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ABSTRACT 

Accurate variational wave functions and energies have been obtained for the 4^, SlF% 6
lF, 43F, 53F, 

and 63F states of the helium isoelectronic sequence through Z = 16. The trial functions are eighteen-term 
configuration-interaction expansions in members of a denumerably complete basis set (Sturmian func- 
tions). These have been used with previously calculated 3lD and 33D wave functions to obtain wave- 
lengths and oscillator strengths for 3d-nf transitions. For He i and Li n, the only species in which these 
transitions have been observed, the calculated energies agree with observations to within 0.000002 atomic 
unit. The discrepancy between calculated and observed wavelengths is in the worst case one part in 4700 
and is generally much smaller. For higher members of the sequence, the predicted wavelengths range 
from 2077 Ä for Be m to 48 Â for S xv. Oscillator strengths were calculated by means of the dipole 
length, velocity, and acceleration formulae, and agreement among the three values is in most cases to 
within 2 percent. 

I. INTRODUCTION 

Recent observations of soft X-ray spectra of solar flares have revealed the presence 
of emission lines from the helium isoelectronic sequence as far as Ca xix in one case 
(Meekins el ah 1968) and as far as Fe xxv in another (Neupert el aL 1967). Furthermere, 
recent ionization-equilibrium calculations have shown that at solar-corona tempera- 
tures, the two-electron ions of the lighter elements should be the dominant species (Cox 
and Tucker 1969). However, except for helium itself and singly ionized lithium, there 
is very little information, either experimental or theoretical, available on the spectra 
of two-electron atoms. Wiese, Smith, and Glennon (1966) list 128 lines and oscillator 
strengths for He i and fifty-two lines and oscillator strengths for Li n. Green, Johnson, 
and Kolchin (1966) have calculated oscillator strengths for 203 lines in He i. But beyond 
Li ii there exist no data for levels above n = 3 and 1=2. This paper reports the results 
of variational calculations of energies and wave functions for the three lowest 1F and 
3F states of the helium isoelectronic sequence through S xv, and oscillator strengths for 
transitions to these states from the 3lD and 33D states. 

II. WAVE FUNCTIONS AND ENERGIES 

The trial functions used in the variational calculation of eigenvalues and eigenfunc- 
tions of the two-electron Schrôdinger equation are configuration-interaction expansions 

$ = iLcifa (1) 
i 

in which each configuration is the linear combination of Slater determinants 

\¡/ = ^ f#i) [ I (f)n l m (&iri)tt$« 
mi 1 1 1 2 2 2 (2) 

dl J l m a(f>n l m (JZ\?2)ß J J y 2 2 2 111 

829 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
 6 

9A
pJ

. 
. .

15
8.

 .
82

 9B
 

830 ROBERT T. BROWN 

where C(lihL;?nh—Mi) is a Clebsch-Gordan coefficient with Ml ~ 0 and the plus and 
minus signs indicate singlet and triplet states, respectively. The single-particle functions 
are members of the denumerably complete set of functions 

tniMt) = [r-^
(|7-|)]i^ ee-WLn- Y rid,*) (3) 

of the scaled variable Ç = 2kr. These functions differ from hydrogenic functions in that 
the principal quantum number n does not appear in the argument of the radial part. 
Their properties have been discussed by many authors, for example, Pauling and Wilson 
(Í935) and, more recently, Rotenberg (1962). They have several advantages over other 
possible basis sets. Being single-particle functions, they are considerably simpler to use 
than Hylleraas-type functions, which contain the interelectron coordinate fu explicitly. 
Of particular importance is the fact that, although these functions are somewhat more 
complicated than Slater-type orbitals, quite good results can be obtained for excited 
states of two-electron atoms with only the two nonlinear parameters h and k2 of equation 
(2) (Brown 1968), in contrast to the large number of nonlinear parameters which are 
necessary with Slater-type orbitals (Weiss 1961; Green, Kolchin, and Johnson 1965). 

In order to apply the variational principle, the expansion (1) is substituted into the 
Schrödinger equation 

, (4) 

in which the Hamiltonian, in atomic units, is 

e = _i(Vl. + v,!)-z(l + .i) + i. <s> 

Variation of the linear parameters Ci of equation (1) leads to the matrix eigenvalue 
problem 

- fiSdc; = 0 , (6) 
3 

where 
and (7) 

In the present work the matrix eigenvalue equation (6) was solved by the inverse-itera- 
tion scheme described by 

[H — eS]Cn-fl = Scn , (8) 

where € is a constant. It is found that this method gives rapid convergence to the eigen- 
vector corresponding to the eigenvalue closest to e, independent of the choice of initial 
vector Co. All that is required, then, as a starting point for the computation of the wave 
function for an excited state is a rough estimate of the energy. After the eigenvector c 
has been determined, the Rayleigh quotient 

E = c^Hc/c^Bc (9) 

gives an upper bound to the energy of the state in question. The nonlinear parameters 
k\ and &2 were varied in a systematic manner which has been described elsewhere 
(Brown 1968). 

