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SUMMARY 

The spectral energy distribution emitted by a collapsing proto-star has been 
calculated on the basis of some simple approximations for the radiative transfer 
in the extended spherical ‘ atmosphere ’ of the proto-star. Results for the 
evolution in spectral appearance are presented for several of the collapsing 
proto-star calculations described in a previous paper (Larson 1969). Compari- 
son is made with some observations of infra-red objects in Orion and with 
recent infra-red observations of T Tauri stars. 

I. INTRODUCTION 

In a previous paper (Larson 1969, hereafter referred to as Paper I), we have 
described the results of some numerical calculations of the dynamics of a spherically 
symmetric collapsing proto-star. It was found that duiing most of its evolution a 
proto-star consists of a small central core or ‘ embryo star ’ surrounded by an 
extended optically thick cloud of infalling material. The energy radiated from the 
stellar core is absorbed by the dust grains in the infalling material, and re-emitted 
thermally as infra-red wavelengths; thus the proto-star appears during most of its 
evolution as an infra-red object. In this paper we consider the radiation transfer in 
the infalling cloud, with the purpose of calculating the emitted spectrum. 

Since the radiation is emitted from a very extended region, it is essential to take 
the spherical geometry into account; the theory of plane-parallel atmospheres 
cannot be applied. The little work that has previously been done on radiation 
transfer in extended spherical atmospheres (see for example Chapman 1966) has 
referred only to rather special cases and has, in any case, not been directed toward 
calculating the emitted spectrum. In this paper we consider a simple model for the 
extended spherical ‘ atmosphere ’ of a proto-star, based on the following assump- 
tions: 

(1) The product of the opacity kx and the density p is assumed to vary with 
radius according to an inverse power law of the form 

k\P = Kxr~n. (1) 

It is found in the dynamical calculations (Paper I) that p is closely proportional to 
r~3/2 throughout almost the entire region important for the radiative transfer 
problem; thus if we take n = 3/2, equation (1) is in fact a good assumption, pro- 
vided that the dust absorption properties do not vary with r. 

(2) In the absence of any knowledge of the dust absorption coefficient at the 
relevant high temperatures and infra-red wavelengths, the following simple law has 
been assumed: . ^ x /cA = /coA-p, (2) 
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where kq andp are regarded as free parameters. The data of Johnson & Borgmann 
(1963) and Johnson (1965) on the wavelength dependence of the interstellar 
extinction at near infra-red wavelengths are roughly represented by the law 
/caocà-3/2; however, these data are not necessarily of any relevance to the present 
problem, since some of the grain constituents may evaporate at the high temperatures 
(up to ~ io3°K) mostly relevant here. If we suppose the dust grains to consist pre- 
dominantly of graphite, then according to Hoyle & Wickramasinghe (1962) we 
would have /cAocÀ-2 for À greater than about 1 ¡1. 

(3) Scattering of radiation by the dust grains has been neglected, and only pure 
absorption and thermal emission have been considered. This is a good approxima- 
tion at the long infra-red wavelengths, where scattering is negligible compared with 
absorption, but it is not a good approximation at visual wavelengths. 

2. CALCULATION OF THE EMITTED SPECTRUM 

We suppose for the moment that the temperature distribution in the cloud is 
known, and we consider the problem of calculating the total luminosity emitted at 
each wavelength. This involves integrating the contributions from all parts of the 
cloud, with an attenuation factor of the form e~T for each volume element and each 
line of sight. The result of this calculation can be written in the following form, 
analogous to the corresponding formula for a plane atmosphere: 

where 

and 

Lx = iótt2 JJ r%r,)G(rx)Bx(rx) drM (3) 

(4) 

í ds 

VO-2-*2) 

f” rdr r r dr \ 

J* KAPV(r2-ñ J s 
KxP V(r2 — 52)J 

<s) 

In these equations LA is the luminosity emitted per unit wavelength interval, rA is 
the radial optical depth at wavelength À, and ¿?a(ta) is the blackbody radiation 
intensity function. The function G(ta) has here been defined such that G(o) = 1. 
Clearly G(ta) depends on the variation of /cAp with r, and, therefore, it is not a 
‘ universal function ’ like the corresponding function for a plane atmosphere. 

