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ABSTRACT 

The stability of a dilute gas in mechanical and thermal equilibrium is studied with a view to applica- 
tions to non-gravitational condensation phenomena in astronomy. It is shown that, under a wide range of 
conditions, thermal equilibrium is unstable and can result in the formation of condensations of higher den- 
sity and lower temperature than are found in the surrounding medium The instability criterion is shown 
to differ considerably from certain criteria proposed by previous authors. The modifications due to finite 
speed of sound, to thermal conduction, to a magnetic field, to rotation, to an external gravitational field, 
and to expansion of the medium are studied. Applications are made to the solar chromosphere and 
corona, to the interstellar medium in the galactic disk and halo, to planetary nebulae, and to inter- 
galactic matter. It is shown that the principle of thermal instability is closely related to the formation of 
solar prominences, to condensations in planetary nebulae, and to condensation of galaxies from the 
intergalactic medium. 

I. INTRODUCTION 

a) Condensations Not Due to Gravitation 

Most astronomical objects owe their existence to self-gravitation. However, there is 
a class of objects, including solar prominences, interstellar clouds, and condensations 
in planetary nebulae, whose existence cannot be explained in this way, as their calcu- 
lated gravitational energies are far smaller than those due to internal pressure. In each 
case it appears reasonable to assume that internal pressure is being balanced by pres- 
sure in an external diffuse medium. It then appears likely that the objects in question 
are formed from the diffuse medium by some kind of condensation process not involving 
gravitation. The present paper aims at understanding such a condensation process. It 
is believed that the calculations presented will find a variety of astronomical applica- 
tions, including those already cited. Perhaps the most exciting possibility is that the 
origin of galaxies may be explained along these lines. 

In the remainder of this section we review the literature and present a physical de- 
scription of the condensation process. Section II is a detailed analysis of condensation 
phenomena in an infinite uniform medium, while §§ HI-VI explore the modifications 
introduced by a magnetic field, by rotation of the system, by an external gravitational 
field, and by expansion of the medium as a whole, respectively. Section VII considers 
several astronomical applications in detail. 

b) Review of the Literature 

Parker (1953) suggested that the condensation phenomenon in question (particular- 
ly that of solar prominences) can be understood as a consequence of instability in the 
thermal equilibrium of a diffuse medium. He reasoned that, if the thermal equilibrium 
of the medium is a balance between temperature-independent energy gains and tem- 
perature-dependent radiative losses, instability results if, near equilibrium, the losses 
increase with decreasing temperature, for then a cooler-than-average region cools more 
effectively than its surroundings, and its temperature rapidly drops below the initial 
equilibrium value. 

Other authors, notably Zanstra (1955a, b), pointed out that the strong tendency 
toward pressure equilibrium in the medium would naturally result in compression of the 
cool regions and expansion of the hot ones ; in this way one could understand the forma- 
tion of cool condensations in a medium of high temperature. In applying this reasoning, 
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Zanstra used an instability criterion different from Parker’s. Because of the incomplete- 
ness of both Parker’s and Zanstra’s reasoning, however, both arrived at incorrect criteria. 

Weymann (1960&) appears to be the first to have given the correct criterion, in a paper 
devoted to chromospheric heating. He did not discuss his results in detail, and their 
importance appears to have been overlooked. Our first task, then, is to solve correctly 
and in detail the stability problem for a uniform medium, as considered by these authors. 
At the end of the paper we shall consider the implications of these results, and those 
found for a variety of stabilizing forces, for a group of astronomical applications already 
partially treated in the literature. 

c) Physical Discussion of Instability 

The correct instability criterion can be derived physically as follows. In an infinite, 
uniform, static medium of density p0 and temperature To, the continuity and force 
equations are automatically satisfied. We ignore self-gravitation for reasons given above, 
but it can be introduced easily at a later stage if required. The heat equation can be 
written, 