The number and type of configuration to be included in the expansion (1) were de- 
termined by trial and error for Z = 2, and this set was then used for the rest of the iso- 
electronic sequence. The final set of eighteen configurations is shown in Table 1, along 
with typical sets of expansion coefficients obtained. Those shown are for O vu, but there 
is little difference throughout the isoelectronic sequence. There was no tendency for the 
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TABLE 1 

CONFIGURATIONS USED IN CALCULATING THE n 1F AND n 3F WAVE FUNCTIONS 
and Typical Expansion Coefficients Obtained* 

Configuration 4 F 43 F 51 F 5 3 F 61 F 6 F 

1 s 4f 
ls5f 
1 s 6f 
ls7f 
ls8f 
ls9f 
2s 4f 
2s 5f 
2s6f 
2s7f 
3s 4f 
3s 5f 
2p 3d 
2p4d 
2p5d 
3p 3d 
2p5g 
2p6g 

20509246 
07576178 
02099941 
00501444 
00108210 
00021103 
00063551 
00023522 
00006445 
00001711 
00000167 
00000088 
00017162 
00002181 
00001581 
00004225 
00011776 
00005388 

.20548811 

.07554047 

.02084595 

.00495026 

.00106866 
■. 00020151 
.00081815 

■. 00030357 
.00008014 

■. 00002339 
.00000386 
.00000012 

■. 00016504 
•. 00001369 

t 00000969 
.00003752 
.00011768 
.00005385 

04875829 
18553954 
07039459 
01687642 
00324583 
00052939 
00002156 
00008224 
00003058 
00000841 
00000001 
00000002 
00012173 
00009291 
00002202 
00002213 
00002944 
00005176 

.04875575 

.18554751 

.07038390 

.01688039 

.00323981 

.00053560 

.00002112 

.00008146 

.00003153 

.00000765 

.00000040 

.00000046 

.00011840 

.00008847 

.00001854 

.00002015 

.00002940 

.00005171 

00137457 
02830338 
19183494 
03628620 
00412438 
00036273 
00000050 
00001224 
00008424 
00001709 
00000002 
00000003 
00006710 
00008139 
00005189 
00000893 
00000139 
00000372 

.00137320 

.02829827 

.19184153 

.03627355 

.00412959 

.00035651 

.00000035 

.00001195 

.00008389 

.00001738 

.00000011 

.00000013 

.00006569 

.00007942 

.00005028 

.00000815 

.00000138 

.00000370 

Coefficients shown are for O VII. 

TABLE 2 

Calculated and Observed n 1F and n ZF Total Energies (Atomic Units) 
and M~nf Wavelengths (â) for He i and Li ii 

He I calc He I obs Li II calc Li II obs 

-E^F) 

-E^F) 

-E^F) 

■E(43F) 

■E(5sF) 

•E(63F) 

X^D - 41F) 

X^D - 51F) 

X^D - 61F) 

X(33D - 43F) 

X(33D - 53F) 

X(33D - 6SF) 

2. 

2. 

2. 

2. 

2. 

2. 

18707. 

12796. 

10921. 

18696. 

12790. 

10917. 

03125428 

02000164 

01388950 

03125432 

02000168 

01388952 

2. 

2. 

2. 

2. 

2. 

2. 

18703. 

12794. 

10920. 

18692. 

12789. 

10916. 

031255 

02 0004 

013889 

031255 

020004 

013889 

4. 

4. 

4. 

4. 

4. 

4. 

4679. 

3200. 

2731. 

4673. 

3197. 

2729. 

62501336 

58000505 

55555741 

62501383 

58000554 

55555778 

9 

5 

5 

3 

4 

2 

4. 

4. 

4. 

4. 

4. 

4. 

4679. 

3200. 

2731. 

4673. 

3196. 

2729. 

625008 

579997 

555560 

625013 

579979 

555560 

7 

3 

5 

2 

7 

2 

Wiese, Smith and Glennon 1966, 
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832 ROBERT T. BROWN 

various types of configurations to change in relative importance as a function of Z, as 
has been noted, for example, by Zare (1966, 1967) in configuration-interaction calcula- 
tions on the Mg sequence. This difference in behavior is probably due to the fact that 
the phrase ^configuration interaction,, can have two quite different meanings. In the 
present work, the configurations do not represent actual excited states of the atom, but 
are simply members of a convenient basis set. In fact, one of the reasons for using 
Sturmian functions is that the nodes of the radial part do not move out from the origin 
with increasing principal quantum number, but remain concentrated in the region of 
space in which the function to be represented is expected to have its most interesting 
features (Slater 1960). On the other hand, in the work of Zare (1966, 1967) the con- 
figurations do represent physical states of the atom. 

