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ABSTRACT 

The density-wave theory of galactic spirals is developed in a form slightly more general than that 
outlined by Lin and Shu in an earlier short communication. Only self-sustained waves are studied in this 
paper, and the problem of the origin of the spiral structure is barely discussed. The implications of the 
theory are examined, both in general terms and in detail. The conclusions are compared with observa- 
tions. Specifically, we consider (1) the distribution of atomic hydrogen in the Galaxy, (2) the systematic 
motion of the gas, (3) the distribution of young stars and other optical objects, and (4) the migration of 
moderately young stars. Good agreements are obtained in all cases if we adopt a pattern speed of about 
13 km sec-1 kpc“1, and a spiral gravitational field equal to about 5 per cent of the symmetrical field. 
General discussions are also given on {a) the structure of the magnetic field and its role on the systematic 
motion of the gas, {b) the role of the density wave in the process of star formation, and (c) the distribution 
of H ii regions as revealed by the 109a radio observations. 

I. INTRODUCTION 

The density-wave theory of galactic spirals was proposed by the late B. Lindblad a 
long time ago. An evaluation of the early phase of the theory was made by Chandrasekhar 
(1942). Many subsequent papers on this subject published by Lindblad and his co- 
workers may be traced through his last paper in the Stockholm Observatory Annalen 
(Lindblad 1963). Feelings of reservation were expressed by astronomers and astro- 
physicists about Lindblad’s ideas, largely because the method adopted by him, which 
leans heavily on the properties of individual stellar orbits, cannot yield quantitative 
predictions for comparison with observations. Without making use of the statistical 
theory of stellar dynamics, he could hardly treat the behavior of stellar collective modes 
in a quantitative manner. Yet these modes indeed constitute the essence of the density 
waves. His discussions were therefore largely qualitative and did not convey sufficient 
conviction to the readers. 

P. O. Lindblad (1960,1962) attempted to study these collective modes by an extensive 
calculation of the orbits of a number of stars with the help of large computing machines. 
His model consists of a smooth background representing Population II stars, together 
with 192 stars representing Population I. Density waves of a spiral form were indeed 
found from these calculations, but they were rather transient and were not quasi-station- 
ary, as suggested by B. Lindblad. In view of the limitations inherent in direct computa- 
tional methods, the results obtained are perhaps to be described as semiquantitative, 
when comparison with observations is attempted.1 

The explicit adoption of stellar collective modes as a basis for a density-wave theory 

* A condensed version of this paper was reported at a meeting of Commission 33 at the General 
Assembly of the International Astronomical Union in Prague, August 22-31, 1967 (not to be published). 

1 More recently, Miller and Prendergast (1968) carried out extensive calculations for a disk model con- 
sisting of 120000 stars Others have dealt with cases involving cylindrical symmetry. 
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722 C. C. LIN, C. YUAN, AND FRANK H. SHU Vol. 155 

of galactic spirals was first published2 by two of the present writers (Lin and Shu 1964, 
1966, hereinafter referred to as Papers I and II, respectively). A description of the history 
and the evolution of ideas may be found in a survey article by Lin (1967a) on the 
dynamics of disk-shaped galaxies. In Paper I, an elementary theory was presented in 
which the dispersion of stellar velocities and the pressure (or turbulent motion) of the gas 
were neglected. Only speculative discussions were given concerning their effects. These 
speculations were confirmed by subsequent investigations, and the results were sum- 
marized in Paper II, which also contains an outline of the methods used for dealing with 
a galactic system composed of stars with velocity dispersion and of gas with pressure 
simulating the effect of turbulent motion. In the present paper, we shall also include 
brief discussions (in §§ I, V, and VIII) of the magnetic field and its influence on the 
gaseous component. The details of these investigations will be presented elsewhere 
(Yuan 1969). 

As emphasized before (Oort 1962; Lin and Shu 1967; Lin 1968), the primary purpose 
of our theory is to attempt to explain the grand design over the whole disk, and in par- 
ticular to explain its persistence. As one can see upon a little reflection, the problem of 
the origin of the spiral structure is mathematically more difficult, since we have to deal 
with a combined boundary-value and initial-value problem. These studies remain a 
challenge for future investigations.3 In contrast, to explain persistence, one need only 
produce solutions representing self-sustained waves. The method outlined in Paper II 
is especially formulated for this purpose. Even here, there are some subtle points oil the 
basic mechanism which should be clarified by future investigations. We shall bring out 
these points in the subsequent discussions. 

a) Some General Implications of the Density-Wave Theory 

The winding dilemma of material spiral arms implies also a difficulty in the associated 
magnetic field. As the winding process goes on, a material arm is stretched, and the 
magnetic field, being frozen into the gas, also continues to increase in its strength. 
These difficulties are all avoided if we associate the spiral pattern with a density wave 
that has a quasi-stationary spiral structure. 

Consider the ideal case of a single wave. To an observer rotating with the pattern 
speed, the gas flow is steady and in closed stream lines4 (which deviate only slightly from 
circular shape). Thus, one visualizes a situation in which the magnetic field always runs 
approximately along the spiral arm in the over-all pattern. There may also exist material 
arms which are being distorted by differential rotation. In such an arm, there might be 
even a fair amount of deviation between the field lines and the spiral arm, but it would 
still be a good first approximation to think of the field as primarily oriented along an 
arm. Such general conclusions appear to be in agreement with observations. 

b) Objectives of the Present Paper 

In the absence of a complete theory for the mechanism of density waves, the need for 
observational support is urgent. Accordingly, the main purpose of the present paper is 
to describe the applications of the theory to several observable features in our own 
Galaxy, in order to enable the reader to form an over-all picture of the extent to which 
the theory may yield results that agree with observations.6 Some further details of the 

2 Kalnajs (1965) described a more ambitious scheme in attacking the same problem along similar 
lines. He envisaged the importance of collective modes of a very large scale. These are mathematically 
more difficult to treat, and his results have not yet been published. See also n. 3. 

3 See Shu (1968) for a fuller discussion of the complete mathematical formulation of the problem and 
of the possibility of tracing the origin of spiral structure to “gradient instability,” as suggested in Paper II. 

4 Such flow patterns, including shock formation, have been recently calculated by Roberts (1969). 
6 An article by Lynds (1967a, b) gave a general account of these comparisons. The article also con- 

tains discussions of other data not discussed in detail in this paper. 
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No. 3, 1969 SPIRAL STRUCTURE OF DISK GALAXIES 723 

analyses used and the comparisons made in each case will be published separately in 
later communications. Specifically, we shall consider (1) the distribution of atomic hydro- 
gen, (2) the systematic motion of the gas, (3) the distribution of young stars and their 
place of formation, (4) the migration of moderately young stars and their place of 
formation, and, finally, (5) the role of the magnetic field in item (2), its alignment with 
the spiral arm having been mentioned above. We shall also examine the problems related 
to the local structure in the solar vicinity, in the light of these studies. Some comments 
will be made toward the end of this paper on the general status of the theory and on 
some general implications, especially on the process of star formation and on the evolu- 
tion of the galaxies. 

A secondary purpose of this paper is to give an orderly presentation of the theory in 
a form somewhat more general than that presented before. The principal results will be 
described in § 2 to pave the way for the discussion of the comparison of the theory with 
observations. The mathematical details of these developments may be found in the 
Appendices. The exposition of the present paper will be organized essentially as a con- 
tinuation of Papers I and II cited above; only occasional references will be made to the 
other papers (e.g., Lin and Shu 1967; Lin 1966, 1967a, b; the reader is also referred to 
Prendergast 1967). 