8(po, T'o) = 0 , (i) 

where £ is a generalized heat-loss function, defined as energy losses minus energy gains, 
per gram of material per second exclusive of thermal conduction (see Table 1). Note 
that 8 can be written as a function of the local values of p and T if the gas is sufficiently 
diffuse to be optically thin, because under such circumstances the coupling of the gas to 
the radiation field is not complicated by radiative transfer effects. Equation (1) de- 
termines To for any assigned value of p0. We introduce a perturbation of density and 
temperature such that some thermodynamic variable A (e.g., pressure) is held con- 
stant. The entropy of the material will change by an amount bS, and the heat-loss func- 
tion, by an amount ô£, both calculated at constant A. Since 

bm=-Td(8S), (2) 
there is instability only if 

In an isochoric perturbation, TdS = CvdT, while in an isobaric one, TdS 
the corresponding instability criteria are 

and 

(isochoric), 

(isobaric), 

CvdT, so 

(4a) 

(4b) 

the perfect gas law being assumed applicable. The isochoric criterion is that given by 
Parker on the basis of an analysis of the heat equation alone. It is quite apparent, how- 
ever, that pressure variations accompanying isochoric temperature variations will in 
general drive motions which destroy the constancy of density, so that this criterion is 
incompatible with the force equation. 

The isobaric criterion is consistent with the force equation, because the lack of pres- 
sure variations insures that no forces will destroy the postulated density field. We shall 
find from the detailed analysis that condensations are indeed governed by the isobaric 
criterion (4b). Since the p-derivative is often positive in astronomical applicatipjas, owing 
to the binary-collision nature of radiative losses, it is seen that it usually increases the 
tendency toward instability. 
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The condensation mode discussed above is quite different from a sound wave. It de- 
pends for its existence on the possibility of non-adiabatic motions, while waves persist 
as solutions to the equations even when all non-adiabatic phenomena vanish. But even 
sound waves, which are nearly isentropic in nature, grow in amplitude if an isentropic 
instability criterion is satisfied: 

GfHü), 
J-KfM) <0 
-IToW J dp/ T 

( isentropic ). (5) 

If inequality (5) is satisfied, the near-isentropic oscillations in a sound wave are subject 
to a slight heating during the compression phase which tends to increase the amplitude 
of the wave. The amplification of sound waves is implicit in Weymann’s treatment, but 
he did not point it out. We shall treat it on an equal footing with the growth of con- 
densations, even though the stabilization introduced by the p-derivative makes it un- 
likely to arise in practice. The growth of sound waves is similar to the instability of 
stellar pulsations, energy flowing preferentially into the compressed regions from the 
external energy sources. 

TABLE 1 

Symbols Used Frequently 

Symbol Equation Where First Used Meaning 

р, T, V, p 

7, R, P 

2, 2py 2t 

с, a 

K,KU,KX 

kp, Pt, kic 

kT
f 

kc (0) 

kfí 

CTp, <Tt, Vk, VT 

n, k 

a, ß 

<T 

N, M 

(1), (1), (6), (7) 

(5), (9), (9) 

(1), (13), (13) 

(15) , (47) 

(8), (50), (50) 

(16) , (16), (16) 

(26) , (45) 

(55) 

(60) 

(80) 

(17), (17), (17), (17) 

(10), (10) 

(27) , (27) 

(106) 

(93), (146) 

Density, temperature, velocity, and pressure 0 indi- 
cates unperturbed value, 1 indicates perturbation, 
and * indicates base of atmosphere 

Ratio of specific heats, gas constant, and molecular 
weight 

Generalized heat-loss function and its p- and T-deriv- 
atives 

Speed of sound and of Alfvén waves 

Thermal conductivity in absence of magnetic field, 
parallel to field, and perpendicular to field 

Characteristic wavenumbers proportional to 2, 2t, 
and 1/K 

Critical wavenumber for instability, and wavenumber 
at which instability is maximum 

Value of Ær as modified by thermal conduction 

Critical wavenumber for disturbances making angle 0 
with magnetic field 

Critical wavenumber in rotating system 

Wavenumbers listed above, divided by k 

Growth rate and wave vector of perturbation 

Dimensionless ratios of characteristic wavenumbers 

Parameter that decreases with increasing thermal con- 
ductivity 

Exponents of temperature and density in cooling law 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
65

A
pJ

. 
. .

