integral over the earth's surface (e. g., Kaula

[1966a]):

1

S, Chnl ‘ ‘cos le
\(Slm \ T amy (- 1) Jf Ag Py, (sind) 1 sin mx do
’ o
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According to Rapp [1969], there appear to be no differences of practical

significance in these two formulations.

No serious attempt has been made to determine estimates of the zonal
harmonics from the surface-gravity data because of its poor distribution,
particularly at the southern latitudes. However, the data do contain some
zonal information that has been filtered out before the analysis for the

tesseral terms was made.

Data Used

Data prepared by Kaula [1966a] were used in this analysis. His basic
data consisted of 1° X 1° mean free-air anomalies computed essentially by
the techniques described by Uotila [1960]. These anomalies were combined
to form mean values for areas of 60X 60 £ 30 n mi (nautical miles) in order
to obtain a set as nearly statistically uniform as possible. To obtain esti-
mates for 300-n mi squares, Kaula next estimated 60-n mi area anomalies for
the unsurveyed areas applying linear regression methods [Kaula, 1966¢] to
the 60-n mi means within the 300-n mi area. Finally, he computed the
300-n mi means as the arithmetic mean of all the observed and extrapolated
60-n mi means within the area. The results were 935 mean anomalies for

300-n mi squares covering 56. 5% of the globe and are listed in Table 12.

For the remaining 43. 5% of the globe three alternative assumptions

were made in the present analysis:

1. No assumptions were made about these areas and only the observed

anomalies were used.

2. The model anomalies generated by Kaula from a linear regression

analysis of his 935 observed squares [Kaula, 1966d] were used.

3. The anomalies were set to zero and a large variance was used.

50

© Smithsonian Astrophysical Observatory * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1970SAOSR.315.....G

QI IqTEsaYS 06T

L) S°LE 1 SoLE 1 21 s°8%1  g°LE 1 %2 0°2%1 s°LE
22 s€ seLe [ soLe 6 L 0°€21  g°LE ¢ 12= 0°L11 G°LE
6 2= s°LE ot goLe N 0°6L GoLE ot 2 s'2L 13
g1 62= S°LE 6 13 81 9=  0°%¢ goLE 6 9% G°Ly GoLE
11 €€ seLe 21 SeLE ot ¢ c°82 GoLE 21 €2- o0°22 GoLE
s1 9 seLe 14 cLE %2 L1 0°€ goLE 2 22 6*9¢E  §°2
€2 L1 G2y 1 c°2y 91 22 G°9€€  <°2¥ 11 12 6°62€  §°29
9 61 c°zy 2 c°2y Lo» 0°60€  S°2% 21 ¥2= S°20€  S°2¢
11 2= s°29 13 G2y 2 8= G°182  G°2¥ §2 L= 0°GLZ  §°29
sz L= c°2y 13 c°2y 2 22  6°%%2  §°29 G2 92 0°892 S°20
TN c°29 ot c°2y 22 91= cl22  S°2Y o1 €1= 6°022 $°2%
9 1= $°2y € c°2¢ § 8= G°E6T g°2v € S= 6°981 S°2¢
2 € s°2y $ s°29 ot 6 Go2€1  G°2% S & g°s21  §°2¢
81 1= G2 9 G2y 2 92= ¢°l6 G2 9 82 0°s8 c°2
2 2¢€- g2y 114 co2% €2 21= G°*99 11 g2 2= §°LS G2y
§2 9¢= c°2y ot c°2y €2 6 GoLE c°2y ot € S°0€ S*24
ot 62 s°2y [13 sy 91 9 ¢*o1 g2y 62 02 s°¢ s°2¢
¥2 8 s°Ly 1 soLy 12 92 ¢°le  s°LY 11 € S°9€c <Ly
[ ) s°Ly 6 s'Ly Z 21 0°S0€  S°LY 6 2 c°L62  g°Lly
1 6= c°Ly ¥ s°Ly 62 21= g°6LZ  S°LY “2 9 0°892  §°L%
§2 41 c°LYy €2 s°Ly $2 22  0°9%2 s°LY ¢z 1 G°8E2  §°LYy
2 21= §°Ly S soLy 1 L=  €°912  g°Ly s 1 6°602  §°LY
y 1t S'Ly $ s°Ly & Sl g8l g°LY ¢ O1= G°tyl  §°Ly
2 €t s°Ly vl soLy 91 21 &°121  §°Ly %1 9 0°»11  g°Ley
s 12= Sy §2 S°Ly vz €1= 6°69 gLy 62 11= 629 s°Ly
s S1= c°Ly 22 coLy 9T & G0y gLy 2z 2t 0°¢e coLy
92 €€ SLy §2 s'Ly €L o1t coLy 2 L 01t soLYy
g2 6 s°Ly 2 %1 9 02 0°89€ 6°26 2 € Go6EE  ¢°2
L 12 $°26 4 §02¢ 1 1= 0°662 6°26 2 L= §°062 §°%
o1 9t= 62 §2 626 €2 2= 0°992 °2 s2 8 0°852  §°2¢
sz 0 §°26 ot 6°2¢ 9 &¢l= O0°€€2 §°26 o1 21= 0°622 §°%
1 € s°2¢ st 626 8 Ll2= 6*002 §°26 61 9=  0°261 §°2¢
91 9¢- 626 v $°2¢ 6 L 0*L21  ¢*2s y 0ot 0%t §°2
8 €= ¢°26 12 626 v L R §°2¢ 12 €= 0°98 626
92 ot- 626 113 g°2% 26 0°19 131 21 0°€s 628
528 6°2¢ 13 s*2¢ 2 6 0°62 1] 2L 6°02 g2
sz ot s°26 ] s*2¢ 0Z 91  §°GS€  §°LS 8 L S°9%€  §°Ls
s 6= §°L% (] [13%3 1 0tl= o222 §°*LS 81 ¥l= 0°€92  §°LS
€2 6= s°Ls st 6L ot g G°6€2  §°LS st e 6°922  ¢°LS
6 L $°Ls st s°Ls 6 26 G°861 gus 1 o1 %681  g%us
z - s°Ls v soLe 1 ¢2= 6°901 g°LS v 92~ 0°L6 goLs
8 2= s°Ls 2 soLs ST €= ¢°69 GoLS ¥2 €t 0°09 gls
61 21 soLs 52 s°LS %2 9 ¢e2¢€ GoLS 92 6= 0°€2 §°Ls
29 s°Ls 6 s°ls v L Go9sE  §°29 6 26 §°tYE  §°29
€ g2 629 € §°29 € 2= c%682 G°29 € 1l= G°ce2  §°29
vy S= g°29 L §°29 0z Le g*212  <°29 L1 €2 §°102  6°%9
L1 6 629 s 629 € 2= 0L §°29 S 9 0°09 §°29
22y §°29 62 $*29 20 ¢ L2 §°29 62 g=  S°ot 6*29
81 22 €29 v §°L9 1 22  ¢el2E  S°L9 TR o0°ste  g°L9
v 9= $°L9 2z c*L9 2 ¢l= °062 S°L9 2 11 G°LE2  §°L9
L 8 $°L9 y §°L9 01 €1  ¢°661  G°L9 v 1 $°981  §°L9
z s°Le 6 c°L9 1 61= g*O0L G*L9 6 L= G°LS €°L9
L% c°L9 v §°L9 2 ¢ ceot c*L9 v 22 S$°9 g°L9
z st so2L 6 sezL 8 1€ 0°61€ g°2L 6 6 0°€0E  §°2L
2 L= se2L 4 sezL 1 21 g°€sz  6°2L Z ol= 0°L€2 g°2L
€ € so2L 4 s°2L 1 €= o0°881 S°2L z 8 0°€2t  s°2L
11 s= co2L $ seaL 2 € GoEL se2L s € 0°Ls g2l
11 szl v go2L L 0E 0°6% §°LL v LU 0°%0€ §°LL
2 L coLL 4 soLL 1 € G°9% gLl 2 8 0°%¢ A
2t 2t seLL 1 g*28 1 #l= 0°00€ 6°28 1 9 0°092 §°*28
9 6 s*28 € g°28 1 »= 0°001 6°28 € 6 0°09 g°28
ot €2 1] 6 G*L8 1t 6 0°081  g°L8 6 0 009 G*L8
u 8y ] u ¢ u 3y X ¢ u 8y X ¢

‘BaI® TWI U 0§ X 00¢ Yyoea ur saaenbs
Jo zaqumu 9yj ST u ‘ogenbs 9yj Jo SIppPIW 2Yj} 03 1321 Y 9pnjIduo] pue ¢ apnjije] ay I,
: ﬁm@ool B[NES] 03 SUIPIODDO® S3TJewou® A31ABIZ JIITB-99JF UBdW TW U 00¢ X 00¢

W u 09 X 09 P2AIasqo

21 A1V L

51

© Smithsonian Astrophysical Observatory * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1970SAOSR.315.....G