It should be mentioned from the outset that the detailed calculations in this work are 
based on an asymptotic analysis of the WKBJ type, valid for reasonably tightly wound 
spirals (pitch angle less than 15°). For larger inclinations, the results can be only qualita- 
tively correct; accurate results can only be obtained from the type of approach formu- 
lated by Kalnajs (1965) and Shu (1968). 

Our future plans include further applications of our theory to the structure of the 
Milky Way, and the study of other galaxies. A comprehensive discussion of the existing 
observable features that bear on the spiral structure of galaxies, especially our own, was 
given by Bok (1967) and by Bok and Contopoulos (1967). The reader should refer to 
them for further details, and for future observations recommended. 

II. THEORY OF DENSITY WAVES 

The density-wave theory was developed especially to resolve the problems of (i) the 
persistence of the spiral structure in the face of differential rotation and (ii) the large- 
scale nature of the phenomenon, i.e., the existence of a grand design over the whole 
galactic disk. We therefore start out with the QSSS hypothesis (hypothesis of the exist- 
ence of density waves with a quasi-stationary spiral structure), rather than attempt to 
study the problem of the origin of the spiral structure.6 As outlined in Paper II, the 
theory is based on the calculation of the responses of an infinitesimally thin disk of stars 
and gas to a resultant gravitational field of a spiral form. The effect of finite thickness 
has been recently examined by Shu (1968), but we shall not go into the details in this 
paper. 

a) Response of the Stellar Disk 

The stellar disk is described by a distribution function where t is the 
time, (æ,0) are polar coordinates in the plane of the disk, and (cm,ce) are the peculiar 
velocities relative to a (differentially) rotating observer moving at the circular speed 
æŒ(æ). In the absence of spiral modes, 'S? is given by a function 'S?çi{&ycn}ce) which is 
time-independent and axisymmetric in the configurational space. 

We now make some brief observations on the purely kinematical aspects of a smooth 
but tightly wound spiral pattern in the plane of a disk galaxy. First of all, we notice that 
these patterns may be described by functions of the form 

F{usfi,t) = §Î(æ) exp {i[ut — mQ + ^fa)]} , (2.1) 
6 The reader is referred to Lin (1967&) for a discussion of the “kinematical tests” of the feasibility of 

the QSSS hypothesis as the basis for a theory. 
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724 C. C. LIN, C. YUAN, AND FRANK H. SHU Vol. 155 

where are defined as before; 31(gj) is a slowly varying function of gj; 4>(gj) is a slowly 
varying (monotonie) function multiplied by a large parameter; co is a constant (real for 
neutral waves) ; and m is an integer. As usual, the real part of the above expression is to 
be taken. The lines of constant Re(F) are approximately given by the equation 

w(0 - 0O) = H®) - H®o) , (2.2) 

which represents a spiral pattern with m arms. 
The pattern given by equation (2.1) rotates with an angular velocity 

ßp = &v/w , (2.3) 

where cor is the real part of co. The radial wavenumber of the spiral pattern is given 
by \k(a)\, where 

k(a) = S'fa) . (2.4) 

If the motion of the stars is in the direction of increasing 0, trailing waves correspond to 
k(a) < 0, and leading waves, to k(w) > 0. 

In the presence of a small spiral gravitational potential, 

Ui = ^4(gj) exp {i[ut — M0 + 4>(gj)]} , (2.5) 

of the form of equation (2.1), the response Sïq = ^ — SFo in the distribution function 
should also have a spiral distribution in the configurational space. When the dispersion 
velocities of the stars are not large, this response can be easily worked out. In this 
case, the basic distribution function is of the form 

*o = %(e + v2,a) , (2.6) 

where £ and rj are defined by 

c* = £(2ß//c)(Grt2) = £Fi(gj) , (2.7a) 

and 
c$ = 7}(aÜ) , (2.7b) 

in which K is the epicyclic frequency defined by 

«•-wO+èâ)- <2-8) 

Within the approximation of small dispersion speeds is a parameter related to the 
integral for angular momentum, and (for given gj) £2 = rj2 is the integral of epicyclic 
energy. The response Siq to the resultant potential (2.5) is found to be 

'Ï'x = ’Ï'o'tè2 + VOU — ç(a£,cn?,v)] , (2.9) 

in the case of tightly wound spirals, where Sf'o' denotes the derivative of 'ho with respect 
to its argument,7 Vi is defined in equation (2.7a), and the parameters a and v are 
defined by 

a = (¿g5)(2í22/k2) (2.10) 
and 

v — (w — mÚ)/K . (2.11) 

7 Here, as in other quantities, the dependence on the galactocentric distance © is understood but not 
explicitly exhibited. 
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725 No. 3, 1969 SPIRAL STRUCTURE OF DISK GALAXIES 

The function g is defined by the integral 

1 * 
q = ^7r—- r exp {i[vs — a£ sin s + a7j(l + cos . (2.12) 
* sin vir 2tc «X 

The derivation of the result (2.9) may be found in Appendix A. In all previous papers, 
we have presented results only for the case of the Schwarzschild distribution (for which 

is an exponential function of £2 + rç2). Clearly, this is an important case, and we 
shall continue to adopt it in following sections of this paper. But the generalization given 
here enables one to study, separately, the roles played by stars with different epicyclic 
energies; this may be done simply by taking Sko to be of the form of the Dirac ô-function. 
Such studies will be carried out in a separate investigation. 

In the case of the Schwarzschild distribution, the perturbations in density and in the 
components of the mean velocity of the stars can be very readily calculated to exhibit 
their dependence on the dispersion velocity of the stars (see Appendix B). One obtains 

k2A 1 
r* K2 1 — V2 

Va k2A {kw)~xV 

SvO) , 

GJÍ2 KÍ2 1 — P2 

ve i k2A 

where 
Gífí 2 fí2 \ — v 

X = k2(ca2)/ic2 

&(1)(*), 

2 &(2)(*), 

(2.13a) 

(2.13b) 

(2.13c) 

(2.14) 

and the functions $v(x), 5v(1)(#)> and i$vi2)(x) are ^reduction factors’’ defined by equa- 
tions (B9), (B14), and (B17) in Appendix B. They all take on the value unity for 
# = 0, i.e., in the case of zero dispersion. The function §„(æ) is most important to our 
subsequent discussions. Its values have already been tabulated and presented in graphi- 
cal form (Lin and Shu 1966; Lin 19676). One form of the graph is reproduced in Figure 8 
for convenience of reference. 

We note that, since all the above results are given for tightly wound spirals, they are 
subject to an uncertainty of a factor of 1 + 0(1/kw). 

b) Response of the Gaseous Disk 

The response of the gaseous disk can be much more readily obtained if the turbulent 
motion of the gas is simulated by pressure. We then introduce the square of the equiva- 
lent acoustic velocity a, and define the quantity 

^ = k2a2/K2 , (2.15) 

analogous to x defined by equation (2.14). Then all the three reduction factors are found 
to be of the same form, i.e., 

= 1 + Xg/{\ - V*) ‘ (2'l6) 

For convenience of reference, we shall record the explicit formulae as follows: 

<1<7 _ 
<T0 

lia 
tsü 

WA 1 

(C2 'l - v2 

WA (ka)-h 
kQ * 1 - v2 WKxo) , 

(2.17a) 

(2.17b) 
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726 C. C. LIN, C. YUAN, AND FRANK H. SHU Vol. 1S5 

U6_ 
&JÍ2 

i k*A (ka)~l 

2* Q2 *1 - „2 (2.17c) 

where ua and u$ are the amplitude functions for the components of the gaseous velocity. 
Let us also note that, irrespective of pressure, the following ratios hold: 

dg. Ua lie 
(Tq 

= —küSlM 
(I-1! 2Í22 (2.18) 

where is the pattern speed. This follows from the fact that the pressure gradient plays 
no role either in the equation of continuity or in the ^-component of the equation of 
motion (in the case of tightly wound spirals). 