14
2 

. .
 5

31
F 

534 GEORGE B. FIELD Vol. 142 

II. INSTABILITY IN A UNIFORM MEDIUM, INCLUDING 
EFFECTS OF THERMAL CONDUCTION 

The basic equations are 

a) The Characteristic Equation 

^j+pTT = 0, 

pg+vf-o, 

I dp v.(^vr) =0i 

and 
y — \ dt y — \ p dt 

p-~ PT=0, 
M 

(6) 

(7) 

(8) 

(9) 

where d/dt is d/d/ + i; • V and K is the coefficient of thermal conductivity. The first 
two terms of equation (8), the heat equation, are pT(dS/dt), calculated for a perfect 
gas. Ionization energy is omitted, although it might be important for certain applica- 
tions. The analysis is carried out for arbitrary ratio of specific heats, 7; we shall use 7 = f 
in numerical examples. 

The equilibrium state is characterized by p = p0, T = r0, 1; = 0, and ?(po, To) = 0. 
Assuming perturbations of the form 

#(r,/) = ai exp {nt + ifc-r), (io) 

we find the linearized equations for the perturbations to be 

npi + pofÄ*t>i = 0 , (ii) 

np^vi + ikpi — 0 , (12) 

—^-r Pi - - Pi + Po8.Pi + P08 tTi + KoWTt = 0 , (13) 
7 —’ 1 r (7 1 ) Po 

and 

^- — -^=0, (14) 
po po lo 

where and Sp = (dS/dp)r and 2t = (d?/dT)p are evaluated for the equilibrium state. 
Since kX Vi = 0 from equation (12), we are left with the four variables pi, pi, Ti, and 
k*Vi, which are specified by the four equations (11)-(14). The vanishing of the determi- 
nant of coefficients implies a characteristic equation for the growth rate, n, which can 
be written, 

nz + n2c (^kTJir^-^-\-nc2k2 + ^—- (kr — = 0 , (15) 

where c is the Laplacian speed of sound, {ypo/Po)1/2, and where we have introduced the 
wavenumbers 

M (7 1 ) poSp , _p(7—l)Sr , _ Repo 
p RcTo ' *T Rc 1 K p (7 — \ ) K 

(16) 

Here kp and kr are wavenumbers of sound waves whose angular frequencies are numeri- 
cally equal to the growth rates of isothermal and isochoric perturbations, respectively ; 
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their signs depend upon those of the derivatives of £; is the reciprocal of the mean 
free path of the conducting particles. The remainder of this section will be devoted to 
the study of the roots of equation (15) as functions of ky kpy kr, and Uk- Since these roots 
are often complex, the phrase “growth rate,” will be taken to mean n, whether real 
or complex. 

Equation (15) is a generalization of the equation for non-adiabatic propagation of 
sound given by Rayleigh (1945), who based his discussion on an 1851 paper by Stokes. 
Stokes considered forms of cooling (?) which could lead only to damping, which Ray- 
leigh points out is consistent with the second law. The instabilities we shall find occur 
when the equilibrium state is far from thermodynamic equilibrium. 

We shall see below that the three roots of equation (15) have a simple interpretation 
when the non-adiabatic effects are small, as has been understood for some time. Two 
roots, of course, correspond to sound waves, which are unstable if criterion (5) is satis- 
fied. The other root corresponds to a mode in which density and temperature variations 
occur, but with opposite phase, so that pressure variations are negligible. The instability 
of such a thermal or condensation mode is governed by criterion (4b). 

b) Domains of Instability 

By introducing the non-dimensional quantities, 

n k„ kT k , . 
y = —, Gp = — , (jT = — , = o'r = o-x, <17) 

we can write the characteristic equation in the form, 

y3 + yV/ + y + 7 1(o'r/ ~ o'p) := 0 , (18) 

so that the parameters defining the character of the roots are reduced from four to two. 
We therefore seek the character of the roots throughout the oV, o-p-plane. 