QI IqTEsaYS 06T

2 1€ ezt g2t 22 8 [124¢ 2t o g*2 ge2t 2z 21 geuse seLl

0z o go26e  s°Ll 9 #1 gL ¥l 6 clee gLl 9 01 ¢°9€€ g°Lt

9 v sotee  s°ut 6 6= gLt L €2= ¢*028 g*Ll 6 61= S*Gl€  §°L1

11 22= ¢°01e L1 o1 %2- soLt 8 LE= 0°00€ S°Ll 01 8%~ §°#62  &°Ll

LT 11 g*682  s°Ll 6 €2~ gLt €1 8= g*6L2 gLl 6 %€  0°wL2 &Ll

8 6 €°892  ¢°Ll L1 9 gLl ot €= ¢°*8¢2  s°Ll L1 2=  0°€sz  s°ul

L Ootl= g°Ly2 S°Ll S €l- gLt S €1- g*L€2 g°Ll ¢ Gl= g°2€2  s°L1

» 9= 0°L22 §°Lt € 29 seLt 1 2 6*002 gLl € 1=  s°gel gLl

¢ 11 ge061 §°ul ] [328 € 9= 0°081 g°Ll ¢ T=  S°ei1 gLl

9 8= S°691 ¢°L1 s 2= soLl €1 22 g€yl gLl S v seL2t gLl

» 9€  s°Z21  s°Ll 1 22 seLt 1 € ge2tl gl 1 8l= 0°L01 ¢°Lt

€1 91~ g°lot s°u1 v €= gLt 91 21 0°98 gLl v 8l= g°08 gLt

€1 62 °SL gLt 2 s seLt 2 1= g°%g gLl 2 €2- G°6Y gLt

2L 1= G%e sl L s s°Lt 8 8 0°9€ gLl L %= '8t seLt

1 9 sl gLt 9t ¢ soLt 12 0t1= ¢°Lg€  ¢°22 91 1l= 0°26€ s°22

€ 81  §'°9%¢  G°22 1 1= s°22 8 €= 0°9€€ ¢*22 1 9= G°0€€ g°22

€ 9= 0°G2e §°22 9 9= §°22 § €= goelE  ge22 9 €1= 0°60€ ¢°22

6 81= g°€0€ §°22 2t 9= g°22 S §2= 0°€62 s°22 21 09~ §°L82  g°22

€2 9= 0°202 §°22Z L 9= g°22 €1 91 ¢°TL2  g*22 L sl §%092 s°22

12 §1 e°6sZ  s°22 1 6= §*22 9 €~ G99z g*22 1 1t= g°g€2 ¢°22

s 11 g*e2z §*22 2t 6= §°22 01 L= g°L1Z  s°22 21 1= ge212  g*22
§°22 6 L2 [1%11 Ol %2  0°961 g°22 6 v 061  §°22
gez2 v 6= g2z S 8= G691 ge22 v ol= 0°991 g°22
s*22 o1 ot= §°22 v o= 0°l21 °22 ot € [ 3313 SN 1% 1
se22 11 92- ge22 €1 21= ¢°66 ge22 11 81= 0°96 ge22
g%22 €2 9= s°22 L L 0°8L ge22 €2 ¢ s°2L ge22
[1¥11 s le= ce22 12 21- ¢°sy Ge22 s 12 S°0y ce22
§°22 Lo (31 1 €€ o0°8 c°22 L LT s°2 §°22
s°L2 9 92 s°L2 2 02 0°99€ L2 9 ¢ S°0%¢  §°L2
s°L2 1 s= gLz Z 9= G'€2€  $°L2 1 L1 0°8le s°L2
s*L2 6 L= (1% 9 42- 0°106 g°L2 6 8l= g°G62 g°L2
(3254 0z 92= [13%1 ¥ 2 go8LZ  s°L2 02 6= 0°€L2 §°L2
[33%4 LT 9= g°L2 12 61 0°9s2  §°L2 LT 1= g°0s2 s°u2

8 L1= 0°6e2  &°L2 1 2~ 6oL2 6 9= Ge€e2  s°L2 1 8l=- 0°92Z L2

9 4= 0°222 s°L2 € v $°L2 L€ 0°t11z  s°L2 € 0 §°602

9 St 0°002 s°u2 [ 3] §°L2 L €= ¢°881 g°L2 ¢ 91~ 0°€8l

12 o1= o°uLLt  §°L2 v Ll= g2 S Ll= 0°991 ¢°L2 v 8~ 6°091

v 91= cleel  G°L2 1 €t s°L2 € €1= 0°2€l §°L2 1 92  6°921

[} o°tzt  ¢°u2 ¥t 0 sz 01 9= o0°0Tt  g°L2 %1 €= 0°y01

6 21= §°86 s*Le 21 9= [3g%4 11 1€~ o°L8 GoL2 21 08~ §°18

Sl 91- 0°9L [32%4 0z o1= €12 81 9=  0°S9 geL2 02 0€ 0°6S

9 %€~ S°€S §oL2 v sl= s°L2 61 2 0%y goL2 v 1= §°9¢

8 L 0°1€ (33 €1 9= §°L2 1 9= 0°¢€ geL2 €1 29  0°LS€

22 0y 0°ls€  §°2€ v € [1X13 12 0°6€€  $°2€ » 01 O0°€EE

Z 22 s'lze S°zE s L 1313 L 61  0°91€ §°2€ s 9= o0%0l¢

€ 9= 0°%0¢ $°2¢ 61 g= (3313 L1 92= 0°262 §°2€ 61 LE= 0°982

L1 1= 0°082 §°2€ 21 1243 s2 2 G*892  §°2¢€ 62 9=  0°€92

€2 ¢ 0°Ls2  S°2€ 0z 1~ §%2€ 2Z 1= 0°S92  §°2€ 02 ¥2= 0°6€2

12 02= 0°€€2  §°2€ 1 €= so2¢ 6 €= 0°122 6°2€ 1 €= 0°st2

1 2 €°602  §°z€ € s~ G*2€ € 8= 0°981 G°2€ € 9= 0°081

¢ 8= 0°wl1  §°2€ s 21- §°2€ » 61~ 0°291 §°2€ § L= 0°9st

8 L= §°0ST §°2€ 12 92- 3213 91 »1  0°6E1  G°2€ 12 22 0°tel

91 12 o°L2t  S°2€ ST ¥ s°2¢ 6 €2= 0°S11  G°2€ S1 §2= 0°601

8 9 0°98 [3%43 02 6% [3%13 S LE= 0°%L Go2€ 02 ¥~ 0°89

L € 0°29 (3243 ot * {3 2 92 0°0s 1343 ot 2 0°ny

z 9€  0°8¢E Go2€ LT 9t- g°2€ 12 6€= 0°LZ ge2¢ L1 62= 0°12

v 2 0°st [3%43 91 1~ 43 91 Lt 0°€E ce2€ 91 €1 0°LSE

"2 € 6°06€  S°LE €1 01 §oLE 91 6 0°8€E  G°LE €1 LE  S°1€E€

L1 62 0°62€  §°LE 9 ot SoLE & 9= ge2le  ¢°LE 9 L= 0°90€ g°Lf

¥ S1= 0°00€ S°LE €2 81~ S°LE L1 02= §°L82  G°LE €2 %  0°182 <°L€

§2 1= 0°SL2 S°LE §2 4= s°LE G2 8= 0°292 S°Lf ¢Z 81  0°9§2  S°LE

92 11 §°6%2  S°LE ¥z € SoLE S§Z 91- O0°LEZ  §°LE 92 81= G°0€2  §°L€

L Ll= 0°%22 S°LE 2 €l- SoLE 8 9= G112 G°*LE 2 _ol= %261  G°lE

u 3y X ¢ u 3y ¢ u 8y X ¢ u 3y X L3

("uoD) 21 AIdV.L

52

© Smithsonian Astrophysical Observatory * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1970SAOSR.315.....G