III. THE DISPERSION RELATION EOR DENSITY WAVES 

The central relationship for any type of wave motion is that between wavelength and 
frequency. In the theory of self-sustained density waves, one must equate the density 
required to sustain the gravitational potential (eq. [2.1]) according to Poisson’s equation, 

6P = — \ k\A/2irG , (3.1) 

with the sum of the responses in density variation in the stellar and gaseous disks. Thus, 
by using equations (2.13a) and (2.17a), we get the dispersion relationship, 

||| (1 - ^ = &(*) + ^ , (3.2) 

which connects | k j and v for a given galactic model. In the above equation, we define 
K by 

K = K2/27rG<r* , (3.3) 

and we must have 
1 - ^ > 0 . (3.4) 

The limiting cases *> = +1 correspond to Lindblad resonance = ß + k/m; they de- 
serve special treatment (see item 6 in § VIII). 

The waves described by the dispersion relationship (eq. [3.2]) have the following 
properties : 

a) They extend essentially over a range of the galactic disk for which the conditions 

n- — <fí1)<n + — (3.5) 
m m 

are satisfied, where í2(g?) is the angular speed of the stars, and k(xz) is the epicyclic fre- 
quency, as defined before. We shall refer to this range as the principal part of the spiral 
pattern. In Figure 1, we show the graphs of ßfa), ^fa)» an(l ^ ¿ */2 on the basis of the 
model given by Schmidt (1965) ; the relevant numerical values may be found in Table 1. 
According to this diagram, for m — 2, the pattern would extend from æ = 4 kpc out- 
ward beyond 20 kpc, if 0^ = 11 km sec“1 kpc“1. For other values of m > 2 this particular 
part would be quite limited in extent, whatever the value of Qp may be. This is the reason 
why all spirals have two arms (or only one arm), for the rotation curves are qualitatively 
the same. Note that the argument no longer holds for the outer part of a galaxy, leaving 
the possibility open for the existence of “multiple-armed” galaxies such as M101, which 
has still a well-defined two-armed structure in the interior parts. The possibility that 
one-armed galaxies exist cannot be ruled out by the present discussion, but it requires a 
more complicated study which will be presented later. 
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SPIRAL STRUCTURE OF DISK GALAXIES 727 No. 3, 1969 

Z>) We notice that the dispersion relation for such waves is expressed in terms of the 
wavelength X = 2ir/\k\ and the frequency v = — Í2p)//c at which the stars see the 
gravitational field. This relationship includes two additional parameters, x and xg, which 
measure the velocity dispersion of the stars and the turbulence in the gas. As a first 
attempt to appreciate the significance of this dispersion relationship, it is convenient to 
work out explicitly the results in the case of a pure stellar disk. In Figure 2, we show 
the result for the case where the velocity dispersion is barely enough to stabilize the disk 
against gravitational collapse (Toomre 1964). The margin of instability is obtained by 
setting j>2 = 0 in equation (3.2); conditions with v2 < 0 correspond to instability, while 

Fig. 1.—Rotation curve, etc., of our own Galaxy according to Schmidt model (symbols defined in 
Fig 2). 

Fig. 2.—Dispersion relationship. Symbols are defined as follows: v = m(ti — tip)/k, where m = 2 is 
the number of arms, ü{z¡s) is the circular velocity in angular measure at galactocentric distance c3, k(sj) 
is the epicyclic frequency, X is the spacing between two neighboring arms, and X* is a typical length scale 
defined by X* = 47t2G<7j|{/k

2, where cr* is the projected surface density of the stars. 
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TABLE 1 

1965 Schmidt Model of the Galaxy 
A. Rotation Parameters 

a 
(kpc) 

QÍ2 
(km sec-1) 

Q 
(km sec-1 kpc-1) (km sec-1 kpc-1) 

Q — k/2 
(km sec-1 kpc-1) 

ß+/c/2 
(km sec-1 kpc-1) 

1. . 
2 
3. ... 
4 
5. 
6. 
7. 
8. 
9. 

10 
11 
12 
13. 
14. 
15. . 
16. 
17. 
18. 
19 
20. 

200 
187 
198 
213 
227 
238 
247 
252 
253 
250 
244 
238 
231 
224 
218 
213 
207 
202 
197 
193 

200 0 
93 0 
66 0 
53 2 
45 
39 
35 
31 
28 
25 0 
22 2 
19 8 
17 8 
16 0 
14 
13 
12 
11 
10 
9 

245 0 
136 0 
103 0 
85 0 
72 
62 
54 
46 
39 
31 
26 
22 8 
20 0 
17.7 
15 9 
14 3 
13 0 
11 9 
10 9 
10 1 

77 
25 
14 
10 
9 
8 
8 0 

323 0 
161 0 
118 0 
95 
81 
71 
62 
54 8 
47 7 
40 8 
35 4 
31 
27 
24 
22 
20 
18 
17 
15 
14 

B. Structure Parameters 

a 
(kpc) 

^(s) 
(M o pc-2) 

M (os) 
(10® MQ) 

^ to t =47r2(<T*+<7o)A2 

(kpc) 

1 
2 . 
3 
4 
5 
6 . 
7. . 
8 . 
9 . 

10 
11 
12 
13 . 
14 . 
15 
16 
17. . 
18. . 
19.. 
20. . 

1097 0 
817 0 
646 0 
521 0 
421 0 
338 0 
267 0 
206 0 
155 0 
114 0 
86 0 
65 9 
51 8 
41 5 
33 7 
27 8 
23 
19 
16 
14 

11 
20 
31 
44 
57 
70 
82 
93 

103 
111 
117 
123 
127 
131 
135 
138 
140 
143 
145 
147 

3 
7 

10 
12 
13 
14 
15 
16 0 
17 1 
19 
20 
21 
22 
22 
22 8 
23 0 
23 2 
23 4 
23 5 
23 7 
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SPIRAL STRUCTURE OF DISK GALAXIES 729 

those with p2 > 0 correspond to neutral waves. The condition v2 = 0 leads to a minimum 
dispersion velocity (ca2) given by (see Toomre 1964)8 

= 0.2857 ^ f , (3.6) 
K¿ 7 

below which there would be gravitational collapse. However, the corresponding wave- 
lengths of the unstable waves, if (ca2) is slightly lowered from these critical values, are 
usually so large that their significance in the spiral theory is not clear. Thus, one might 
be inclined to think that even when (ca2) is not as large as that given by equation (3.6), 
the dispersion speeds may not increase any further. 