We shall define Gw(ta) as the function obtained when equation (1) is substituted 
into equation (5). We have calculated the function G3/2(ta) numerically, and the 
result is tabulated in Appendix A. This tabulated function can then be used in 
conjunction with equation (3) to calculate the emitted spectrum LA, given the 
blackbody function ¿ía(ta) or equivalently the temperature distribution T(rA). 

3. THE TEMPERATURE DISTRIBUTION 

In order to obtain an approximation for the temperature distribution in the 
infalling cloud, our procedure has been to construct a simple formula having the 

correct limiting forms at very small and very large optical depths. Considering first 
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the limit of small optical depths (i.e. large radii), it is easily shown that if the wave- 
length dependence of the absorption coefficient follows equation (2), then the 
dependence of temperature on radius is given by 

T4 = ar-Vtt+P\ (6) 

where a is a constant depending on the emitted spectrum. 
In the limit of large optical depths, the radiative transfer problem again 

simplifies greatly, and we can apply the radiation diffusion equation as used in the 
theory of stellar interiors : 

6477■or2T,3 dT 

2>KRP dr’ 
(7) 

where kr is the Rosseland mean opacity. For the absorption coefficient given in 
equation (2), the Rosseland mean is 

kr 24^(4) 

r(5-M4-/>) 
(8) 

where £ is the Riemann zeta function and c% = hc/k. Since krccTp and peer*11, it is 
convenient to set 

KRp = KTPr~n. (9) 

Substituting equation (9) into equation (7), one can then solve for T as a function of 
r, using the boundary condition T = o at r = 00. The result can be written 

where 

JM _ 3(«+j>/2-l) 

(n+x) 
trTA 

TR KRP dr. Tf* = 
L 

1677or2* 

(10) 

(ii) 

In deriving this result we have made use of the fact, as found in the dynamical 
calculations of Paper I, that the luminosity L is very nearly constant throughout the 
infalling cloud. The constancy of L results because the internal energy carried by 
the infalling material is negligible in comparison with the radiative energy flux. 

The simplest way to construct an approximate formula for the temperature 
distribution at all optical depths is to add together the expressions for T4 given in 
equations (6) and (10), which refer to the optically thin and optically thick limits 
respectively. The result, which is readily verified to be correct in these two limits, 
can be written 

T = T0/(t/2), (12) 
where 

f / 2 \4 / L \2w-2"]a/(4-p) 
(¿) ] (.3) 

and 

/(tjO4 = ß[ATR-«vlii+P) + TR]TR«. (14) 

Here tr is related to the optical depth rA by 

where 
tr = [qATo^rJr/*, 

C = -ßPÜ 
Y 

24^(4) 

r(5-p)t(4-py2p' 

(15) 

(16) 
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In these equations the constants a, /?, and y are defined by 

«- , ß = y=^-. (,7) 
zn+p — 2 n+i n—i 

We still have one undetermined parameter, namely the constant A in equation (14), 
which is related to the constant a in equation (6). We have arbitrarily chosen this 
parameter such as to satisfy the condition that the resulting spectrum must give the 
correct total luminosity L when integrated over all wavelengths. With n = ^¡2, the 
values of A determined in this way îoxp = 1, 3/2, and 2 are 0-831, 0*645, and °’354> 
respectively. 