QI IqTEsaYS 06T

9 81 $°12¢ ge21~- € 1 §°91¢ Yy € [12 841 g2t~ € 8¢ 5562 ge21-
9 66 6°06Z S°21~ 9 22  gs82 9 91= ge082 ¢*21- 9 91 ¢°80Z §°21-
1 € gLt s°21- € 6 g°z81 21 GeLLT  ge2l- € ol- gLl se2t-
1 €°L91 [ 32484 v 2 0°291 2 12 ge9st G211~ v 91 $°991 g2t~
1 81 g°lel  g°21- 21 st §°9¢t € 62 G°l€1  g°21- 21 2= 0°921 g2~
v 91- g°021 s°21- » ol= gog11 g 1= GeOI1 g°Zl= » €1 g°g01  ge2l-
2 9 §°00T  §°21~ z o 669 2 8=  §°%9 ge21- Z €1 g8y go21=-
s 9 G°8¢ ge21~ 2 € L33 1 e G 82 go21- z L ge2t ge21-
1 L=  $°LgE  §°L= 02 9=  G°2€ 21 coLyE  G°L= 02 2= S°29€  s°L=
L1 0T~ G°LEE  s°L= 01 01~ Ge2¢€ 9 g2= Gol2€ gL~ ot 6 0°22¢ L~
8 €2 6°91¢ $°L~ L Ll1= getlte ¢ L= c°982 sL= L L= c* 182 soL-
9 01~ §°9L2 SoL= 1 Lt §%022 T ot ge012 [ T @t £°002 S°L-
L [3£1 ) s°L- 9 2- 0°081 € 01= g°uLl gL~ 9 1- $°691 soL-
T €y  §°6ST  S°Le v 12= g°%61 9 69= G691  goL- LR G°6ET  G°Le-
9 8= Go¥E1  S°L- L1 62 °621 L1 L1 G921 G- LT 9= G611 G°Le
91 92 s°9l1  S°L- 8 €2 0°601 61 o=  Go€OT  Gou- 8 €= S$°86 Gl
» 92 S°€L gL~ 21 €= 989 1 L 0°8€ goL= 210 ge2e soL=
o1 €~ e°L2 §eL~ 2 €~ g22 FA SN C4 e Lt eoL- 2t g2t (A
2 9 §°26€  §°2- €1 € SoLYE 9 w=  Go29€  G°2- €1 21= G°LEE  §*2-
91 L= 9°2¢¢ g2~ 81 &~ eL2¢ ot g= (14441 [ AL 4 81 42= Ss°Llg g2~
6 2= g*2te 2~ 2 s=  s°LoE 2 €1- G206 G°Z- 2 6~ s°L62 §°2-
1T s2 $°L02 §°2- L9 [4&4 14 €1 9~ goLL2 [ 1% 4d L L= s°L81 gol~
y 8= §°281 2~ s L= s°ut § L= ee2et  ge2- § O0f S°lol  go2-
Z 91 29 §°2~ 2z 1t goLel Tt o2 ce2¢1 g2~ 22 9 ceL2t 62~
91 L= o221 s*2- ot ¥2 gLt 12 62 ¢°211  ge2~ o1 €  §°L01  g°2=-
w1 62 s°201  g°2- 12 s°L6 s 9 g 26 go2- 1 81= s°uL go2-
1 o1~ s g*2- ol 21= 2% 1 62 g°Lf ge2- 91 ol- $°2€ go2-
L6 seL2 g°2- 81 LE~ §°22 €2 22~ goLl Gez~ 81 L= se21 Ge2-
[} s°L [ 3¢ 4d T §°2¢¢€ € 01= golv¢e (34 1 6~ §°29¢ 62
¢ 2= §°LEE §°2 8t 8 [ 3417 ot 1t geL2¢ (384 81 6= §°22¢ [ 3%
61 61~ S°Lle [3¢4 § 1= g21¢ ol 11= ¢°L0€ s°2 s 9= §°20¢ c°2
1 ¢ s*L62  §°2 €l v G°262 1 22 e'u8z  ¢°2 €1 L2 §°282  §°2
€2 1= s*Lz  s°? § 1= ez 2 8= ¢l §°2 ¢ 2= g°81 g°2
9 2- §°2¢1 [3¢4 2 0 SoLyt Tt c°2y1 [4&4 2 4¢ s°2¢t §°2
v €2 s*l21  S§°2 s1 9¢  se221 g1 L2 ¢oL11 g°2 1 12 st ¢°2
9 *1 s°t01  s°2 o1 81 g¢°201 Z1 L1 g°L8 g2 o1 = §°26 g2
9 41~ suL €2 91 0= g°Lle LR g g°2¢ §°2 21 2 s°L2 §°2
01 92~ s°22 s§°2 9 6~ seLt L €l g2t s*2 y 2 s°L 6°2
8 81 s°lse s°L € 82 gezse 61 92 LY s°L € 8 G°29€  G°L
8 ¢ $°LEE s°¢L L 2 [ 3%417 ot 2 coL2¢ c°L L 6~ 0°zz¢ s°L
€1 %€= G°91¢  S°L 91 8€~ g°11¢ 12 92= *90€  g°L 91 6=  S°T0€  g°L
€1 1 $°962 s°L €2 11 §°162 02 o2 ¢°982 s°L €2 L2 c°182 s°L
R1 91 ¢°9L2  S°L 1 2t geue 2t 0 6*992 gL T 1= 6°9g2  ¢°L
T 2t- 0°t¢Z  Ss°L L0 s°s61 1 g= €061 g°L L ogl= S°Gel  ¢°L
€ €2 §°691 s°L v 4 $°%91 9 02 c661 s°L ¥ 92 $°6491 s°L
€ 9 S99l s°L L 6 G°6€t 2 €2 [3L13¢ s°L L sl= g°621 s°L
9 6¢ $%921 s°L 2 6 s*611 v 2 [ 32281 S°L z 2= s°¢eot s°L
€ € $°86 s°L 1 %€= g°¢6 v 6= ¢°88 s°L 1 9 3] s°L
€ 22= s°8L <L € §=  G°EL S 92= °89 gL € 1= §°€9 gL
2 9 $°€y s°L z 2 0°8¢ 9 L= ge22 s°L 2 €~ gLt s*L
2 6t g°21 S°L st 8 s°L 11 €2 c*e s°L st 6 §°Ls¢E g2t
€2 6 §°2¢¢ s°2t 2t 91 seLee LAY 0°24¢ g2t 21 6= £°9¢€€ g2t
6 €1~ g¢°1ee  §°21 6 91= g°92¢ 8 Ll- ¢°12¢ g°21 € §l= g*91e  g°21
6 6€= &°11€  S°21 €2 9€~ 0°90€ 12 9€= ¢°00€ g°21 €2 62= §°¢62  g°21
61 8€= G°062 s°21 01 8l= g°g82 81 11~ ¢*082 ge2t o1 2€ §°6L2  §°21
6 6 0*0Lz et 9 6 §o992 e 6*652 21 9 6= §%we2 g2t
8 L c°6v2 . g*21 9 9 0°861 v g= ge261 gezt 9 2=  g*u91 ge2l
9 21= 0°291 s°21 9 01~ g°961 [ selgr  ge2l 9 GZ= G991  g°21
21 €= s°tet ge2l T 11= §*9¢1 2 o1 gelEl  ¢*21 1 8 0°921 g2t
el 62 s°0z2t1 ezt LT &= s*ott L L= ¢°s01 g2t L1 9= s°001 §*21
61 0 §°66 s°21 st 6=  0°06 ge21 1 92= g°6L g2t ¢l 0E= G°wL g2t
1 0°9s s°zt 8 9 S8y g2t L2 ] sty g2t 8 & $°8¢E g*21
» €= G°EE g2t 2 € c*82 g*21 1 ¢ G €2 g°z1 Z2 €= 0°st g2l
u 3y X $ u 3y X $ u 3y X $ u 3y X $

("woD) 21 A1dV.L

53

© Smithsonian Astrophysical Observatory * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1970SAOSR.315.....G

QI IqTEsaYS 06T

S L= 0°081 §°L8= S L1= 0°09 goL8= ¢ 91= 0°00€ ¢°28~
Loy 0*092 ¢°z8- € Ll1= §°92¢ S°ll- s 2 0°%0€ g°LL= € ol g°182 s°LL-
€ o1- 0°%§2 s°LL= 9 1=  G°9€Z G°LL- 6 O1= o0°912 g°LL= 9 2= g°161 goLL=
9 ST 0°91  §°LL= T ¢ 0*2L1  s°2L- 2 02 g%68Z  S°L9- 1 9 S%9L2  §°L9-
1 9 S°Lel  §°L9- 1 0 0°SET  G°L9=- 1 6 0°GY goL9= 1 ¢2 gez¢ g°L9-
» 22 0°00€ §°29- 2 61 6%062 S°Ls~ € = 0°662 §°26- 2 1 062  g°25-
21 9 0°282  §°2¢- 1 21  0°891 §°26= 1 #€  ¢*6sT1  §°2s- 1 2 %062  S°Ly=
L 62= 0°€8Z  S°Léy- 9 LT GoZLT  §°Le- € 02 6°S9l  §oLo= v 8 669 Golh=
z € $°662  §°29- € 91  6°882 §°2vy~ 2 1 c°10Z  §°29- € 0 0°081  G°2%~
1 9 SPELT  §°29- € L= G991 §°2e= 2 8 G*06E  G°LE" € 21 0°8BE€  G°lE~
2 L= s°21e  §°LE- 61 0 0°90€  $°LE~ € %1  0°00€ G°LE= 61 ¢ 0°462  G°LE~
21 02 s*.82  S°LE- St € 0°182  §°LE- 1 s 0°081  S°LE= ¢l 92 0°9Ll  §°Le-
¢t 6 6oL9T  §°LE- v 8= 0°191 S°Le= ¢ €=~ 0°Gsl  G°LE- » 81 g°891 g°lLE=
€1 6 0°291  §°LE- Tt $°82 goLE= v 9= 022 goLE= 1 €1 0°Ls€  G°2€-
% 9=  0°l¢E  §°2€~ € 8 0%6€E  G*2€~ 1 8 0°€€E  g°2¢= € 6= G°L2€ g2~
€ 2= 0°22¢ §°2€~- € 2 0°01€  §°2€~ 2 8 0°%0€  §°2€~ € €1 0°862 §°2¢-
12 21 0°262  §°2€~ v €= 0°982 §°2€~ L €1= 0°981 g°2¢- 9 9= 0°081 G°2¢~-
¢ €= 0°291 §°2€- 12 §= 0°9s1  g2¢~ ¥ 92 g*0sl  ge2E- 12 9 0°6y1  §2€-
61 6 0°6€T1  §°ZE- 01 €1= O0°€El  G°2€~ 01 12= o0°L21 G°2€- 01 2t= 0°121 §°2€=
8 o1= 0°SIT  §°2€- 1 8- 0°601 &°2¢~ € 91  g°16 §e2€- 1 v 0°9L go2€~
1 2 §°2€ S°2€= §2 91 o0°L2 §o2€~ 0z 12 o°1e §o2€= [12X3 0°gt go2€~
LS 0°6 go2€~ 2 sU  o°¢t go2¢€~- 9 o2 goL2= 2 9= 0°21¢ g°L2-
€ 8= §°90€ §°L2- »1 ¢1  0°l0€ s°L2- 12 §°L2= »1 1y 0°062 §°L2-
9 »Z 0°t8l §°L2- 2 1= 0°LL1 s°L2- € 8 goL2 2 61  0°991 geL2-
9 11 §°091 §°l2- 12 21 0°SsT  s°L2= ot 21 goL2= 12 1= S°€el  gel2-
91 §= 0°BEl  §°L2- 1 0l= 0°2¢1 %2~ 6 t goL2= 1 2t o°t2t  geue-
s o611 S°L2- € 11 o0°oll g°L2- 1 81 g0l L2~ € o1 0°¢9 goL2=
§ € 0°6s coL2- 9 1~ o0°8y goL2= v 6 0°2% goL2= 9 0 §°9¢€ goL2-
§ 1€ o0°le soL2= 91 6 §%¢2 soL2= ¢z €1 0°02 gLz~ 91 81 0°s1 goL2-
2 91~ s'6le  G°22- 1 € Sow1€  §°22- 9 1= 0°60€ &°22- 1 ¢= G°€0€ g°22~
1 21~ §°862 §°22- 8 €9 0°€62  §°22- ot 2 ceL82  ge22- 8 € §°s81  ge22-
ot s 0°081  §°ZZ~ L €€ geyi1  ge22- L 02 6691 ge2Z- L LY 0°991 g°22-
6 L c°8gt  ¢°22- €2 11 0°€st  g°22- S %2 Gelel  seZZ- T3 G291 §°22-
et 6 0°LET  §°22- 91 9= G°lET  g°22- ¢ o= G921 ge22- L2 8N] o°t2t g2z~
LT 21 s°s1t sez2- 8 9= o0°0l1 §°22- v 22 ¢°9¢ go22- 8 6 0°1s ge22-
9 12 §°CY Go22- 0Z 91= 0°SE Go22~ S v s*62 Ge22- 0Z €= 0°92 ge22-
v 8 §°91 go22- zZ 9 §°€t g*22~ 1 21 o°8 go22- 2 €1 s°2 g*22-
2 2% s%2ee  S°Ll~ € SE= G°02¢ §°LI~ 9 1= G°Gle  soLl- € €l= ¢°0l€ §°Ll-
9 61  0°00€ S°LI- 01 TL  §°%62 S°LI= 6 99 G682 §°Ll- ot € S°982  gcLl-
€ 9 0°081  $°Ll- € 92  g°eLl  s°Lle ¢ €5 G691  geLl- € v 991 goLl-
1 1= g6t G°Ll- 9 8 0°H6l  S°Ll- s 1 gyl geLl- 9 L1 g€el  s°Ll-
0z ¥ G°8El  §°Ll~ 11 €=  0°€el  §°LI- s 12 &Lt gLl- 11 €T gez2t  sCLt-
6 61= g°211 &°Ll- 1t 91 0°09 gLt~ € L1 G'6% goLl= 11 1= g%y goLl-
€1 1T 0°%¢ g°L1=- 2 81 g°82 S°L1- € S (111 s°LT= Y s°8t soLl-
1 € o€t seLt= 1 81 gL S°Ll- € 9 G2 GoLl~ 1 2= g°Ls€  ge2l-
€ €=  g°2¢g  &°21- § 9= G°lwe  G°21- 6 €= 0°29€  G°21- 6§ 12~ $°92¢ g2t~
u 3y X ¢ u By X ¢ u 8y X ¢ u 8y X [