As noted above, these calculations are based on an infinitesimally thin stellar sheet. 
The effect of a fair amount of gas and the modification due to finite thickness have been 
studied in detail by Shu (1968) and found to be not critical for the particular relationship 
in Figure 2. Some further discussion of these points will be given when our results are 
used in the following sections. 

c) To the approximation discussed here, there are no indications that either trailing 
waves or leading waves are preferred, one to the other. However, such indications (though 
not conclusive) are found in the next approximation: Trailing patterns are preferred over 
leading patterns, if the velocity dispersion of stars increases toward the center. Other ef- 
fects, especially non-linear terms representing convection of matter, would also tend to 
prefer trailing patterns. We are now in a position to compare our theoretical results with 
observed features in our own Galaxy. 

IV. DISTRIBUTION OR ATOMIC HYDROGEN IN THE GALAXY 

On the basis of the basic model shown in Figure 1, and the dispersion relationship 
shown in Figure 2, we can calculate a spiral pattern as soon as the pattern speed is 
decided upon. A cursory examination of the numerical values obtained will show that 
Op must be in the range of 11-13 km sec-1 kpc“1 to arrive at spacings between spiral arms 
that are reasonable compared with observations. One must also keep in mind that there 
is no reason why there should be only a single pattern associated with a single angular 
frequency Op. A group of waves should in general be present. For simplicity, however, 
we shall try our best to compare the observational data with the theoretical results for a 
single pattern. It is therefore too much to expect very close agreement; yet we shall see 
that the results are surprisingly good. 

In Figure 3, we reproduce the spiral pattern presented by Lin and Shu (1967), based 
on a pattern speed 

Op = 11 km sec-1 kpc-1 . 

The related basic data used are given in Table 1. When this pattern is compared with the 
observed distribution of atomic hydrogen, it appears to be in good agreement, although 
an even better agreement can probably be obtained by taking Op slightly higher. As it 
is, the spiral pattern is perhaps a little too tight, but it does show the correct number of 
arms from the solar vicinity inward, up to the “3-kpc arm.,, The latter is tentatively 
associated with the strong motions that might be expected at inner Lindblad resonance, 
where 

tip = Q — k/2 . 

According to the theory, the pattern ends here as a ring; there is no prominent pattern 
inside this ring. Indeed, no strong indications of a spiral structure have been obtained 
from observations. A detailed study of the conditions near Lindblad resonance requires 

8 Toomre considered exponentially damped or growing rings, not neutral spirals; but the mathematical 
theory is related to that in the present paper (see Lin and Shu 1966). 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
 6

9A
pJ

. 
. .

15
5 

. .
7 

2I
L

 

C. C. LIN, C. YUAN, AND FRANK H. SHU 730 Vol. 155 

an extensive reformulation of the theory for dealing with a stellar sheet. This has been 
carried out by Shu (1968). 

The Perseus arm and the Sagittarius arm can be fitted into an over-all spiral pattern 
with a skeleton shown by Figure 3, if each arm is assigned a width equal to about one-half 
the spacing. The distribution of the young optical objects in these arms will be discussed 
in § VI; no serious problems arise. The inner arm (the one inside the Sagittarius arm) 
also fits well into the picture. The Orion arm, however, presents somewhat of a problem. 
It is known to be inclined at about 30°, from observations of neutral hydrogen, optical 
objects, and magnetic field. If an arm with such an inclination were to be fitted into a 

16 - 

14 - 

16 - 

Fig. 3.—Spiral patterns at Q* = 11 km sec“1 kpc“1 

two-armed pattern in our vicinity, the interarm spacing would be about 18 kpc, since the 
pitch angle i is related to this spacing X by the simple relationship X = ttGo tan i, where 
GJo is the distance to the center of the Galaxy (gj0 = 10 kpc in the present case). Such a 
spacing is clearly inadmissible, and we are therefore forced to conclude that the Orion 
arm (in which the Sun is located) is an interarm branch. Such branches, of course, occur 
quite frequently in the outer parts of disk-shaped spiral galaxies, and therefore we need 
not be unduly alarmed. 

We shall leave the details of the choice of the pattern speed Qp and the initial point 
(gJoA) in equation (2.2) to a separate discussion (Yuan 1969). Suffice it to mention here 
that the choices are limited to very narrow ranges. 

Dispersion Velocities of Stars, Finite Thickness of the Galactic Disk 

One subtle but rather crucial check of the general concepts is to examine the dispersion 
velocities of the stars predicted according to equation (3.6). In the above calculations, 
the disk is taken to be a pure stellar sheet of infinitesimal thickness. This leads to an 
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rms value <Cô2>1/2 of the radial dispersion velocity of about 52 km sec“1 for the solar 
vicinity, which is decidedly too high by at least 25 per cent. If the effect of the gas had 
been included, the discrepancy would have been larger. However, Shu (1968) has shown 
that all the discrepancies disappear when we take into consideration the effect of the 
finite thickness of the disks of stars and of gas. It is found that the pattern speed should 
also be increased slightly, to about 13.5 km sec-1 kpc“1. (This value will be used in § VII.) 
Shu’s calculations show that the rms value of the radial dispersion velocity should be 
about 37 km sec“1 in our vicinity (but presumably somewhat lower), if it is barely suf- 
ficient to sustain gravitational collapse. This value is in reasonable agreement with 
observations. 

In the same study, Shu found the relative importance of gas and of stars to be about 
comparable. Here it is important to keep in mind that the gaseous disk is much thinner 
than the stellar disk. Consequently, the projected mass density of gas is not as large as 
indicated by the local volume density. 

V. SYSTEMATIC MOTION9 OF THE GAS 

The possible existence of systematic motions was suspected quite early. Kerr (1962) 
suggested it as a possible source of difference between northern and southern observa- 
tions. More recently, Burton (1966) considered the possible existence of a systematic 
motion of the gas near the outer edge of the Sagittarius arm, and concluded that athe 
observations are consistent with a situation in which the high-velocity stream is hydrogen 
flowing along the spiral arm, parallel to its axis.” But he also suggested other possibilities. 
Shane and Bieger-Smith (1966) also discussed the role of systematic motions as part of 
their extensive effort in constructing alternative galactic models. 

None of these authors, however, stressed the dynamical mechanism by which these 
systematical motions are produced. To be sure, whenever there is a circular (or nearly 
circular) arm of concentrated matter, its associated gravitational field would produce a 
systematic motion of the gas along its edges. It is easy to see this from considerations 
of angular momentum; indeed, the motion must be with the general rotation on the 
outside edge, and against the general rotation on the inside edge. But the density-wave 
theory goes deeper in the following two respects: 

a) Since the pattern speed must in general differ from the speed of the material ob- 
jects, which are in differential rotation, there must be systematic motion of the gas to 
maintain conservation of matter. 

b) The existence of the gaseous arm clearly indicates the presence of a minimum in 
gravitational potential, but the gravitational potential is expected to be jointly main- 
tained by the gas and by the stars with dispersion speeds comparable to the turbulent 
speeds in the gas. In many situations, the stellar component would be dominant in supplying 
the gravitational field. Thus, there is no need to be concerned about having sufficient 
contrast in gaseous density in order to maintain the field. 

The systematic motion of the gas is estimated to have velocity components of the 
order of 10 km sec“1. The radial component10 cannot be easily singled out from observa- 
tional data, but its magnitude is certainly compatible with the range of theoretically 
predicted values. The component in the circular direction would cause variations in the 
observed rotation curve. These variations have long been observed, but they were 
thought to be possibly the consequence of missing gas over interarm regions. A detailed 
study by Yuan (1969) has conclusively shown that the latter effect does not give sig- 
nificant contributions to the variation in velocity. 