The reality of the roots is governed by the sign of 

D=l(r-^pq+£rfy + ±r{q-lp*)\ a« 

where py q, and r are the last three coefficients of equation (18). The curve D = 0, along 
which there are three real roots (two of which are equal), is given by 

<Tp= (l-j7)cr/±^7{(^/)3± [(^/)2-3]3/2}, (20) 

and is plotted in Figure 1 for 7 = §. J9 < 0 in the interiors of the thorn-like curves, and 
D > 0 elsewhere. Since D > 0 implies one real root and a complex conjugate pair, sound 
waves are present where D is positive ; in particular, this is always true when kp and kx 
are small compared to ky so that cooling effects are small. 

The regions < 0 are characterized by three real unequal roots; the sound waves 
are overdamped for the large values of a involved. The shortest waves for which this 
can happen occur at the points of the thorns: oV = ±\/3, ap= ± (1 — -!-7)\/3. As 
gt ± 00, the branches of the curve £> = 0 become asymptotic to <ip = err' and 

We now investigate the signs of the roots, and hence the regions of instability. Denote 
the three real and unequal roots for D < 0 by yi, y2, and y3. Since 

yi + 72 + ys = — oV, yiy2y3 = — 7-1(crr' — <rp), (21) 

the domain D < 0 is conveniently divided into four regions, depending on the signs of 
oV and of vt — <V When both are positive, all three roots are negative, and vice versa; 
if or' is positive and oV — <rP is negative there are two negative roots and one positive 
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root, and vice versa. These results, derived from equation (21) together with the re- 
quirement of continuity with results derived below for D > 0, are indicated in Figure 1. 

If D > 0, we are interested in the sign of the real root, (call it yi), and in the sign 
of the real part, 97, of the complex conjugate roots, y2 — v ^ and ys = rj — i\¡/. 
Since the product of the roots is equal to yil^l2, yi has the same sign as <rp — aT

f. 
To obtain the sign of 97, we derive the coefficients of the cubic equation it satisfies. The 
coefficient corresponding to r is 

R = \[(TTf(\ — 7“1) + VpY-1] > (22) 

so that by reasoning like that above, 97 has the sign of — <rr'(l — y-1) — <rPY-1. 
Let us call a real positive root or a complex root with positive real part a ^positive 

^0^’ The former corresponds to instability and the latter to overstability. Then we 

Fig. 1.—The domains of instability for a uniform gas, indicated by the presence of positive roots. The 
abscissa is the normalized form of the temperature derivative of 8, as modified by thermal conduction 
in eq (17); the ordinate is related to the density derivative of £. The gas is neutral for isobaric disturb- 
ances along the straight line of slope +1 and for isentropic disturbances along the line of slope — f 
according to eq. (33). Near the origin the cooling times exceed \/c and the acoustic mode is oscillatory. 
In the shaded regions the acoustic mode is non-oscillatory, but its stability is governed by the same 
criteria as elsewhere. The non-radial lines represent the effects of changing the wavelength in a given 
medium. Conductive stabilization occurs where these lines encounter the neutral lines; this happens at 
longer wavelengths for larger values of ß, the normalized thermal conductivity according to eqs. (26) 
and (27). 
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note that the number of positive roots is determined by the signs of o-/ — (rP and of 
vt'+ <rp/(y — !)• When both are positive all roots are negative, and vice versa. 
When (tt' — <tp is positive and oV + Vp/ (y — 1) is negative, there are one positive 
root and two negative roots, and vice versa. This is shown in Figure 1. Near the origin, 
where kp and kr are small, and in the case of vanishing K, we therefore see that there 
is one real positive root whenever 

T£T - poSp < 0 . (23) 

We recognize this as the isobaric instability criterion (4b). The root therefore corre- 
sponds to the formation of condensations under constant pressure conditions, as de- 
scribed in § I, and we shall refer to it as the condensation mode. There are two 
complex conjugate roots with positive real part whenever 

 r po2p< 0 . (24) 
7—1 

We recognize this as the isentropic instability criterion (5). These roots correspond to 
growing sound waves, and we shall refer to them collectively as the wave mode. 