—_

Juo)n) 21 AT19dV.L

54

© Smithsonian Astrophysical Observatory * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1970SAOSR.315.....G

R™II5--2CG!

[1o70s

Kaula used for the variance of each 300-n mi square

0'2' = g%/(ni+ 1) |,

g4

2 2 .
where g = 274 mgal” is the mean value of the square of the gravity anomaly,
and n is the number of observed 60-n mi areas contained in the 300-n mi

square.

However, the several assumptions made in computing the gravity anomaly
by linear regression may make this variance too small. For example, for
the observed squares g%. =274 mgalz, but the corresponding number for the
model anomalies is only 121 mgalz. The most important assumption made
is the one restricting the regression analysis to points within the 300-n mi
square and ignoring possible correlations of gravity with topography. Con-
sequently, in the present analysis the above variance estimates have been
multiplied by a factor of 4. Inthe analyses of earlier iterations of the com-
bination solution this factor was found to give a set of potential coefficients
that improved both the satellite orbits and the surface-gravity comparison.
With this variance a 300-n mi square with a surveyed 60-n mi area receives
a standard deviation of 23 mgal, while a completely surveyed 300-n mi area

(twenty-five 60-n mi squares) receives a standard deviation of 6.5 mgal.

Some screening of the surface-gravity data was done by comparing the
gravity anomalies from the combination solution in any one iteration with
the surface-gravity data and rejecting any anomaly that differed from the
satellite-computed one by more than about three times the square root of
the mean square difference of the two data sets. This does not necessarily
imply an error in the surface-gravity data, but could mean that the rejected
anomaly represents a short-wavelength variation that is not reflected in the

satellite solution.

In the final solution, 38 anomalies were rejected. Of these, five were

squares withn = 10 and one was a square with n = 20.

55

© Smithsonian Astrophysical Observatory * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1970SAOSR.315.....G

R™II5--2CG!

[1o70s

More recent surface-gravity compilations have been published by Talwani

and Le Pichon[1969] and Le Pichon and Talwani [1969] for the Atlantic and

Indian oceans. These new data have been used for comparisons with the

new satellite combination solutions given here.

A comparison of results obtained using the different assumptions about
the surface gravity in the unsurveyed areas indicates no difference between
the anomaly set derived from regression analysis and the set of zero
anomalies. This may have been expected since g% for the predicted anomalies
is only 121 mgalz, very much less than either the g%. = 274 mgal2 for the
observed squares and the variances associated with the predicted values

2
(30 mgal)~.

However, these two tests did show a difference in results from the one
that ignored the unsurveyed areas altogether. This difference occurred in
those extensive areas in southern latitudes where there were no surface data
and where, because of the unfavorable station distribution, a direct observa-
tion of the acceleration of the satellite is not possible. The effect of using
the model anomalies was to reduce by about 5 m the heights of the major
geoid features in these areas. Inthe other areas the differences in geoid

heights did not exceed 2 m.
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7. COMPARISONS AND COMBINATION SOLUTION

Data from various sources can be combined to determine geodetic
parameters of the earth. For example, both the dynamic and the geometric
methods of satellite geodesy provide station-position information. The
former method, in addition, yields information on the earth's potential or
gravity — parameters that can also be estimated from surface-gravity meas-
urements. The DSN tracking of deep-space flights provides estimates of
GM and some of the station-position components, while astrogeodetic leveling
and terrestrial triangulation also furnish geoid and relative station-position

information.

All four methods of estimating geodetic parameters discussed in the
preceding sections are incomplete in one way or another, and inadequacies
in the mathematical models used often lead to unrealistic accuracy estimates.
Consequently, the data from the different sources serve two purposes: one
of comparison, to obtain realistic accuracy estimates and to resolve any
biases in the results; and one of combination, to obtain the most complete

and reliable set of geodetic parameters.

Combination Solution

In combining the two satellite solutions it must be remembered that the
geometric solution is essentially unscaled and its origin is arbitrarily deter-
mined, so that in the transformation linking it to the dynamic solution three
translation and one scale parameters must be introduced. A rotation term
is also introduced to determine whether a systematic longitude discrepancy
exists between these two solutions. Such a term could conceivably arise
from correlations that exist in the dynamic solution among longitude, time,

and right ascension of the node.
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The JPL solution of Mottinger [1969] is combined with the satellite solu-
tion by introducing a second longitude rotation and a second scale parameter.
The need for the former has been discussed in Section 5, and the latter was
introduced to absorb possible biases in either solution that have the charac-
teristic of a scale error. In theory, this scale factor should be zero since
both SAO and JPL have used the same value for GM, but '"pseudo' scale
errors could be introduced. For example, a systematic error in the refrac-
tion corrections to Baker-Nunn observations could have an effect similar to

a scale error.

In combining the JPL solution with the other data, the normalized covari-
ance matrix supplied by Mottinger was used. This matrix was scaled by his
accuracy estimates for the components of the station positions and preserves

the strong correlation that exists between the longitudes of the solution.

The results from the surface-gravity analysis can be directly related to
the combined solution since both refer to the same reference ellipsoid and
GM. The zonal harmonics derived by Kozai have not been included in this
combination, since his solution is quite independent of the satellite analysis
of the tesseral harmonics, and the surface-gravity data, because of their

poor distribution, do not contain any significant zonal information.

The final combination solution contains a total of 424 unknowns, 117
station coordinates, 296 harmonic coefficients, and 11 scale, rotation, and
translation parameters. In a solution of this kind several iterations were
made (as described in Section 3) and several alternative weighting schemes
considered. These weight factors are used to scale the covariance matrices
derived for the individual solutions and used in the combination. As already
indicated, the covariance matrix of the geometric solution results has been
multiplied by 2.8 and the covariance matrix of the surface-gravity results
by 4.0. The covariance matrix of the dynamical solution results has been
multiplied by 4.5 for the reasons described in the next section, while for
the JPL results, the accuracy estimates of Mottinger have been adopted

without any further modification. This weighting scheme gives the best
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agreement in the tests described in the next section. The final results for

station coordinates are presented in Table 13 and for harmonic coefficients

RITIBI 0T

L]}
(=]
T~
1
L

1

in Table 14.

Table 13. Geocentric coordinates (in Mm) of the stations determined in the

final combination solution. The fifth column gives the formal precision

estimates of the coordinates in meters.