9 By systematic motion, we mean the bulk motion of the gas in addition to the circular motion of the 
basic galactic model. 

10 For convenience of comparison with observational features, let it be noted that this component is 
directed toward the galactic center when the spiral pattern is trailing and traveling at a pattern speed 
lower than the local circular velocity. Cf. Miller (1968) for relevant data in the Perseus arm. 
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A comparison of theory with observation (Kerr 1964) is shown in Figures 4,5, a, and 
5, b. In Figure 4, we show the location of the gaseous arms as deduced from the location 
of the maxima and minima in the rotation curves shown in Figure 5. The figure is in 
very good agreement with the location of atomic hydrogen determined from direct obser- 
vations. In Figure 5, we show the theoretical curve (dashed), assuming a certain “true 
rotation curve” on each side. There is good agreement in major features. The sudden dip 
in the northern curve at about 53° in galactic longitude l11 may be traced to the inter- 
section of the Orion arm with the Sagittarius arm. The northern and southern rotation 
curves are still different, suggesting an oval distortion of the Galaxy as a whole. Such a 
distortion was suggested by Kerr. For a uniformly rotating disk, Hunter’s (1963) theo- 
retical work also indicates that it is an important mode of instability; more recently, 
Kalnajs (private communication) showed that this mode was particularly difficult to 

10 

Fig. 4.—Locating gaseous arms from variations in the rotation curves 

stabilize by stellar dispersion velocities. Work remains to be done to correlate the 
observational data with these general theoretical conclusions. 

In the quantitative study of systematic motion, it is necessary to keep the role of the 
hydromagnetic forces in the picture. Yuan (1969) has discussed this point in great detail. 
The amplitudes of the velocity variation shown in Figures 4 and 5 are all about 8 km 
sec-1. This could be caused by a spiral gravitational field equal to about 5 per cent of the 
axisymmetrical field (cf. § VII) acting on a gas with turbulent velocity equal to 7 
km sec-1 (rms value of one component) and with a magnetic field of about 5 X 10“6 

gauss. The amplitude of the total variation in mass is about 10 per cent of the mean, 
with gas and stars each contributing about half of the amount. 

VI. THE DISTRIBUTION OF YOUNG STARS AND OTHER OPTICAL OBJECTS 

It is well known that young O and B stars are indicators of the spiral arm. It is also 
generally agreed that they are formed at places of the highest gaseous concentration.11 

11 Recent work by Roberts (1968) shows that the process of star formation is intimately related to the 
formation of shocks in the gaseous flow, but the discussions in this section are not altered (see § VIII). 
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In the density-wave theory, this has a very important implication : The newly formed 
stars must eventually migrate out of the arms, since the former revolve at the angular 
velocity of the material (say 25 km sec-1 kpc-1), while the latter move at the speed of 
the pattern (say 13 km sec-1 kpc“1)- Over a period of 10 million years, there would be a 
separation of the stars from the gaseous arm by something like 1.2 kpc in the solar vicin- 
ity. However, since the inclination of the spiral arms is small, the radial separation is 
only about one-tenth of the above amount, and becomes difficult to detect. (For a more 
detailed discussion, see Lin 19675.) 

With the spiral pattern discussed in § IV, it is found that the young optical objects 
indeed lie within the spiral arms, with the notable exception of the Orion arm (already 
discussed in § IV). Although the optical objects in the Perseus arm seem to indicate a 
fairly large local inclination, their radial spread is not so large as to cause any difficulty 
in locating them within an arm of small over-all inclination. There seems to be, however, 
some difficulty with the optical objects in the Vela-Carina direction. There may very 

GALACTIC LONGITUDE (Tn) 
30° 40° 50° 60° 70° 80° 90° 

GALACTIC LONGITUDE Un) 
330° 320° 310° 300° 290° 280° 270° 

Fig. 5.—a, Northern Hemisphere. £>, Southern Hemisphere. Rotation curves. Observation (Kerr 1964) 
 ; theory ; mean motion, theory . 
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well be some local irregularities special to this region. Further theoretical and observa- 
tional studies are certainly much to be desired. 

At this point, it should be emphasized again that the theory primarily deals with the 
over-all pattern, the grand design, rather than with the detailed structure. It should, 
however, be possible to introduce local effects, such as the radial expansion of stars from 
an O-association, to explain local irregularities. 

A closer examination of the structure of the spiral arm should then reveal the following 
three “lanes”: (1) a dust lane indicating the place of highest gas concentration, (2) a 
lane of brilliant newly formed young stars with large H n regions—the string of beads 
noted by Morgan and his collaborators (see Sharpless 1965)—and (3) a lane of dying 
O stars with much smaller H n regions.12 

Since the dust is suspended in the gas, it is plausible that it should be the thickest 
where the gas density is the highest. This is known to be true on a large scale. As the 
dust particles pass through the spiral arm, they will evaporate under the effect of the 
radiation of the brilliant young stars. (On a smaller scale, there must also be very little 
dust in the immediate vicinity of bright stars.) One might therefore conceive of a process 
of dust formation after the gas (moving in a nearly circular orbit) has left the bright and 
hot part of the spiral arm. This process continues to produce more dust, so that the 
highest concentration of dust is reached just before the particles are again evaporated at 
the next arm. If it is assumed that the pattern speed is about one-half the circular speed 
of the material (as is expected to be approximately true in our vicinity), the time be- 
tween destruction and recongregation into a dust lane is about 1 galactic year. This 
should be compared with a typical time scale for dust formation, and a figure of 2 X 108 

years is by no means unreasonable. 

VII. THE MIGRATION OF MODERATELY YOUNG STARS 

Ever since the method for the determination of stellar ages was greatly improved by 
Strömgren and his collaborators,13 it has become meaningful to look for the birthplaces 
of the moderately young stars by following the history of their migration. It is expected 
that these stars would all be found to be formed inside spiral arms. For these calculations, 
one has, of course, to know the present location of the stars and to obtain their velocities 
from observations of their proper motions. All these are now obtainable with sufficient 
accuracy. Indeed, Contopoulos and Strömgren (1965) constructed tables for the easy 
calculation of such orbits, and had some success with the program. Some preliminary 
results were reported by Strömgren (1967), and it was concluded that these are generally 
compatible with the density-wave theory. 

An important factor not included in this earlier analysis was the effect of the spiral 
gravitational field. Preliminary explorations made by Lin with the help of S. C. Wang, 
showed that even a small spiral field (equal to 5 per cent of the symmetrical field, for 
example) could be quite significant. It is thus necessary first to determine the spiral 
gravitational field for our Galaxy by using the results of § V. By experimenting with 
different choices of pattern frequencies and field strengths, Yuan (1969) found that a 
good choice would be a pattern speed of about 13.5 km sec“1 kpc“1 and a field strength 
of about 5 per cent of the symmetrical field. The results of his analysis are shown in 
Figures 6 and 7. In Figure 6, the places of formation of twenty-five stars are shown by 
using the ages determined by Strömgren et al. (private communication). Clearly, they 
appear to lie on one spiral arm which is leading and does not fit into any known struc- 

12 Specifically, A. Sandage pointed out to Lin the possibility of making these detailed observations 
and analyses in connection with M33. He also mentioned the plans of B. Lynds in this work. 