Moving radially away from the origin in certain directions changes the reality of these 
roots as we cross the curve Z> = 0, but the number of positive roots in the sense defined 
above remains the same. Hence varying the wavelength (still in the absence of thermal 
conduction) does not affect the instability criteria, but only determines whether the 
wave mode is underdamped or overdamped. 

When conduction is not negligible, the instability criteria are 

&T — 0^ < —gk and <jt “b Gp/{y — 1) < —gk (25) 

for the condensation and wave modes, respectively. Since gk is positive-definite, the 
effect of conduction is always to reduce instability. The dimensional forms of inequalities 
(25) show that whenever the instability criteria in the absence of conduction are satis- 
fied, there is a critical wavenumber such that larger wavenumbers are stabilized through 
thermal conduction. These critical wavenumbers are 

kc = [kK{kp — kT)\112 and kc = {kK[—kT — kp/ (7 — 1)]}1/2 (26) 

for the condensation and wave modes, respectively. The critical wavenumber for the 
condensation mode was derived by Parker (1953) without the kp term. 

It is instructive to follow the stability of a given medium (kp, Ut, kit fixed) as k is 
varied. Define 

and 
a — k T/ kp — G t/Gp — T08 t/PoSp 

M2(y-1)2^?p 
ß — kp/ kK — Gp(TK 

R2c2T0 

(27) 

In terms of these quantities, which are functions of the medium alone, 

Gt' ^ CLGp -f- ß/Gp = akp/ k -|- ßk/kp . (28) 

Curves of equation (28) for a = ^ and —2, and ß = 0.01, 0.1, and 1, are plotted in 
Figure 1. The first term of equation (28) dominates for large gp, and a given medium 
is represented by a radial line; the instability is unaffected by k. As k increases, the sec- 
ond term pushes the curves to the right; the larger ß (hence conductivity), the smaller 
the value of k at which this happens. The result is to encounter one of the radial lines 
representing marginal instability when k — kc, defined by equation (26). 
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c) Growth Rates 

In the present section we calculate growth rates in various parts of the oV, trp-plane, 
by solution of the characteristic equation (18). First we give the results of a series ex- 
pansion valid near the origin in the case K = Q. 

yi = (ö'p — o-îO/y ” (Vp “ o'tOVp + (Y — 1)ot]/y3 + 0(cr5) , (29) 
and 

, • (7p+ (y — 1) or , .[o-p+ÍY—1)ö't][3ö'p— (3 + 7)a-r] 
3-2,3= +*- 2^—±t 8ÿ  

(30) 
, / (Tp+ (7 — 1 ) (Tr ^ N 

+ (o-r- O2—* 2^i hO(c74). 

These expressions are valid as > co when IT = 0; if IT 5^ 0, they apply with the sub- 
stitution of œt' for ar, but only if the additional condition, k <<C kc, is fulfilled. In di- 
mensional form, the growth rates are 

n\= — (y — 1)m(^<Ät — Po^p)/yRTçs, OD 
and 

^2,3 = +ikc — (y — l)V|To?r + Po$p/(y — l)]/2yRT0. (32) 

The growth rate of the condensation mode is independent of Æ as Æ , and is equal 
to — (ô?)p divided by T(ôS)p, in accordance with the discussion of §1. Similarly, 
the growth rate of the wave mode is proportional to — (ô8)s- 

An expansion valid as o- 00 ? if o-p is of the same order as or, gives the three roots as 

yi = — oY + [o-p + (y — l)0-?7]/ yo’T2 

(33) 
+ Wp + (y “ V)(Jt][2(tp + (y “■ 2)(jt\/y2CT5 + 0(<7-5), 

and 

72,3 = ±[(<rP — oy)/Yöy]1/2 — Wp + (Y — 1)oy]/2yoy2 

+ 5[((7p — (TT)/y(TT]~ll2[(Tp + (y — 1)öy][ö-p + (Jy — 1)öy]/y3ÖY4 (34> 

+ 0(cr-3). 