Station X Y Z o Station Name
1021 1e118029 =44876316 34942984 7  BLOSSOM POINTe MDs
1034 ~e521702 =44242049 4.718731 7  GRAND FORKSe MINN,
1042 0647515  =5,177924 3,656707 7  ROSMANs Ne Co
7036 “eB828496  =5,657458 2.816812 7  EDINBURGs TEXe
7037 ~e191286 =4,967280 3,983262 1 COLUMBIA, MO.
7039 20308239  «4¢873597 34394580 10 BERMUDA
7040 2465067 «5.534924 1.985510 10 PUERTO RICO
7045  =1.4240479 «4.760229 4,048995 9  DENVERs COLe .
7050 14130674  =44831368  3,994111 7 Goddard Space Flight Center
7075 0692628  =4e347059 44600483 9  SUDBURYs ONT.
7076 1384174 =5.905685 16966533 10 JAMAICA
7815 44578370 0457951 44403134 5 HAUTE PROVENCE. FRANCE
7816 4e654337 14959134 3,884366 5 STEPHANIONs GREECE
7818 5426329 =¢229330 34334608 15 COLOMB=-BECHAR, ALGERIA
7901 =14535757 =5.166996 3.401042 5 ORGAN PASSs NoM,
8015 44578328 0457966 44403179 5 HAUTE PROVENCEs FRANCE
8019 4¢579466 «586599 44386408 5 NICEs FRANCE
9001 =1e535757 =5.166996 3,401042 5 ORGAN PASSs NeM.
9002 54056125 20716511 =2,775784 T PRETORIAs SeAFRICA
9003 =3.983776 30743087 =3,275566 6 WOOMERA. AUSTRALIA
9004 54105588 0555228 3,769667 5 SAN FERNANDOs SPAIN
9005 =3.946693 34366299 3,698832 10 TOKYOs JAPAN
9006 1.018203 50471103 3,109623 9  NAINI TALe INDIA
9007 14942775  =54804081 =1,796933 7  AREQUIPAs PERU
9008 3,376893 4e403976 3,136250 9  SHIRAZ+ IRAN
9009 20251829 =5¢816919 14327160 7  CURACAOs ANTILLES
9010 0976291  =5.601398 20880240 5 JUPITERs FLAe
9011 20280589  =4¢914573  =3,355426 9 VILLA DOLORESs ARGENTINA
9012 =50466053 =24404282 20242171 T MAUI HAWAII
9021 =1e936782 =5.077704 34331916 15 MTe HOPKINSe ARIZ.
9023  =34977766 30725102 =3,303035 6  ISLAND LAGOONs AUSTRALIA
9025 =3,910437 34376361 3,729217 10 DODAIRAs JAPAN
9028 44903750 34965201 «963872 12 ADDIS ABABAs ETHIOPIA
9029 50186461 «3,653856 «e654325 12  NATALs BRAZIL
9031 10693803 =44112328 =4,556649 15 COMODORO RIVADAVIAs ARGENTINA
9050 14489753  «be467678 4.287304 14 HARVARDs MASS.
9065 3.923411 0299882 5,0029645 12 DELFTs HOLLAND
9066 44331310 «567511 44633093 7 ZIMMERWALDe SWITZERLAND
9074 3.183901 1e621468 50322772 10 RIGAs LATVIA
9077 34907421 14602397 4,763890 10 UZGHOROD+ UeSeSeRe
9080 34920178 -¢134738 5.012708 9  MALVERNy ENGLAND
9091 44595157 24039425 3,912650 5 DIOYSOSs GREECE
9113  =24450011 =4.626421 34635035 7  ROSAMUNDs CALe
9114 =10264838 =3,466884 5.185467 12 COLD LAKE+ CANADA
9115 3.121280 0592643 5.512701 17 Harestua, Norway
9117 64007402 =l4111859 14825730 15  JOHNSTON ISLes PACIFIC
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Table 14. Fully normalized coefficients of the spherical harmonic expansion
of the geopotential obtained in the final iteration of the combination solution.
are the sine terms.
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Cyp, 2re the cosine terms of degree £ and order m and Sﬂ

£ m C S
Im Im £ m (31111 81111
2 2 244129E-06 ~1¢3641E=06 3 1 149698E=06 246015E-07
3 2 849204E=07 -643468E=07 3 3 648630E=07 1.4304E=06
¢ 1 =542989E-07 ~448765E=07 4 2 3,3024E-07 7.0633E-07
¢ 3 9¢8943E=07 ~1.546TE=07 “ 4 =7+9692E-08 3,3928E-07
s 1 ~543816E-08 «947905E=08 s 2 641286E=07 ~3,5087E-07
s 3 ~443083E=07 -8,6663E-08 5 4 «246693E=07 8+3010E-08
5 s 1¢2593E=07 =5.9910E=07 6 1 -9,8984E-08 3,7652E-08
6 2 5.4825E-08 =3,5175E-07 6 3 2.7873E-08 4,4626E=08
6 4 ~440342E=-10 ~4¢0388E-07 6 5 «241143E-07 ~5,2264E=07
6 6 848693E~08 «Te4756E=08 7T 1 2¢4142E-07 1.1567E=07
72 208306E=07 145645E=07 1T 3 2,0285E=07 =243448E=07
) ~149727E=07 -1¢1390E=07 7 s ~847024E-10 9,8461E=-08
7 6 ~2e5B47E=07 1,0209E-07 T 7 1.5916E-07 -647710E=08
8 1 341254E-08 245696E-08 8 2 448161E=08 8.4140E-08
8 3 ~547444E-08 1.8086E-08 8 4 ~145378E-07 7.5264E-08
g8 5 =546733E-08 641636E-08 8 6 -543903E-08 245930E-07
g 7 3.4390E-08 849168E=~08 8 8 =747364E=08 6.7607E=08
9 1 1.3823E-07 -146100E=-08 9 2 646741E=09 -8,1733E-08
9 3 ~946463E-08 ~141817€-07 9 & 5,7125E-08 1,1183E-07
9 5 ~641435E-09 3,3551E=09 9 6 2.4186E-08 2,2028E-07
9 7 ~5.0450E=08 ~142700E=07 9 8 243359E-07 5.7239E=08
9 9 ~B+2490E~08 942326E-08 10 1 1¢1251E=07 =1,0167E-07
10 2 =3,1225E-08 ~1.0450E-07 10 3 -243346E-08 =144137E=07
10 4 ~6+8185E-08 ~443248E=08 10 5 «8,0004E-08 =144279E=07
10 & ~342486E-08 =240153E=-07 100 7 5,4961E=08 3,2003E-08
10 8 7¢3957E-08 -7+9706E-08 10 9 -648563E-09 602498E=09
10 10 142377E-07 ~245885E-08 11 4¢3900E=09 2.9751E=-08
11 2 4+8900E=-08 «9.1994E=-08 11 3 ~643247E=08 «143109E=07
11 =3,0193E-08 5.4317E-08 115 3.2523E-08 143215€-07
11 6 3,7517E-08 . 649005E=09 17 445726E=08 ~1,3862E=07
11 8 644566E=08 ~1.6993E-08 11 9 141750E=07 =9.9451E-09
11 10 ~141736E-07 ~1+8900E-08 1111 1.1785E=07 -4,0688E-08
12 1 ~4e5955E-08 -341000E-08 12 2 2.7481E-08 7.5986E-08
12 3 5.8386E-08 5,4784E=08 12 4 ~4¢3649E~08 ~242262E=08
12 5 243375E-08 442637E-08 12 6 ~2,386BE-08 ~646TTOE-10
12 7 1¢4507E=08 949784E=08 12 8 -5,7854E-09 3,3752E-08
12 9 =342232E-08 442858E=-08 12 10 «1¢8590E-08 448382E-09
12 11 ~404921E-08 ~448206E-08 12 12 «149407E=08 =5.7771E=08
13 1 ~506042E-08 2,6288E-08 13 2 ~4oT456E=08 1,7367E-08
13 3 243833E-08 ~248930E-08 13 % ~1+9980E=08 5,7030E-08
13 5 9+663TE=08 “44TT60E=08 13 6 «8,3417E=08 5,9782E-08
13 7 -542217E=~08 ~342562E-09 13 8 -4¢1759E=-08 =240231E-08
13 9 =245623E-08 140767E-07 13 10 8+6589E=08 -1.0528E~08
13 11 =343749E-08 5,8541E=~08 13 12 -143229E-09 842192E-08
13 13 -7.0288E-08 7e4643E=08 14 1 =243090E=08 4,9664E-08
14 2 342120E-08 ~4¢5289E~08 14 3 1.9042E-08 1.1919E-09
16 & 7.8017E-09 -3,7527E-08 14 5 «245958E=08 ~2433644E-08
14 6 1¢9140E=08 ~5,8721E=08 16 7 1.1061E=-08 844132E=09
14 8 ~340273E-08 ~6,0838E=~08 14 9 4¢9539E=08 9,2345E-08
1¢ 10 5.3732E-08 -4¢3168E-08 14 11 2.7833E-08 ~8,1637E-08
16 12 142481E=08 ~5.7314E-08 14 13 5,1554E-08 445453E-08
14 14 ~542082E-08 -1,2840E-08 15 1 ~345971E-09 4,0142E-08
15 2 ~444833E-08 ~1+6056E=08 15 3 8.3016E=09 -5,7218E=09
15 4 le3916E=08 6e6644E=08 15 5 3,1684E-08 1.8250E~09
15 6 7.0020E-08 ~1e1872E=-07 15 7 1¢1856E=07 442690E~-08
15 8 ~9,7657E-08 -3,5710E-08 15 9 242064E=08 2,6632E-08
15 10 =2.0648E-08 5,3724E-10 15 11 -3,2585E=08 9,4052E=08
15 12 1,0524E=08 6¢8726E=09 15 13 =347348E-08 440249E=09
15 14 1.2193E-08 ~246786E-08 15 15 144515E=09 «1.4802E-08
16 1 =243789E=08 746413E-08 16 2 2.1327E-08 3,0669E-08
l6 3 ~447358E-08 3,2610E=-08 16 4 -1.1591E=08 443001E-08
16 S ~444201E-08 3,2230E-08 16 6 ~548439E-08 ~4,2809E-08
16 7 140591E=07 841008E=09 16 8 ~844738E-08 =2446TTE=09
16 9 9.0001E=09 -140628E=07 16 10 ~249849E=08 ~542467E=10
16 11 648502E=09 ~7.,0765E-08 16 12 242834E-08 ~3,4087E~08
16 13 3.5475E-08 2.0683E-08 16 14 ~743590E=09 ~2.2626E-08
16 15 =3,5485E~08 B8.4126E=10 16 16 «209522E=08 8e6217E=09
17 12 843097E-08 3.5424E=09 17 13 3,2749E-08 442920E-10
17 14 =1.6058E-08 247286E-08 18 12 141662E=08 8.4724E-09
18 13 446903E=09 ~345547E=08 18 14 «24T446E~08 ~64,83T6E=08
19 12 6¢7115E=08 «80,2623E=09 19 13 3,3201E-08 «643128E~08
19 14 ~349779E=09 ~243817E-08 20 13 5,8374E-08 3,3320E-08
20 14 1.1130E-08 ~1,6183E-08 21 13 3,6928E=09 ~1,6288E-08
21 14 542067E-08 3,0801E-10 22 14 =8,0549E=09 2.6440E-08
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The degree variances o, = 1/(22 + 1) Z:;O (CIm + Slm) of the combination

solution are given in Figure 5 for £ = 6. They show a remarkable adherence
to the rule of thumb o, = 10—5/12.