13 See Crawford (1963, 1966); Strömgren (1963a, 6, 1964, 1965, 1966a, b)\ Strömgren and Perry 
(1965); Kelsall and Strömgren (1966); Crawford and Barnes (1966); Crawford and Perry (1966); and 
Crawford and Strömgren (1966). 
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ture from radio observations. In Figure 7, the places of formation of the same twenty- 
five stars are shown when the analysis includes the field described above. It is seen that 
all of them now lie in spiral arms. 

The age determination suffers from an uncertainty of 10-15 per cent. We have taken 
the ages recommended by Strömgren et al., with a few exceptions, but all well within the 
error limits given. In these few cases, the age was chosen to minimize the components of 
the dispersion velocity “at birth.” In all cases, each component of the dispersion velocity 
is within 25 km sec-1. This is deliberately taken to be higher than the initial turbulent 
velocity of the gas in order to allow for the increase during the formation process and for 
the inaccuracies of the parameters involved in our calculations. 

VIII. CONCLUDING REMARKS 

a) The density-wave theory has many attractive features. At the present time, there 
is as yet no definite criterion for the precise determination of the pattern speed Í2P. The 
observational check of the theory therefore lies in the comparison with a multitude of 
data. One set of data may be regarded as a basis for determining the pattern speed, while 
the others are then used as checks. Indeed, the value of turns out to be rather sharply 
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defined by the observational data. Other comparisons between theory and observations 
are also extremely satisfactory. For example, in the problem of the migration of moder- 
ately young stars, there are a great many factors that could cause the results to go astray, 
and yet we have obtained impressive agreement. Further continuation and extension of 
the observational program would be extremely desirable. 

In general, it might be noted that the numerical values determined in this paper are 
subject to changes with the observational data and the theoretical models used, but we 
can have reasonable confidence in them, perhaps to within 20 per cent. 

b) The range of values 11-13 km sec“1 kpc“1 obtained for the pattern speed is 
also very satisfactory from the theoretical point of view. With reference to Figure 1, it 
is clear that Lindblad resonance is very nearly realized with in this range, but there 
is a definite deviation. In the theory of Lindblad, co-operative effects were neglected; 
thus, he insisted on exact resonance, which can happen only if an extremely special 
rotation curve £2(æ) holds—i.e., one for which fí — k/2 = const. We include the co- 
operative effects, and the deviation is a measure of the scale of the spiral spacing in the 
theory of the infinitesimally thin disk. A finite scale must be allowed; otherwise, the 
peculiar motions of the stars, both in the galactic plane and perpendicular to it, would 

Fig. 7.—Places of formation of stars as determined with the inclusion of a spiral gravitational field 
travelling at a pattern speed of 13.5 km sec“1 kpc“1 and having an intensity equal to 5 per cent of that 
of the symmetrical gravitational field. 
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suppress the waves. Thus, by taking the pattern speed Í2P in the range indicated by 
present investigations, we are “as close to resonance as possible/’ without giving up 
density waves altogether. Such is indeed the condition expected of any mechanical 
system. 

c) The strength of the spiral field has now been estimated from the study of the 
migration of moderately young stars. It would be interesting to see how much contrast 
in gas density would ensue as a consequence. Calculations of this type have been made 
by Fujimoto (1966) and by Roberts (1969). Since the parameters chosen by Fujimoto 
do not correspond to those for a two-armed pattern discussed in this paper, only the 
results of Roberts are useful as a basis for checking the linear theory. A comparative 
study shows that estimates made on the basis of an extrapolation of the linear theory 
give generally satisfactory results. 

d) The calculations of Fujimoto and of Roberts indicate the formation of a shock. 
This might indeed be an essential element in the process of star formation. One might 
imagine that the gas in turbulent motion has “clouds” before the shock, which are on 
the verge of gravitational collapse; the sudden compression would then trigger off the 
collapse of the clouds, which would lead to star formation. After the gas left the shock 
region, it would again be decompressed, and the process of star formation would cease. 
Superficially, such a process appears to be in such excellent agreement with our general 
concepts that it deserves further careful study in the immediate future. 

An implication of this discussion is that the concentration of gas, though relatively 
high, need not be sufficient to imply extensive formation of new stars. The other prereq- 
uisite14 of a shock must be fulfilled in many cases. This conclusion appears to be in 
general agreement with the abundance distribution of neutral hydrogen found by 
Roberts (1967) in certain galaxies. The highest abundance of hydrogen in certain galaxies 
is found in a ring outside the spiral structure. This is readily explained on the basis of the 
present theory, if it is supposed that shocks have not been able to form in these outer 
parts, because the conditions there (with too few stars and too much gas) are not favor- 
able to the propagation of density waves. 

Other corroborative evidence is the absence of H n regions within 4 kpc of the galactic 
center. Our theory suggests that this should be the case, since there cannot be any 
density waves inside the radius of inner Lindblad resonance (cf. Fig. 3). Indeed, the 
109a radio observations reveal no H n regions in such localities (outside the dense 
nucleus).15 

e) Once the process of star formation is clarified, one can proceed to study the evolu- 
tion of a galaxy as a whole. Presumably, larger galaxies evolve faster, and the gas content 
in them would be more nearly depleted by now than in a smaller galaxy, if we assume 
that all the galaxies were formed around the same epoch. Thus, in a future epoch, a 
smaller galaxy might take on some of the present appearances of a larger galaxy, even 
though the two objects are never the same at any time. These speculations must be con- 
firmed by careful analysis and substantiated by the observed stellar and gas contents in 
galaxies of various types. 

/) The points of Lindblad resonance play important roles in the present theory. In 
the first place, they mark the extent of the spiral pattern in a theory involving stars. 
The scale of the wavelength reduces to zero at these points when the theory is developed 
on the basis of an infinitesimally thin disk. Thus, the spiral pattern is substantially 
“insulated” from the boundary conditions at the center of the galaxy. If the conditions 
are such that both the resonance points are absent, the existence of a spiral pattern 
becomes more doubtful. (This remark is presumably relevant to the anti-spiral theorem 
of Lynden-Bell and Ostriker (1967) in the case of a purely gaseous disk with pressure. 

14 Still another favorable condition is a high degree of turbulence, as will be discussed elsewhere. 
15 See Burke (1968) and the older work of Westerhout on background radiation, as quoted on page 

196 in Kerr and Westerhout (1965). 
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In the gaseous case, the resonance condition described above does not exist; there is no 
case in which the wavelength reduces to zero.) 

The behavior of stars near resonance has been studied thoroughly by Shu (1968). 
The behavior of gas has been studied by Roberts (1969), who found that there are “free 
modes^ near resonance, i.e., there are solutions to equations of gas dynamics which cor- 
respond to non-circular motion even when the spiral component of the gravitational 
field is absent. 

Clearly, the initiation of a spiral structure by mild instability of the type described in 
Paper II (caused by the gradient of dispersion velocities) is intimately related to the 
existence of a neutral spiral mode satisfying boundary conditions. Thus, the total absence 
of resonance points makes it unlikely for this instability mechanism to become operative. 
Consequently, conclusions obtained from the studies of a uniformly rotating disk need 
not apply to real, differentially rotating, disk-shaped galaxies. 
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APPENDIX A 

RESPONSE OF A STELLAR DISK TO A SPIRAL GRAVITATIONAL FIELD 

We give here an outline of the calculation of the response of a stellar disk to a spiral gravita- 
tional field. 