When the above procedure for obtaining a simple approximation to the tempera- 
ture distribution is applied in the grey case {p = o, = rA = r), the result is 

r4=[I+tTiHÎV4- (li) 

In this case there is no undetermined parameter A. This form for the temperature 
distribution in the grey case is supported by the work of Chapman (1966), who 
studied the special case w = 3. For « = 3 our approximation becomes 

T4 = (i + fr)?/4, 

iog(\r0) 

Fig. i. The emitted spectrum of a proto-stellar cloud with n = 2/2 and p = o (grey case), 
A blackbody spectrum of temperature To is also shown for comparison. Both curves are 
normalized to unity when integrated with respect to the independent variable ATo. All units 
are CGS units. 
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whereas Chapman’s approximation, based on some detailed calculations of the 
radiation field, is equivalent to 

T4 = (1-154+ fT)7>4. 

It may be noted that our approximation is correct at small optical depths, whereas 
Chapman’s is not. 

4. RESULTS FOR THE EMITTED SPECTRUM 

If we now substitute equation (12) along with the blackbody radiation law into 
equation (3), the resulting expression for Lx can be written 

T _ C-y T(>L r TA~y(7n(TA) drx , , 
À a (A7o)5+™ J 0 exp {ca/ATo/M}-1’ ^ ^ 

where ci = zirhc2. It is evident from equations (19) and (15) that Lx depends on A 
only in combination with To in the factor (ATo); therefore, it is convenient to 
consider ATo as the independent variable and calculate Lx as a function of ATq. Also 
it is convenient to calculate not Lx itself but LJTqL; the resulting function is then 
independent of the parameters L and To, and is normalized to unity when integrated 
with respect to the independent variable ATo. 

Some of the resulting spectra calculated numerically from equation (19) are 
illustrated in Figs 1 and 2. Fig. 1 shows the spectrum for w = 3/2 and^> = o (the 

Fig. 2. The emitted spectrum of a proto-stellar cloud with w = 3/2 for the three cases 
p = 1) p = 3/2, and p = 2. The curves are normalized when integrated with respect to 
ATo. The blackbody spectrum {dashed curve) has been arbitrarily positioned on the diagram 
for purposes of comparison. 
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grey case), and Fig. 2 shows the results for/) = 1, 3/2, and 2. It is evident in these 
diagrams that the grey spectrum is very much broader than a blackbody spectrum, 
and that the emitted spectrum becomes much narrower as p is increased. The 
reason for this is that the radiation at the shorter wavelengths, which comes mainly 
from the hotter inner parts of the cloud, is selectively absorbed to a greater and 
greater extent with increasing p because of the increase in kx toward shorter wave- 
lengths ; at the same time, there is less long wavelength radiation from the cooler outer 
parts of the cloud, owing to the reduced opacity and, hence, the reduced emission at 
the longer wavelengths. It is evident from Figs 1 and 2 that these effects are quite 
large, and it appears that the grey case is inadequate even as a rough approximation 
in the present problem. 

We are now in a position to predict the spectrum of a spherically symmetric 
proto-star at any time in its evolution, assuming that the opacity of the dust grains 
can be represented by a formula of the form kx = /cqA-^ and that suitable values for 

/co and/) can be estimated. For purposes of illustration we have adopted/) = 3/2, 
and we have obtained kq by fitting to the interstellar extinction curves of van de 
Hulst (1949) at near infrared wavelengths. The resulting opacity law is 

/cA = 7 x io_5A~3/2 cm2 g-1. (20) 

As we have noted, the shape of the emitted spectrum remains constant as the 
proto-star evolves, and only the parameters L and To vary. The luminosity L is 
known from the dynamical calculations of Paper I, and the parameter To depends 
through equations (13), (9), and (8) on L and also on the density of the infalling 
material, which again is known from the dynamical calculations. The parameter To 
determines the wavelength Amax at which Lx is a maximum; as To increases, Amax 
decreases, the product AmaxTo remaining constant. We can conveniently present the 
results for the variation in spectral appearance of the proto-star in a diagram 