Figure 6 gives the geoid corresponding to the new combination solution
and a flattening of 1/298.255, Figure 7 the geoid corresponding to the
hydrostatic flattening of 1/299. 67, and Figure 8 a plot of the free-air

gravity anomalies corresponding to the combination solution.

Table 13 contains the accuracy estimates of the station coordinates.
These estimates are the formal statistics from the combination solution, but

as the subsequent comparisons show, they appear to be realistic.

Figure 9 illustrates the precision estimates of the geoid heights as com-
puted from the precision estimates of the spherical harmonic coefficients.
In this computation the correlation between coefficients has been ignored
because the correlation coefficients are generally less than 0.2. This
neglect, and the fact that for equal degree and order Uélm = aé o
that the geoid-height precision estimates are essentially longitude independent

means

and symmetric about the equatorial plane. Kozai's accuracy estimates for
his zonal harmonics were included in this calculation. Subsequent com-
parisons with surface gravity and astrogeodetic data show that these precision
estimates are quite realistic, and the geoid appears to be determined with an
accuracy of 3 to 4 m. Of course, these accuracy estimates refer to the
generalized geoid and do not imply that the geoid is everywhere known with
this accuracy. In areas such as the South Pacific where there are no
surface-gravity data and where the gravity field cannot be directly sampled,

the uncertainty in geoid height may be larger than the 3 ocr 4 m.

Comparison of Geometric and Dynamic Satellite Solutions

Figure 10 and Table 15 show the results for the comparisons of the direc-
tions computed by the two solutions. The accuracy estimates given by the two
solutions are indicated by the error ellipses. The difference & in the positions
derived from the individual solutions is a good indication of the accuracies

that may be expected for the combination-solution coordinates, though it must
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Fig. 5. Degree variances for 6 < £ < 22 for the combination solution.
Kaula's rule of thumb is indicated by the dashed line. For 2 < { < 6 thedegree
variances are in complete agreement with this rule. The lower curve gives
the degree variances corEesponding to the precision estimates of the har-

monics, i.e., 1/n’>Z (O'C + oS .
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Fig. 9. Precision estimates of geoid heights determined from the harmonic
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O . The two error ellipses centered at 0O refer to the formal statistics of
the dynamic solution (the inner_ellipse) and after the covariance matrix has

been multiplied by the factor k‘12 (outer ellipse).
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be pointed out that in Figure 10 the difference between the two solutions results
from uncertainties in the coordinates of both stations, and that at each station
a number of such comparisons can usually be made. Thus, the accuracy of
the station positions relative to the origin of the coordinate system should be

better than these figures indicate.

TABLE 15. Summary of differences 6 between directions computed from the
geometric solution with accuracy o and from the dynamic solution with accu-
racy op (nrad). k is the factor by which the latter estimates must be scaled.

Line O'é 0']2:') 62 kz
9001—9009 2.6 0.7 3.2 1.8
9001—9010 2.8 0.9 7.8 4.1
9001—9012 6.5 0.2 3.2 0.9
9002—9028 39.0 1.3 57.8 2.9
9004—9008 4.7 0.7 20.2 7.5
9004—9009 14.1 0.4 25.0 3.3
9004—9010 15.1 0.2 10.9 1.4
9004—9028 9.4 0.8 16.0 3.1
9004—9029 28.9 1.0 51.9 3.5
9005—9006 16.1 0.8 2.6 0.3
9005—9012 61.1 0.6 15.2 0.4
9006—9008 13.5 2.2 6.3 0.8
9007—9009 3.9 1.8 39.6 13.6
9007—9010 2.6 0.5 30.2 18.9
9007—9011 6.8 3.6 60.9 11.7
9007—9029 16.4 2.3 14.4 1.5
9007—9031 17.7 2.1 20.1 2.0
9009—9010 6.5 3.7 18.4 3.6
9009—9011 2.3 0.8 13.0 8.1
9028—9091 23.9 1.5 96.0 7.6
9029—9031 17.7 1.6 44.9 4.6

K2, = 4.9
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The accuracy estimates e of the geometric solution directions are
obtained by the method described in Section 4. The dynamic solution, how-
ever, gives accuracy estimates for the coordinates — and consequently for the
station-station vectors oy~ that are overoptimistic. This is usually evident
from figures such as Figure 10 where 62 is often considerably greater than
either 0p 0T 0. Making an analysis similar to that used in the geometric
solution for establishing the accuracy indicates that the covariance matrix
of the dynamic solution should be multiplied by a factor of k? = 4.5. When
harmonic coefficients derived from different iterations of the dynamic satel-
lite solution are compared, it also appears that the formal variances must
be multiplied by a factor of about 5 in order to obtain realistic accuracy

estimates.

Figure 10 also indicates the directions of the station-station vector
derived from the combination solution compared with the geometric and
dynamic results. In view of the above comment about the interpretation of
these comparisons, they indicate that for the fundamental Baker-Nunn stations
(those numbered 9001 to 9012) the combination-solution coordinates should be
reliable to better than 10 m. For the new Baker-Nunn stations (9021, 9028,
9029, 9031, and 9091), from which there are fewer observations, the com-
parisons indicate that the combination-solution coordinates should be reliable
to better than 15 m. These estimates are in agreement with the formal
statistics given in Table 13. The longitude difference between the two satellite
solutions obtained from the combination solution is -0.2 + 0.5 prad and is not

significant.

Comparison with Satellite Orbits

Each solution resulted in improved orbital residuals; for the final solution
the orbital residuals for satellites such as Geos 1 or Geos 2 are less than
10 m. These orbits are computed from a combination of laser and Baker-
Nunn data for 30 days. The residuals for the optical data are less than
2 arcsec. The laser data have an accuracy of 1 to 2 m. The rms is 7 m in

all cases and no residuals exceed 10 m. These are orbits with significant
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_,amounts of laser data from 2 or 3 stations. The 7-m orbital errors can
‘D| . . .
r1arise from station-coordinate errors (probably about 5 m), geopotential errors

:m:E(possi.bly 5 m), and unmodeled periodic perturbations.

o,
g:Comparison of Satellite and Deep-Space-Probe Solutions
:
[=h
L

In order to compare the satellite and JPL solutions, a combination solu-
tion using only the satellite and surface-gravity information has been made.
Table 16 indicates the results for those Baker-Nunn stations that are related
to the JPL antennas. From the ground-survey information given in Table 10,
the coordinates for the JPL sites in the SAO system can be computed and the
differences in longitude A)\i and in distance to the rotation axis Ari are given
in Table 17. This table also gives the accuracy estimates from the statistics
provided by the two solutions and ground survey. The differences in longitude
immediately reflect the systematic longitude differences between the two
solutions: the JPL longitudes are to the east of the SAO longitudes. From
the overall combination solution discussed in Section 7, these transformation
parameters are solved for and yield AX = -3.2 £ 0.5 prad and % =(+0.3£0.5) 10-6,

the scale of the SAO system as defined by the station coordinates being larger

than that of the JPL system.

TABLE 16. Coordinates for Baker-Nunn stations derived from a combination
of the geometric and dynamic satellite solutions and surface gravity only.

Station X (Mm) Y (Mm)
9002 5.056126 2.716511
9003 -3.983778 3.743085
9004 5.105587 -0.555230
9113 -2.350466 -4,651977
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TABLE 17. Results of SAO-JPL stations comparison. A\, is the longitude
difference and Arj the difference in distance to the earth's axis of rotation
for the two solutions. A\ is the weight mean longitude difference.

Nsao Mrpr = AN, AN - AN T rsa0 TIpL = AT, Tap

Stations (nrad) (,.rad) (m) (m) (m) (m)*
4751-9002 -3.5 +0.3 +1.9 7.7 +5.9 4.9
4741-9003 -2.2 -0.9 -5.2 6.8 -7.3 4.5
4742-9003 -1.2 -2.0 -10.4 9.0 -6.5 4.5
4761-9004 -4.5 +1.4 +6.9 6.6 -1.2 4.5
4712-9113 -4.9 +1.7 +9.2 12.4 +7.6 5.5

The residuals AN - A)\.l and Ar - Ari are in all cases less than 10 m and
support the accuracy estimates given in Table 13 for stations 9002, 9003,
9004, and 9113.

in the SAO reference system,

Table 18 gives the adjusted coordinates of the JPL stations

TABLE 18. Coordinates of the JPL stations referred to the SAO
reference system.
Station X (Mm) Y (Mm) Z (Mm)
4751 5.085451 2.668252 -2.768728
4741 -3.978706 3.724858 -3.302213
4742 -4,460972 2.682424 -3.674618
4761 4,849242 -0.360290 4.114869
4712 -2.350454 -4.651975 3.665631

The longitude difference cannot be attributed to the difference in the UT1

time systems used by the two agencies, since at the time of the Mariner 5
observations UTI1(JPL) - UTC = 89. 0 msec and UT1(SAQO) - UTC = 101.4

msec, so that the expected longitude difference would be +12 msec or 0.8 prad.
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The total unexplained longitude difference is, therefore, -4. 0 prad. This
discrepancy appears to be due to different definitions of the right ascension
of the vernal equinox. In the case of SAO this is defined by the star posi-
tions given in the SAO catalog — which refers to the FK4 system — and in
the case of JPL the vernal equinox is defined in the planetary ephemeris

used [Melbourne and O'Handley, 1968].