Let t be the time, and (H, 0, Z) be the components of total stellar velocity in the cylindrical 
coordinates (G5,0,z). We shall restrict ourselves to the two-dimensional case and introduce the 
peculiar velocity components (cQyce) by the relations 

Co = II , £0 = 0 — , (Al) 

where Î2(æ) is the angular velocity of circular motion defined by balancing the centrifugal ac- 
celeration Giß2 with the symmetrical gravitational field. The distribution function '&(G,dfcaicet) 
then satisfies the differential equation 

+ coH+(0+t)l:+(ao+fio2+2iic9+?')IS 
/ K2 CaC$\ d^r 

V9 — 20 Co a~) âc* = 0 

(A2) 
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where k(w) is the epicyclic frequency defined by 

«'-M’O+ss) 

739 

(A3) 

and (aa9ad) are the components of acceleration of the prevailing gravitational field. In conform- 
ity with our scheme (Lin and Shu 1966), we do not impose a condition of self-consistency at this 
point. Instead, we assume that the resultant field is of the form 

ÇdtSjde) = (gjÎ22,0) “1“ {daijdßi) , (A4) 

where (am^aoi) are derivable from a spiral gravitational potential, 

that is, 
T)i = A (a) exp {i[œt — md + ^fa)]} '> 

dVi 1 dVi 
aai=~~te’ an = -*~df- 

(AS) 

(A6) 

In equation (A5), both A(&) and Í>(g5) are real, and co is a complex parameter (cf. eq. [2.1] 
in the text). 

If T'ois the symmetiical distribution function corresponding to the case ^4=0, and if we 
write 

* = *o(l + *) = e-Q»(l + ^) , 

then 'l' satisfies the linearized equation, 

(‘■ + l)f + (2!! + f) 
Ce 

dt 
dca 

/ K2 Ce\ d\¡/ dQo dQo 
— (  )cq = da>i ~~~ + dei ~ 1 w J ~ dc$ A dca ’ ,,A dc$ 

With the field components (eq. [A6]), Tr is naturally expected to be of the form 

ÿ — <l>(w,ca,ce) exp {i[o)t — M0 T>(cj)]} . 

The amplitude function <p satisfies the equation 

Ca 
d<t> 
dm + (20 + l)Celè_(è + l)Co 

d<¡> 

“1“ — TU — WÍ2) = ga —-j- 

dce 

^Qo , ^ dQo 
ge 

where 

and 

dee 

k(m) = 3>'(gí) 

(aaiydei) = (g*jge) exp {i[œt — md + T>(oj)]} 

(A7) 

(A8) 

(A9) 

(A10) 

(All 

(A12) 

Asymptotic solution of equation {A 10).—If we are dealing with the case of tightly wound 
spirals, we may attempt an asymptotic series of the form 

<p — <p(0) + e<p(1) + . . . , (A13) 

where e is a parameter of the order of (fe)-1. Consistent with this approximation, we shall first 
introduce dimensionless velocities referred to local values; thus, we shall write 

^ = £71 = £(2aA)(aO) , (A14a) 

cQ = y](mQ) . (A 14b) 
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(The scales are suggested by our experience with the theory of epicycles.) It is then not difficult 
to verify that the equation for ^(0) is 

V 
d<p^ 

dl; 

d<p(® 

* dii 
+ i(y + a£)<p(0) ia A dQo 

~V7~dify (A 15) 

where a and v are defined by 

and 
a = (fotf) (2í22/k2) , 

v = (œ — mÚ)¡K . 

(A 15a) 

(A15b) 

Notice that a characteristic integral of equation (A 15) is 

e + v2 = c(w), (A16) 

thanks to the choice of scales adopted. For our present purposes, we shall also take the basic 
distribution to be a function of £2 + rj2 and GJ; i.e., 

Qo = Qo(e + V2, a) • (A17) 

Such a distribution function holds, when only stars of small dispersion speeds are considered. 
Since only a small fraction of stars have large dispersion speeds, and since they are not expected 
to be greatly influenced by the spiral gravitational field, equation (A 17) is a good approxima- 
tion for our present purposes. It is also compatible with the usually adopted Schwarzschild dis- 
tribution. In that case, Qo is indeed of the form 

Q°= +wjl+eoo(s) ’ (A18) 

where (cs>2) and (c^2) are the mean-square values of the components of dispersion velocities for 
the location GJ. For the moment, we shall consider general distribution functions of the form 
(A17). Note that ta is a parameter in all these calculations. 

To integrate equation (A15), we introduce the characteristic integral (A16) as one of the 
variables; i.e., we introduce the polar coordinate system (r,^) in the (£,77)-plane: 

£ = T cos s , 77 = T sin s . (A19) 

Then equation (A 15) becomes 

-~ + i(p + ar cos Q'(j2)t cos í , (A20) 
as Vr 

where Qo'(t2) denotes the derivative of Qo with respect to r2, the dependence on G being under- 
stood. Both T2 and G are, of course, to be treated as parameters for the purposes of the differential 
equation (A20). As we shall demonstrate below, the solution of this differential equation is 

2 A 
= - "pTi (V(t2)[1 - q(a£,ari,v)] , (A21) 

where 

1 * 
q = —V1f -T97r- S exP {ilvS sin s + a1?(l + cos . (A22) 

sin (vir) Zw _T 

It is readily verified by direct substitution that equation (A22) is indeed a solution of the original 
equation (A 15). 
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The derivation of equation (A21) from equation (A19) is also not difficult. The general solu- 
tion of equation (A21), which involves one “constant” of integration depending both on r (to 
be exhibited) and on us (not to be exhibited), is 

?(0) = eiF(8'T)[c(r) + cos /d/] , (A23) 

where 
F(s,r) = vs clt sin s . (A24) 

To determine C(r), we apply the condition of periodicity, equating <p0(s) with «poC? + 2w). We 
then consider the integral in (po(s + Iw) in its alternative form given by the right-hand side of 
the identity, 

*-f2x 2x 2x+* 

f = f+ f . (A25) 
0 0 2* 

The change of variable s' = 2W + s" in the last integral of equation (A25) reduces it to the 
form 

J'e-iF(a"+ix,r)T cos s"¿s" = eUiyJ'e-F(.*",T)T COg s"¿s" _ (A26) 
0 0 

In the form on the right-hand side of equation (A26), the integral is the same as that occurring 
in <po(s). Some obvious calculations would then yield the desired determination of C(r), and 
thence the result (A21). 

Some remarks on the solution (A21).—The solution (A21) may also be written in the following 
form. If we recall the definitions of ^ and cp (eqs. [A7] and [A9]), we see that the “response,” in 
terms of the distribution function itself, is 

*i = Vot = yr¿ *o'(r2)(l - q) , (A27) 

where q(a%ya7],v) is defined by equation (A22), £, r) are defined by equation (A 14), and r2 = 
£2 + rf. The parameters a and v are defined by equations (A 15a) and (A 15b). For the Schwarz- 
schild distribution, we have 

(A28) 

It is important to notice that the density response, obtained by integrating equation (A27) 
with respect to cm and cq, is always real for real co. To see this, we first note that SPo'tr2) is even 
in 7], The imaginary part of q appears in terms of the two integrals, 

9T 
31 = </* cos {vs — a£ sin s) sin [arç(l + cos s)]ds 

—X 
and 

X 
32 = */* sin {vs — a£ sin s) cos [arj{l + cos í)]¿í . 