In Table 2 are shown the total energies obtained for the 4^, 5IF, 6lF, 43F, S3!?, and 
63F states of He i and Li n and the respective experimental values. For some of the 
Li ii levels, the theoretical energies appear to be lower than the experimental, which is 
probably due to the fact that the experimental values are uncertain by 0.00001 atomic 
unit (Moore 1949). Also shown in Table 2 are vacuum wavelengths for Sd-nf transitions 
calculated with M energies obtained previously (Brown 1968). Since these are the only 
two species for which there are available experimental values, the energies for the other 
members of the isoelectronic sequence are shown separately in Table 3. 

III. OSCILLATOR STRENGTHS 

Absorption oscillator strengths were calculated by means of the dipole length, velocity, 
and acceleration formulae (Chandrasekhar 1945) 

fi = %{Ej - Ei) I (ÿi I ri + r2|^)l2, (10a) 

» = f(£y - E^-'l (h\Vi + V2|^>|2 , (10b) 

fa = §(Ej - Ei)~sI6M 77 + 77 l^)l2> doc) 

in which degeneracies in the initial state and final state have been averaged over and 
summed over, respectively. If the wave functions in the transition integrals in the above 
equations were the exact solution of the Schrödinger equation for the two states, then 
the three equations (10a), (10b), and (10c) would give the same result. However, equa- 
tion (1) is an approximate solution. The three forms of the oscillator strength will then 
give different results, and agreement among the three is often taken as a measure of the 
accuracy of the wave functions used. By the nature of the variational procedure, any 
complete set of functions, if enough terms were included in the expansion, could be 
made to give an answer as close as desired to the experimental energy. Thus the energy 
alone is not a very good criterion. It is almost always found that the length and velocity 
formulae give better agreement with observed values than does the acceleration formula. 
When there are no observed values available, it is usually found that the acceleration 
formula gives results which disagree with the other two (Weiss 1963; Schiff and Pekeris 
1964; Green et al. 1966). 

In Table 4 the oscillator strengths obtained in the present work are compared with the 
Coulomb-approximation calculations of Wiese et al. (1966) for Li n. The results for He i 
are quite similar. It can be seen that, at least for the transitions considered here, the 
Coulomb approximation is capable of much greater accuracy than is usually claimed 
for it. 

Tables 5 and 6 list the predicted vacuum wavelengths and oscillator strengths for the 
rest of the isoelectronic sequence through Z = 16. In most cases the agreement among 
the three/-values is to within 2 percent. Furthermore, the acceleration value does not 
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834 ROBERT T. BROWN 

appear to be consistently any less believable than the other two. For the Sd-5f transitions 
it is the length value which seems to be slightly out of step, and for the 3d-6f transitions 
it is the velocity value. It has been pointed out by Chandrasekhar (1945) that the three 
/-value formulae (10a), (10b), and (IGc) emphasize the behavior of the wave functions 
in different regions of space. It thus seems reasonable to expect that the type of wave 
function used in the present work represents a better approximation to the solution of 
the Schrôdinger equation over a wider range of distances from the nucleus than do other 
possible forms of trial functions. 

TABLE 4 

Comparison of Oscillator-Strength 
Calculations for Li u 

Coulomb Present 
Transition Approximation* Work 

31D~-à1F  1.02 
Am.  . . 1.005 
/vel  ... 1.015 
/aoo  ... 0.976 

VD-S'F  0.158 
/leu  ... 0.1604 
Aei.  ... 0.1578 
face  ... 0.1591 

SW-ô'F  0.0528 
fien  ... 0.05498 
Aei  ... 0.05445 
/ace  ... 0.05237 

SW-^F  .... 1.01 
/lea  .. 1.005 
/vel..   ... 1.014 
/aoe  ... 0.967 

fien. ..V.*.**** i \.. 0.Í6Ó3 
/vel  ... 0.1579 
/acc  ..... ... 0.1596 

SSD-6ZF  0.0530 
/len  .. 0.05503 
Aei   ... ... 0.05456 
/aoe   ... 0.05266 

* Wiese, Smith, and Glennon 1966. 

All of the calculations reported here are nonrelativistic. It is clear from Table 2 that, 
for low Z, relativistic corrections are unimportant. For higher values of Z, for which 
such corrections become important, accurate nonrelativistic wave functions are needed 
as a starting point in the calculation of these corrections. Such a study is now in progress, 
and preliminary results indicate (Woosley 1968) that, in the present work, the largest 
error due to neglect of these effects is approximately 0.2 Â. 

The early part of this research was carried out in the Department of Space Science, 
Rice University. That part of the work was supported by the National Aeronautics and 
Space Administration under grant NGR 44-006-033 and by a grant from the Research 
Corporation. 
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