log Tb 

3-5 3-0 2-5 2'0 

Fig. 3. The evolution in spectral appearance of a proto-star in Case 1 {heavy curve), corres- 
ponding to Fig, 3 of Paper I for the evolution of the stellar core. The numbers marked along 
the curve are the times in years since the formation of the stellar core. The lighter curve and 
the arrow marked ‘/c-md-i k ’ show the effect of reducing the dust opacity by a factor of 10. 
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analogous to the HR diagram, in which we plot L vs. Amax for the proto-star as it 
evolves. This has been done in Figs 3-5 for several of the cases calculated in Paper I. 
In these diagrams we have added a scale giving the 4 apparent blackbody tempera- 
ture ’ Tb defined by AmaxZ^ = 0*29 cm°K. 

Fig. 3 shows the results for Case 1 of Paper I, which was calculated for a proto- 
star of one solar mass using what were thought to be the best values of all parameters. 
It is seen that Amax decreases continually during the evolution, while L first 
increases and then decreases again. The reason for the steady decrease in Amax is 
that as the collapse proceeds and the density of the infalling material decreases, 
optical depth unity in the collapsing cloud occurs at smaller and smaller radii and 
hence at higher and higher temperatures. Since the dust opacity may be considerably 
less than we have assumed, owing to evaporation of some of the grain constituents, 
we have shown in Fig. 3 the effect of reducing the opacity by a factor of 10 ; this shifts 
the whole curve to the left (smaller Amax) by 0*4 in log Amax. 

In the innermost part of the collapsing cloud, the temperature is high enough to 
evaporate the dust grains completely; thus there is no absorption inside the point 
where the grains evaporate. When the density of the infalling material becomes so 
low that the optical depth of the cloud becomes of the order of unity or less, the 
central stellar object starts to become visible, and the spectrum no longer has the 
shape which we have calculated. If the dust evaporation temperature is taken to be 
~20oo°K, this occurs when Amax~ 1*5 this point is indicated in Fig. 3 by the 
transition from a solid curve to a dashed curve. The spectrum of the proto-star 
during the final phase of evolution will be discussed in the following section. 

Fig. 4 shows the evolution in spectral appearance for Case 2 of Paper I, which 
was calculated again for one solar mass but with a much higher initial temperature 
and density than Case 1. The shape of the curve in Case 2 is much the same as in 
Case i, but it is shifted to higher luminosities and longer wavelengths because of the 
higher density of the infalling material. The results for Case 6 {M = 2M0) and 
Case 7 {M = M0) are shown in Fig. 5. Case 6 is again qualitatively similar to Cases 

log Tb 

3-5 30 2-5 2-0 1*5 

Fig. 4. The evolution in spectral appearance of the proto-star in Case 2. 
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i and 2, but Case 7 differs during the later stages of the evolution because the 
luminosity is then supplied by radiative cooling of the stellar core and no longer as 
in the other cases by the kinetic energy inflow to the core. 

In Figs 3-5 the final point on the curve represents in each case the position in the 
HR diagram of the star finally resulting at the end of the dynamical collapse phase. 
As was mentioned in Paper I, these points tend to fall near the lower end of the 

conventional ‘ Hayashi track ’ for the convective phase of pre-main-sequence 
evolution, and they are in good general agreement with the observed positions of T 
Tauri stars in the HR diagram. In Case 7 {M = 5M0) a convective ‘ Hayashi ’ phase 
is never reached and when the star first becomes visible, it is already considerably 
closer to the main sequence than the lower end of the Hayashi track. 

3-5 3-0 
log Tb 

2-5 2-0 

Fig. 5. The evolution in spectral appearance of the proto-star in Case 6 (M = 2 MQ) and 
Case 7 {M — 5 M0). 