—X 

Now, 3?2 is clearly zero, since the integrand is odd in s. The integral does not vanish, but it is 
clearly odd in rj. Thus, when the integration in r) (i.e., in co) is performed, the net contribution 
vanishes. Indeed, all even moments of ce, weighted with an arbitrary power of cm, vanish for 
the perturbation (A27). 
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APPENDIX B 

CALCULATION OF RESPONSES IN DENSITY AND IN 
COMPONENTS OF MEAN STELLAR VELOCITY 

We consider the case where the basic distribution function is the Schwarzschild distribution, 

*0 = Po(o) exp [- f (e + ,2)] , (Bl) 

where po 1 is a measure of the mean-square value of the dispersion velocities 

Mo“1 = (ca2)/Vi2, Fi = (2í2A)(gjO) , (Bla) 

and Po is the normalization factor, so that 

<7*0 = m*f S'kodcmdce . (B2) 

The response of distribution function to the spiral gravitational field is now of the form 

(B3) 

where q is defined by equation (A21). 
For the state ^ = Tro + Th we have 

<Tt(Q,d,t) = mtf fVdcadq,, (B4a) 

and also the following relations for the mean stellar velocity components va and vq: 

f^CxadcuidcQ , (B4b) 

<7*z>0 = f^c^dcmdcQ . (B4c) 

It is easy to verify that, within the approximation of the linear theory, 

o*i _ J* J'^idcadcp _ —Ui __ v v 

o'+o J*S'kodcmdce (ca2) ^ ^ ’ 

Va _ — Ui 

Vi “ W) 

== — Dx 
CDfí (Ca2) Ml -q)), 

(BSa) 

(B5b) 

(B5c) 

where < ) denotes the weighted average with respect to SPo or the function exp [—!mo(£2 + y2)]* 
The calculation of these averages depends on well-known relationships of the type 

(e<Xf) = e-*2/2M0 , 

(£eiXd) = ^ ) 
Mo 

) = — e-x!
2/2Mo j 

Ho 

(B6a) 

(B6b) 

(B6c) 

for Gaussian distribution functions. It is then easy to verify, by using equation (BSa), that 

<(1 - 5)> = 1 
vv 

sin (vir) 
®v(x) , (B7) 
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where x — k2(cai')//c2, and 

1 * 
&v(x) — — fe~^1+cos s) cos vsds . 

¿TT -TT 
(B8) 

The reduction factor 3^0*;) occurs in equation (2.13a) in the text may then be introduced 
by defining it with the relation 

L sin (vtt) J sw*) X 
(B9) 

so that equation (2.13a) takes on a form directly comparable with the case of zero dispersion 
speeds. 

TABLE 1A 

Numerical Values of the Reduction Factor g(»,x) 

8 

0 0. 
0 1. 
0 2. 
0 3 
0.4 
0 5 
0 6 
0 7. 
0 8. 
0.9. 
1 0.. 

0 5342 
.5333 
.5305 
.5258 
.5191 
.5100 
.4984 
.4838 
.4658 
.4435 

0 4158 

0 3457 
.3447 
.3416 
3363 
3286 

.3185 

.3056 

.2894 

.2695 
2452 

0 2153 

0 2523 
.2514 
.2484 
.2434 
.2362 
.2266 
.2145 
.1994 
.1810 
1586 

0 1312 

0 1982 
1974 
1946 

.1901 

.1835 

.1748 

.1638 
1503 

.1337 

.1136 
0 0894 

0 1633 
1625 

.1600 

.1558 

.1499 

.1420 

.1321 

.1199 

.1050 

.0871 
0.0656 

0 1389 
.1381 
.1359 
.1321 
.1267 
1195 

.1105 

.0995 

.0861 

.0700 
0 0507 

0 1209 
.1202 
1182 

.1147 

.1097 

.1032 

.0950 

.0849 

.0726 

.0581 
0.0408 

0 1068 
1066 

.1046 

.1013 
0966 

.0907 

.0833 
0739 
0629 
0494 

0.0341 

The evaluation of the integral in equation (B5b) can be done with the help of equation (B6b), 
where Xi = a sin s. We find that an integral of the form 

1 ^ 
&ÁX) — ö“ J^e~xa+coa s) sin vs sin sds 

-T 

is involved. By partial integration, this can be transformed into 

^ . v Sin (V7r) [\ V7T /rt / 
§„(*) =  1 - - . t—t @„0*0 . 

7TX L sin (vtt) J 

Thus, the result can be best summarized by writing 

(1(1 — ?)} : ((1 <z) > = — ~ a 
or 

Va cr*! 

Gtfß (T^o 

CO MÍ2 

Q(kto) 

(Bio) 

(Bll) 

(B12) 

(B13) 

It is worth noting that equation (B13) may be obtained directly by using the equation of conti- 
nuity in the continuum form. The reduction factor §y(1)(æ) in equation (2.13b) is thus identical 

with S'W: - 8.M . (B14) 

The numerical values 3i„(æ) are shown in Table 1A and Figure 8. 
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744 C. C. LIN, C. YUAN, AND FRANK H. SHU Vol. 155 

To evaluate equation (B4c), we follow a similar method by using equation (B6c) with X2 = 
a(l + cos s). The result can be best summarized by writing 

(v(i - Ç) > : m -ç)>= : &(x) , (B15) 
or 

(ü¡Ü)(2Ü/k) = • (B16) 

In the form used in equation (2.13c) in text, we then have 

&&)(X) = -(1-¿-y
(y [-©/(*)] , (B17) 

where ©/(#) is the derivative, with respect to its own argument x, of the function ©„(#) defined 
by equation (B8). 

Fig. 8.—The reduction factor. Abscissa is a measure of the mean-square value of the radial component 
of the peculiar velocity of the stars. 

APPENDIX C 

AN ALTERNATIVE FORM OF THE DISPERSION RELATION 

The dispersion relationship (3.2), in the case of a purely stellar disk, will now be presented 
in a form that reminds us of the similarity between our problem and that of waves in electro- 
magnetic plasma. In this case, the dispersion relation (3.2) may also be written as 

-¡^r = — • 7 , (Cl) 
I & I XL sin {vt) J 

where ©„(*) 1S defined by equation (B8). Clearly, the function on the right-hand side has 
singularities (poles) at the points y = ±w, where ^ is a positive integer. Otherwise, the function 
is analytic in the complex variable v. Such meromorphic functions can be expanded into an 
infinite series of the principal parts at the poles, according to a well-known theorem of Mittag- 
Leffer. Clearly, the principal parts at v = +n, —n are related, and it is therefore convenient to 
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consider the series in the form 

745 

VTT 
= X) 

Bnjpc) 
i v2 — n2 (C2) 

sin (yir) 

By taking the limit v—tn, we find that 

Bn(x) = (—)nn2In(x) , (C3) 

where In(x) is the modified Bessel function of order n. Thus, equation (Cl) may be written as 

= i fi _ 
k x L (v/n)2 — U 

(C4) 

The difference between this and the familiar formula for plasma physics (Bernstein 1958) lies 
essentially in (i) the difference in geometry and (ii) a reversal of sign caused by the difference 
between gravitational and electromagnetic forces. 

The present form of the theory, as embodied in equation (3.2), is, however, much more 
perspicuous for the spiral problem, especially when there is also gas present. The concept of the 
reduction factor has been found to be particularly useful. 
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