If I <rr I <3C I ap
1/31, all three roots are contained in the expression 

71,2,3= (op/yyi* + 0(o-U*). (35) 

Equations (33)-(35) indicate a variety of ways in which n or its real part depend on k as 
Æ —> 0 for the unstable modes. In each case the dependence is on k to some power (call 
it m), and m depends on the signs of oy, ot — oPJ and oy(1 — Y-1) + Y-1^ as shown 
in Table 2. 

The specific example given before (a = §) lies in region b, and the growth rate as 
o-—» 00 is 

n = [(^p OT)/yoTŸl2kc = y~ll2kc , (36) 

which approaches 0 with k. In this region %T > 0, and instability requires that 2P be 
large and positive, and that the medium has the tendency to increase the density in the 
growing condensations. It therefore seems natural that the growth rate is limited by the 
finite speed of sound in the long-wavelength limit, as indicated by equation (36). Corre- 
spondingly, we note that when < 0, as in regions d, e, and/, the growth rate is inde- 
pendent of k in the long-wavelength limit, as the temperature perturbations can then 
grow even when the density perturbations are small. For example, when a = —2, we 
are in region e, and 

n = —Utc = —m(y — V)Qt/R • (3^) 
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Therefore, in the long-wavelength limit, Parker’s isochoric criterion applies in the sense 
that, unless 2t < 0, the condensation mode grows at a rate which vanishes with k. 
However, this limit, which corresponds to considerable cooling in a small fraction of a 
sound-wave period, is rarely met in practice. 

d) Scale of Maximum Instability 

Except for the condensation mode when oy < 0, the growth rate approaches zero 
as k decreases. On the other hand, the growth rate falls to zero at a sufficiently large 
value of k, kc. This implies that there exists a wavenumber at which the positive growth 
rate attains a maximum, denoted by km, which is of interest because it defines the scale 
of disturbances that will grow the fastest and hence attain observable amplitude. The 

TABLE 2 

Dependence of Growth Rate of Unstable Modes on as & —> 0 

Region crj*—<r p 
rr(l- 
+7' L(TP 

Behavior of Positive Roots* 

+ 
+ 
o 

o 
+ 

+ 

+ 
+ 
+ 

+ 
+ 
+ 
+ 

None 
One real (1) 
One real (2/3) 
One real (0) 
One real (0), two complex (2) 
Two real (0, 1) 
Two complex (2/3) 
Two complex (2) 

* Value of m in parentheses 

value of km is obtained by viewing the characteristic equation (15) as a quadratic in k2. 
By introducing the new non-dimensional quantities 

u = (k/kp)2, x — n/kpC, (38) 

this quadratic can be written 

u2ß/y + u[ßx2 + # + (a — 1)/7] + Æ3 + ax2 = 0 , (39) 

which is useful if n is real. If n is complex, the cubic for rj can be written 

u2[lß2% + J(1 - Y-1)ß] + u[ß? + + iaß£ + - 7~1)a + Í7-1] 
(40) 

+ e + a? + = 0 , 

where £ = Re(x). This procedure can be modified if = 0 by substituting kr into 
equation (38), since non-triviality requires that not both Ut and kp vanish. The roots 
of equations (39) and (40) for the values of a and ß considered previously are plotted 
in Figures 2 and 3; the existence of a maximum growth rate is confirmed, and the de- 
crease at small k and the cutoff at large k are evident. Note the linear and quadratic de- 
pendence for the cases a = J and —2, respectively, as stated in Table 2. Data pertain- 
ing to km and to the values of x or £ at ^ = km (which are denoted Xm or £m) are plotted 
in Figures 4 and 5, along with asymptotic results derived below for —> 0. 