The scale difference between the two solutions is hardly significant in
view of the standard deviation. This would be expected since both solutions

have used the same GM value.

Comparison with Surface Gravity

To compare the satellite solution with the surface gravity, the following

quantities defined by Kaula [1966a] have been computed:

2 . .
(gT> mean value of g%, where gy is the mean free-air
gravity anomaly based on surface gravity, indicating
the amount of information contained in the surface-

gravity anomalies;

(gg) mean value of gg, where gg is the gravity anomaly
derived from the satellite solution, indicating the
amount of information contained in the satellite-gravity

anomalies;

<ngS) an estimate of the mean square of g the true value
of the contribution to the gravity anomaly of the estimates
of geopotential coefficients from the satellite solution,
the amount of information common to the surface-gravity

and satellite-gravity anomalies;

<(gT-gS)2> mean square difference of the go and gr;
E{eg} mean square of the satellite error;
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E{e%} mean square of the surface-gravity error;

E{égz} mean square of the error of omission, the difference

between the true gravity anomaly and g

If the satelllte solution gave a ''perfect' estimate of the C Jm and Sﬁm’
that is, (gs> (gH> (= <ngS> then eé would be zero even through g would
not contain all the information necessary to describe the total field. The
information not contained in the satellite field — the error of omission 6g —
then consists of the neglected higher order coefficients. The quantity
((gT-gS)Z) provides a measure of the agreement between the two estimates,
g and ggs of the gravity field and is equal to the sum of the estimates of the

three types of errors. Thus,
2 2 2 2
(gT—gS) = E{e S} + E{e T} + E{ég }

Another estimate of gy can be obtained from the gravimetric estimates

of degree variances O'E [Kaula, 1966a],

2y_.p= L 2
E{gH}—D_;ZJHI A

where n, is the number of coefficients of degree { included in g Table 19

gives the o for degree 0 to 16 as well as the degree variances of the satellite

£
and combination solution computed from

2 2 2 2 2
B Ut T (el e st)

If both the satellite solution and the surface gravity gave ''perfect" results

for terms up to a given degree, then

(gé) = (gpgg) =D and E{Eé} = E{g?f}:g
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TABLE 19. Power spectra of free-air gravity anomalies.

Degree Degree Variance (mgalz)
Gravimetric Satellite Combination
Solution Solution Solution

0 2.9

1 -0,2

2 5.9 7.4 7.4

3 31.0 33.3 33.0

4 18.2 19.7 20.0

5 7.3 17.5 17.8

6 20.7 14. 4 15.7

7 9.2 16.4 15.5

8 7.0 8.5 6.7

9 8.7 15.1 12.7
10 9.4 17.7 12.9
11 5.7 13.7 12.2
12 3.5 8.4 5.1
13 7.0 11.1
14 9.4 8.4
15 9.9 13.2
16 5.5 13.8

Table 20 summarizes the estimates obtained for these quantities from
the satellite solution, the combination solution, and the Gaposchkin [1966]
M1 solution. All three sets contain the same zonal harmonics. The esti-
mates are given for three sets of 300-n mi squares: (1) the squares for which
the number n of observed 6 0-n mi squares is equal or greater than 1, (2) the
squares for whichn = 10, and (3) the squares for which n = 20. For the last
data set the comparisons are made for the three fields truncated for different

degree as well as for the total fields.

The variations between the estimates obtained for the three types of
errors, E{e g}, E{e%}, and E{bgz}, result from the assumptions made about

the complete randomness of the quantities S og, and €g

€
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TABLE 20. Comparison of satellite and comblnatlon solutions with surface-
gravity measurements (mgal ).

[1o70s

. 2 2 2 2 2 2
Solution (er-gg)”)  (ergg) (eg) D (ep) Efegl Efeq} Ef{og?)
n=1, =935, 300-n mi squares
Combination Solution 206 146 225 163 274 79 72 56
Satellite Solution 272 110 218 143 274 108 72 92
M1 Solution 242 90 148 108 274 58 72 79
n =10, N = 369, 300-n mi squares
Combination Solution 135 195 230 163 297 35 19 83
Satellite Solution 250 127 212 143 297 85 19 151
MI Solution 222 102 131 108 297 29 19 176
n = 20, =136, 300-n mi squares
Combination Solution
1 =8 m = 8 165 90 92 102 253 2 11 152
£=10 m=10 132 119 116 120 253 -3 11 123
£=11 m=11 135 126 134 126 253 8 11 116
£=<12 m=12 134 129 138 129 253 9 11 113
£=14 m=14 109 156 166 146 253 10 11 87
£ =16 m=16 15 184 186 163 253 2 11 58
n = 20, =136, 300-n mi squares
Satellite Solution
{=<8 m=38 179 86 98 102 253 12 11 156
£ =10 m=10 145 109 110 120 253 1 11 133
£=11 m=1]1 151 115 126 126 253 11 11 127
£ =12 m=1]2 163 111 128 129 253 17 11 131
£ =14 m=14 173 117 150 146 253 33 11 125
Total Field 177 118 161 143 253 43 11 124
n = 20, =136, 300-n mi squares
M1 Solution
£ =8 m=8 168 85 85 102 253 0 11 157
Total Field 168 93 101 108 253 7 11 148

The combination solution gives the best results in that there is good
agreement between the three estimates <gS> <ngS> and D of (gH> and the
E{e }and ((gs gr) > are small. The negative value for E{ez} when £ =10
is caused by the combination solution containing the gravity anomalles against
which the tests are made. The estimates of the errors of omission are still
quite large when compared with the estimates of eg and e%, indicating that
the surface-gravity data have additional information that has not been extracted

in this solution.

The results obtained from the satellite solution alone are not in so good
agreement with the surface-gravity data as the combination solution. For a

gravity field complete to 8,8, the M1 and the new satellite solution give
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almost equivalent comparisons. For both, the E{es} are small and there is
good agreement between(ngS) (gs>, and D, indicating that the two solutions
are equivalent and that they contain most of the information in a '""correct"

8,8 field. At 10,10 the new satellite solution shows a marked improvement

in the cornparison((gT-gS)2>, and this field also appears to be as good as

may be expected. But beyond about the 11th order the comparisons deteriorate

and the E{eé } increase.

Further tests with surface-gravity data were made by use of the recent

compilations by Talwani and Le Pichon [1969] for the Atlantic Ocean and for

the Indian Ocean [Le Pichon and Talwani, 1969] . Figure 11 shows free-air

gravity-anomaly profiles computed from 5° X 5° area means from these com-
pilations and from the combination solution. With the exception of the

first, these profiles are taken along the ships' tracks where continuous
gravity measurements were obtained. The first profile, along latitude 3275
in the North Atlantic, is midway between two parallel ship cruises. All
profiles are referenced to the international gravity formula. The accuracy

of the 5° X 5° area means is assumed to be 5 mgal.

-30 T T T T T T

——— 5°x5° AREA MEANS /
_20k ——— COMBINATION SOLUTION //

+10
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\ /
\ 7/
NS
-30} .
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®=+3225

Fig. 11. Comparisons of continuous gravity profiles from shipboard
measurements compiled by Talwani and Le Pichon (broken lines) with profiles
computed from the combination solution (solid lines).
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Table 21 gives ((gs-gT)z) for each of these profiles, and from these

numbers the accuracy of the gravity anomalies computed from the combination

solution can be computed.

geoid height.

previous estimates.

TABLE 21.

The average value is 10 mgal or about 3.5 m in

This average accuracy estimate is in good agreement with the

Summary of comparisons between surface-gravity measurements

gT by Talwani and Le Pichon and gravity anomalies gg computed from the
combination solution for selected profiles.

2 2 z 2. 2
((gg-gp) ™) g vgs-( (gg-g1)") “g
Profile (mgal?) (mgal®) (mgal®)
$=32°5 North Atlantic 84 25 59
NW-SE North Atlantic 68 25 43
NW-SE South Atlantic 222 25 197
6=0° Indian Ocean 80 25 55
¢ =-25° Indian Ocean 166 25 144
(o-é ) =99 mga12= 10 m
S AV

Comparison with Astrogeodetic Data

Geoid heights obtained from astrogeodetic leveling are available for

several major datums.

These data, like the surface-gravity data, could be

used as a further input in the combination solution. However, the coverage

extends only to areas where reliable surface-gravity data are also available,

and the contribution of the additional information to the global solution is not

very significant.

Instead, the astrogeodetic data have been used for com-

parison purposes, thus providing an independent estimate of the accuracy of

the global solution.

To compare astrogeodetic geoid profiles with the global solution it is

necessary that the former refer to an ellipsoid, centered at the earth's mass

center and of the same dimensions and parallel to the ellipsoid of reference
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used for the global solution. The transformation elements are given for
several major datums by Lambeck [1970]. When these transformations
contain rotation elements, at least part of the systematic errors in the
astrogeodetic heights is absorbed. In the case of the Indian Datum only one
station is available for establishing the relationship between the datum and
the global solution. Thus only the three translation elements could be deter-

mined and a systematic tilt may be expected.