5. FINAL STAGES OF THE EVOLUTION 

When the infalling material is no longer completely optically thick, the emitted 
spectrum of the proto-star consists of two components: (1) the radiation from the 
central stellar core, still attenuated by the dust in the infalling material, and (2) the 
thermal infrared emission from the dust. For purposes of illustration, we have 
represented the spectrum of the stellar core by a blackbody spectrum. The thermal 
emission from the dust has been calculated as before from equation (19), taking the 
upper limit on the integral to be the optical depth at the point where the grains 
evaporate. We have again adopted^) = 3/2, and we have assumed that the opacity 
law kx — /coA-p holds even at visual wavelengths. The resultant spectrum has been 
calculated in approximately normalized form from the formula 

fe-expi-rjSffl + iäfeA), (2I) 

where rA is the optical depth at the point where the grains evaporate and Ts is the 
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temperature of the (blackbody) stellar spectrum. Lx(rf) is the dust emission spectrum 
as calculated from equation (19) with the integral cut off at optical depth rA. 

For purposes of illustration, we have adopted Ts = 5000 °K and a dust evapora- 
tion temperature of 1000 °K, and we have calculated the resultant spectrum for 
several different values of the total optical depth of the cloud. The resulting family of 
curves is illustrated in Fig. 6. The emergence of the stellar spectrum and the 
decrease of the dust emission component with decreasing optical depth are evident. 
In Case 1 the time scale for these changes is such that the time interval between 
adjacent curves in Fig. 6 is about 4X 104 years. Clearly, there is a wide range of 
possibilities for the resultant spectrum if different values for Ts and the dust 
evaporation temperature are considered. 

Fig. 6. The emitted spectrum of a proto-star when the infalling cloud is no longer completely 
optically thick, calculated for a core temperature of 5000 °K and a dust evaporation 
temperature of iooo°K. The curves shown are approximately normalized, and are labelled 
with the optical depth of the cloud at a wavelength of 1 micron. 

6. COMPARISON WITH OBSERVATION 

(a) Infrared observations in Orion 

Becklin & Neugebauer (1967) have reported observations of an infra-red point 
source in the Orion nebula which they think may be a proto-star. The infra-red flux 
measurements for this object are plotted vs. wavelength in Fig. 7. It is not known to 
what extent the observations may be affected by interstellar extinction, but qualita- 
tively the appearance of the object is much the same as would be predicted for a 
proto-star during the phase when the infalling cloud is still optically thick. The 
inferred luminosity 103 L0) and the apparent blackbody temperature (~7oo°K) 
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of this object are within the range of our results for evolving proto-stars (see for 

example Fig. 5). If the Becklin-Neugebauer object is interpreted as a proto-star, it 
appears that it must have a mass greater than 1 M0, perhaps more like 5 M0. 

In Fig. 7 the observations of Becklin & Neugebauer (filled circles with error bars) 
have been fitted as well as possible with a blackbody spectrum (dashed curve) 
and with the best fitting curve from among those plotted in Fig. 2, which turns out 
to be the one for p = 2, as would be appropriate, for example, for graphite dust 
grains. The 5 /x measurement of Kleinmann & Low (1967) is not fitted by any 
of the calculated curves. Because of the unknown dust absorption properties and 
the very idealized nature of our model, however, one should probably not expect 
better than qualitative agreement in a comparison of this kind. 

Fig. 7. Infra-red flux measurements of the Becklin-Neugebauer object in Orion, The filled 
circles with error bars are the observations of Becklin & Neugebauer (1967), and the 
triangles are the observations of Kleinmann & Low (1967). The unit of is W cm“2 /a“1. 
See text for explanation of the curves. 

Kleinmann & Low (1967) have reported observation of an extended infra-red 
nebula near the Becklin-Neugebauer point source in Orion. This extended nebula 
apparently radiates most of its energy at much longer wavelengths than the Becklin- 
Neugebauer object, and is inferred with considerable uncertainty to have a linear 
diameter of ~2X 1017 cm, a luminosity of ^ 105 L0, and an ‘ effective tempera- 
ture ’ of ^7o°K. Hartmann (1967) has interpreted this object as an opaque dust 
cloud, whose luminosity is supplied by a group of massive newly formed stars 
imbedded in it. A similar idea has also been proposed by Davidson & Harwit (1967). 
This is qualitatively the same kind of situation which is predicted by our calcula- 
tions of star formation. Our calculations are probably not directly applicable to this 
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object, however, since it appears that the formation of a multiple system or at least a 
single very massive star may be involved. 