Since ß is small in all the applications discussed in § VII, it is useful to have approxi- 
mate formulae for km and n (km) in that limit. Here n (km) is given by the condition, 
B2 = 4 AC, where A, B, and C are the coefficients (functions of x or £) in equations 
(39) and (40). The corresponding values of km are given by the relation um= —B/2A, 
where A and B are evaluated at xm (or £m). This equation provides one relation between 
Um and xm (or£w), while equations (39) and (40) provide another. Elimination of xm (or 
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£m) gives an equation satisfied by um, whose coefficients depend only on the parameters 
a, ß, and y. The resulting equation is quartic for n real and cubic for n complex, and 
can be expressed in the form 

^djkia, y)ßium
k = 0 . (4i) 

J,k 

The non-vanishing coefficients are easily derived but are unnecessary to give here. In 
principle, equation (41) determines um as a function of the properties of the medium, 

Fig. 2.—Normalized growth rate of the condensation mode as a function of normalized wavenumber 
for a = J and for four values of ß. Note that large thermal conductivity and long wavelength enhance 
stability. Compare with non-radial lines in first quadrant of Fig. 1. 

Fig. 3.—Growth rate of the wave mode as a function of wavenumber for a = —2. Compare with non- 
radial lines in second quadrant of Fig. 1. 
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a, ß, and y. This solution is readily determined in the limit of small ß by assuming a 
solution of the form 

Um = Cßl , (42) 

in which case the term (j,k) in equation (41) is proportional to The power 
0 ^ ^ is then plotted against l for each (jy Æ); the result is a diagram which 

shows at once the ordering of all of the terms in equation (41) as a function of l. A solu- 

km 

Fig. 4.—Normalized growth rates and normalized wavenumbers at the maxima of the curves in Fig. 2. 
Asymptotic values are from eqs. (29) and (45). Thermal conductivity decreases to the right. 

Fig. 5.—Growth rates and wavenumbers at the maxima of the curves in Fig 3. Asymptotic values are 
from eqs. (30) and (45). 
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tion can only occur for a value of l at which #(j, k, Í) = q(j\ k\ Î)—for only then are the 
corresponding two terms of the same order; such a value of l is represented by an inter- 
section on the plot. In order to assure that the intersection represents a balance between 
dominant terms, one requires that q at the intersection is the lowest at that value of l. 
In this way, one finds that 

/=-i, (43) 

with a balance between (0, 0) and (1,2) terms for both condensation and wave modes, 
so that the solution is of the form (42) and 

Um = i[a(7 - 1) + l]/j372J1/2|a - 1| , 
(44) 

{[a(l-7)- l]/[0(7~ l)]}1/2|a- l|/7 

for the condensation and wave modes, respectively. It is readily verified that the radi- 
cals are real in the unstable domains of a. The dominant terms of equation (41) are of 
zero order, while the next larger term, (1, 1), is of order J. Hence the relative accuracy 
of equation (44) is of order ß1/2. Equation (44) can be written 

km = D(a, ß)ß~1/4kp , (45) 

where Z)(^, §) = 0.588 and D(—2, §) = 1.128. These results are compared with exact 
calculations in Figures 4 and 5. It appears that for ß < 0.01 (ß~1/4 > 3.16), the approxi- 
mate formula is accurate to better than 10 per cent. Also shown are the asymptotic 
growth rates, calculated for short wavelengths in the limit K = 0. The accuracy is of 
the same order here also for the condensation mode, but only of order 30 per cent for 
the wave mode. Using equation (26) km can be written 

km = [(1 - a)2/y2 + a(l - a)/7]1/4(Mc)
1/2, I (<* - 1)/t|1/2(Mc)1/2 ^ 

for the condensation and wave modes, respectively, showing that km is essentially the 
geometric mean of the wavenumber at which the growth rate drops because of finite 
speed-of-sound effects, and the wavenumber at which it vanishes because of conduction 
effects. The coefficients in equation (46) are close enough to unity (0.7 for a = |, 1.3 for 
a = —• 2) that one may use the approximation km = (¿p&c)1/2 in practice. 