The following comparisons were made:

1. the geoid section along the 34th parallel in North America given by
Rice [1962];

2. a section along the meridian of 260° from 65° North to 18° North,
selected from the compilation by Fischer, Slutsky, Shirley, and Wyatt [1967]
for the North American Datum (NAD);

3. two profiles across Australia, one along the latitude circle of -30°

and the other along the meridian of 138°, given by Fischer and Slutsky [1969] ;

4. a profile along the meridian of 75° through India [Survey of India,
1957];

5. a profile along the meridian of 16° through central Europe [Fischer,
1967].

Figure 12 givés the results. All profiles refer to a reference ellipsoid
with a = 6378155 m and 1/f = 298.25. The astrogeodetic profiles are smoothed

to remove any information with a half-wavelength of less than about 200 km.

The accuracy of the astrogeodetic profiles was assumed to be of the order
of 1.5 m. This is somewhat greater than the accuracy generally stated for
this type of observation (e.g., Bomford [1962]), but the stochastic nature of

the transformation elements also has to be considered.

Table 22 summarizes the results of the comparisons. The average value

of g is 3.2 m and is in agreement with the earlier derived accuracy esti-

mates for the geoid heights of the combination solution.
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Fig. 12. Comparisons between geoid profiles obtained from the combina-
tion solution (solid lines) with profiles obtained from astrogeodetic measure-
ments transformed into the global reference system (dashed lines). The
difference between the two profiles, after the systematic part has been sub-
tracted, is indicated by the dotted line.
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TABLE 22. Summary of the comparisons between the geoid profiles obtained
from the combination solution and the astrogeoids referred to the geocentric
system., Ah is the systematic height difference between the profiles, ogy

the variance of the difference between the two profiles, crg the variance of
the gstrogemd heights, and ¢§ the contribution of the combination solution

to o h*

Datum Profile Ah (rgh ai Gg = Ggh -0
NAD b = 35° -15 8 1.5 6.5
NAD N = 260° -16 6 1.5 .5
AGD ¢ = -28275 -12 10 1.5 8.5
AGD N =136.°25 -12 12 1.5 10.5
IND N =75° -36 30 1.5 28.5
EUR N=16° -42 6 1.5 4.5
(og) 10.5 m2
S'AV

The negative value for Ah for all the datums considered indicates Ehat
the adopted semimajor axis of the reference ellipsoid is too large, by about
15 m as noted, for example, by Veis [1968]. Figure 12 also suggests a
possible tilt in the South Asian datum.

Comparison with Terrestrial Triangulation

For stations- in North America and Europe where there are extensive
surface triangulation nets, it is possible to compare the coordinates of the
tracking stations as determined from the combination solution and from
terrestrial measurements. But before a comparison can be made, the latter
coordinates have to be transferred to a coordinate system coincident with
the global geocentric system. These transformations are discussed in
Lambeck [1970]. For the present solution, the distances between stations
are used as the basis of the comparison. These distances are derived from

the surface data scaled by the factors determined from the datum adjustments.
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Table 23 summarizes the results. The accuracy estimate is computed
from the accuracy estimates of the coordinates for the combination solution
and from accuracy estimates of the terrestrial data. The latter have been

assumed to be reliable to 1 in 200, 000.

TABLE 23. Results of differences Ar and accuracy estimates o, between
interstation distances computed from the combination solution and from

surface triangulation after removal of any systematic scale error in the
datum.

Line Ar t O'Ar Line Ar + O‘Ar Line Ar £ U’Ar

Comparisons for European Datum’

8015-9004 8.0 9.0 9004-9080 -2.9+t11.8 9066-9080 -5.6+ 9.4
8015-9065 -11.2 %+ 9.6 9004-9091 3.7+£13.9 9066-9091 -9.1x 9.9
8015-9066 -6.3+t 3.5 9004-9115 31.8 £ 18.5 9066-9115 27.8 £ 14.2
8015-9077 -4.7 +10.4 9065-9066 -4.3+ 9.5 9077-9080 +13.4
8015-9080 0.1+ 9.4 9065-9077 -1.0 £ 13.9 9077-9091 + 9.8
8015-9091 -7.1+ 9.3 9065-9080 -5.8 £10.9 9077-9115 +15.3
8015-9115 22.6 +14.8 9065-9091 -12.6 £13.8 9080-9091 -15.8 £+ 14.9
9004-9065 14.8 £12.9 9065-9115 36.4 +14.7 9080-9115 32.1 £14.5
9004-9066 2.3+ 9.7 9066-9077 -1.2+£10.3 9091-9115 2.1 +17.5
Comparisons for North American Datum
1021-1042 -0.7%+ 7.5 1042-7036 3.4111.0 7045-7075 6.1 £13.1
1021-7036 3.5+ 12.1 1042-9050 15.6 £ 14.2 7045-9050 7.1 +17.2
1021-7075 -7.0+ 9.7 1042-9114 1.5£17.3 7075-9114 -13.7£16.5
1021-9001 -5.6+12.4 7036-7075 17.3 £ 13.8 9001-9010 6.9 +11.7
1034-7037 3.0 8.9 7036-9010 4.8 £10.3 9001-9050 11.8+£17.5
1034-7045 -1.5+ 9.9 7037-7045 1.8+ 9.5 9010-9113 3.1 +£15.1
1034-9010 -1.4+£13.0 7037-9001 1.6+ 8.9 9050-9114 -15.2 + 20.3
1034-9113 4.9+t12.1 7037-9113 1.6 x£12.1 9113-9114 14.8 £ 15.7

The first part of Table 23 refers to coordinates in the European Datum.
All available stations, with the exception of Riga 9074, have been used in

this comparison. The second part refers to stations in the NAD. All available
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stations were used. For most of the comparisons, o> Ar, indicating that
the accuracy estimates given for the coordinates of the combination solution
(Table 13) are reliable. For station 9115 the agreement is not so good but

always within the 3¢ level.

Comparison with the 1966 Standard Earth Coordinates

Table 24 gives the differences in the coordinates determined in the pre-
sent solution and in the 1966 solution. For these stations the accuracy of the
latter solution was estimated as 15 to 20 m, whereas the present solution is
considered to be better than 10 m. With a few exceptions the differences
fall within these limits. The exceptions are stations 9002, 9003, and the Z
component of stations 9007 and 9011. For the first two stations no comparisons
or combinations could be made in 1966, but a combination and a comparison
with the JPL data were possible in this solution and the results are in excellent
agreement (Table 17). As for the other two stations, the 1966 geometric
solution gave a very weak determination for the Z components because of the
poor geometry of the station distribution. With the relocation of some stations
and with more data available, this Z component is determined much better in
the present solution and is in good agreement with the results of the dynamic
solution. This can be seen from Figure 10 for the line 9007—9029 where the
horizontal axis corresponds approximately to the Z axis. For the remaining
stations good comparisons and combinations of the geometric and dynamic
solutions were possible in the 1966 solution, and as a result, these coordinates
are not significantly different from the new detevrmination. This stresses the
importance of having the two independent techniques to determine the station
positions. The similarity of the differences in the Z coordinates for stations
9002, 9003, 9007, and 9011, all of which lie in south latitudes, suggests that
the 1966 dynamic solution may have had some systematic biases in it because

of a poor distribution of observations in the Southern Hemisphere.
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TABLE 24. Differences in the coordinates as determined in the new solution

and in the 1966 Standard Earth solution. The large discrepancies occurred
at stations where no comparisons or combinations of independent solutions
were possible in the 1966 solution.
X Y V4
Station (m) (m) (m)
9001 + 1.7 - 0.6 + 1.0
9002 - 0.7 +26.0 +32.1
9003 -26.0 -13.8 +26.5
9004 - 4.7 + 3.7 - 7.1
9005 + 4.3 +13.4 -11.3
9006 - 2.2 + 3.3 + 8.6
9007 + 5.6 - 3.4 +27.8
9008 +11.2 - 9.0 - 4.2
9009 + 8.6 - 3.6 - 4.1
9010 + 9.2 - 9.2 - 2.5
9011 +14.2 - 4.0 +30.9
9012 + 1.8 - 6.8 + 0.7
9114 + 1.4 + 8.4 - 8.0
9115 + 4.9 +14.6 + 5.6
9117 + 3.1 +13.9 + 4.5
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8. CONCLUSIONS

1. A combination of the four methods of estimating parameters used in

this analysis gives better results than any subset of these methods.

2. The geocentric station positions of the 12 fundamental Baker-Nunn
stations and the laser-optical sites at Haute Provence (8015-7815) and Athens

(9091—7816) are determined with an accuracy between 5 and 10 m.

3. To improve upon this accuracy more laser data for the dynamic
solution and laser-optical simultaneous data for the geometric solution are

required. An improvement in the knowledge of UT1 is also necessary.

4. The geopotential has been determined complete through £= 16,
m = 16. Comparisons with surface gravity indicate that up to 10,10 the
satellite solution is about as good as can be expected but that some of the
higher terms are poorly determined. The terms between degrees 11 and 16
are determined largely from the surface-gravity data. The M1 3, 8 solution

is not improved upon by the new solution truncated at 8, 8.

5. Comparisons with independent data sets indicate that the generalized

geoid is reliable to about 3 m.

6. To improve the satellite gravity-field determination for terms
beyond £= 11, more satellites in lower orbits, at distinct inclinations, and

tracked with greater precision and uniformity are required.
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