(b) Infra-red observations of T Tauri stars 

Mendoza (1966, 1968) has made wide-band photometric observations of T 
Tauri stars over a wavelength range from 0*36 to 5 /x. Nearly all of these stars show 
considerable excess infra-red emission relative to a normal stellar spectrum, some- 
times to the extent that nearly all of the energy is emitted in the infra-red, as is the 
case for example with R Mon. Qualitatively, this is just what would be predicted if 
we interpret the T Tauri stars as newly formed stars still surrounded by some 
remaining proto-stellar material, which absorbs part of the stellar radiation and 
re-emits it at infra-red wavelengths. 

Unfortunately, since T Tauri stars vary irregularly and since Mendoza’s obser- 
vations were not made simultaneously at all wavelengths, Mendoza’s data do not in 
most cases yield reliable spectral energy distributions for these stars. It is clear, 
however, that there are wide variations from star to star ; also, it appears in general 

that the infra-red emission is more widely distributed in wavelength than would be 
predicted from our calculations, as illustrated for example in Fig. 6. This is 
probably to be expected, however, because of the idealized nature of our model for 
the infalling cloud; if the cloud has inhomogeneities or deviations from spherical 
symmetry, or if the dust grains or grain constituents do not all evaporate at the same 
temperature, then one would in general expect the emitted spectrum to contain 
significant contributions from a wider range of temperatures than is the case in our 
simple model. 
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APPENDIX A 

CALCULATION OF THE FUNCTION G3/2(ta) 

As mentioned previously, the functions Gw(ta) are defined by substituting 
equation (i) into equation (5). If we make this substitution for n = 3/2, and then 
employ the transformation of variables r = s sec2 <£, the resulting expression for 
G3/2(ta) reduces to 

n¡2 cos3 (/> dÿ 

-*/2 Vi1 + COs2 <£) 
exp (A i) 

where F(k, </>) is the Elliptic Integral of the First Kind. Here we have made use of 
the relation rA = zK^1!2 valid for n = 3/2. We have used equation (A 1) to 
calculate the function G3/2(Aa) by numerical quadrature, using a subroutine 
available at the Caltech computing centre to evaluate the elliptic integrals. Some 
values of G3/2(ta) obtained in this way are listed in Table AI. 

rA G3/2(tA) 
0*0 I * OOO 
o*i 8*573(-i) 
0*2 7*38s(-i) 
o*3 6*385(-i) 
o*4 5*538(-i) 
o*5 4‘8i5(-i) 
0-6 4-i95(-i) 
0-7 3‘662(—1) 
0-8 3-202(—1) 
0-9 2'8o4(—1) 

Table AI 

ta Gaizijx) 
i-o 2-459(-i) 
1-2 i-897(-i) 
1-4 i-47o(-i) 
1-6 i-i43(-i) 
1- 8 8'9ii( —2) 
2- 0 6-967( —2) 
2-2 s-46o( —2) 
2-4 4'288(—2) 
2- 6 3‘374(— 2) 
3- 0 2-o99(—2) 

tA G3/2(ta) 
3 '4 i-3i3(-2) 
3- 8 8-257(-3) 
4- 2 5-2i3( —3) 
4- 6 3-3°3(-3) 
5- 0 2-ioo( —3) 
5- 8 8-sss(-4) 
6- 6 3 ■5I7(—4) 
7'4 i'4S7(-4) 
8- 2 6-o74(-s) 
9- 0 2-546(-5) 
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