III. EFFECT OF A MAGNETIC FIELD 

a) Physical Considerations 

A uniform magnetic field penetrating the diffuse medium will have at least three 
effects if the electrical conductivity is high. First, two additional wave modes, corre- 
sponding to the two polarizations of Alfvén waves for propagation along the field, will 
be present. Second, the condensation mode will be unaffected when k is parallel to 2?o, 
but when k is normal to 2?0, the instability will be inhibited by the necessity that gas 
pressure in the rarified regions becomes large enough to overcome the increased mag- 
netic pressure in the condensed regions. Third, thermal conduction across the magnetic 
field will be greatly reduced by the spiraling of electrons between collisions; this will 
permit fine irregularities to develop in a direction approximately normal to the field. 

The additional wave modes differ in their relation to the non-adiabatic effects con- 
sidered in this paper. As these modes propagate at successively larger angles to the field, 
the one which is polarized normal to k and to B0 remains purely transverse. Since the 
pressure forces associated with the instability are irrotational, they cannot feed energy 
into this wave, and the wave should be neutrally stable. The other polarization, to- 
gether with the wave which is purely acoustic for propagation along the field, experiences 
non-vanishing compression for propagation at arbitrary angles to the field, and so both 
should be subject to amplification. One expects the instability criterion to remain of the 
form of equation (5). 
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One can easily derive the new instability criterion for condensations across the mag- 
netic field. The pressure in the isobaric criterion must be replaced by P, the gas pres- 
sure plus magnetic pressure. Since the field is frozen into the gas, the coefficient of the 
Sp-term in inequality (4b) is replaced by 

 Po  
To(l+Bo2/4wPo) 

 Po  
T0(l+ya2/c2) 1 

(47) 

where a equals JB0/(47rpo)1/2, the Alfvén velocity, so the new instability criterion is 

T£t - (1 + ya2/c2)-lp£p < 0 (48) 

for k JL Bq. The effect is to increase the slope of the line of marginal instability, <jp = oy, 
in Figure 1, from unity to 1 + a2/c2, approaching the isochoric line, (jT = 0, for ay> c. 
This has different effects in different areas of the oy, o-p-plane. If (tp and oy are positive 
with (tp > oy, the situation is ordinarily unstable because the increase of cooling rate 
caused by the higher density in a condensation is greater than the decrease because of 
lower temperature. For a sufficiently large magnetic-field strength, 

= c[47rpo(&p “ ^t)/7^r]1/2, (49> 

the required increase in density is prevented by magnetic pressure and the situation is 
stabilized. When <rp is positive and oy is negative, the condensation mode is unstable 
both isochorically and isobarically, and the magnetic field does not affect stability. When 
(tp and oy are both negative with (tp < oy, the situation is ordinarily stable, because 
the increase of cooling rate due to the lower temperatures in a condensation is smaller 
than the decrease due to lower density. In this case, a magnetic-field strength exceed- 
ing B0 destabilizes the situation by permitting the temperature decrease without the 
accompanying density increase. Inasmuch as kp is positive in most applications, how- 
ever, this latter situation does not usually arise, and the usual effect of a sufficiently 
strong magnetic field is to stabilize the condensation mode. 

The quantitative effect of the suppression of thermal conduction normal to the field 
depends on the state of the matter. We shall consider particularly a fully ionized gas, 
for which the reduction in conductivity is 

KJK\\ = 9.4 X 10-3(coc^)-2 = 4.8 X 10"1 V/Bo'TV , (so) 

according to Spitzer (1962), where o)Ci is the ion gyrofrequency, tCi is the ion “self-colli- 
sion time,,, and the second formula applies for pure hydrogen of density ne cm-3. This 
can range from 10-1 in the chromosphere to 10-20 in the galactic halo, so that the effects 
can be either minor or extraordinarily large, depending on circumstances. 

b) Modification of the Characteristic Equation 

The basic equations are modified as follows. The magnetic force, v(B2/87r) — 
B-VB/47T, is added to the left-hand side of equation (7), and the conduction term in the 
heat equation is replaced by — V*[i£||V||B + where | | and _L refer to angles 6 
= 0 and tt/2 between the direction concerned and the direction of B0. To specify the de- 
velopment of B we assume the form of the induction equation valid for infinite electrical 
conductivity, 

dB/dt + BV-v - (B-V)v = 0 . (5i) 

The perturbation equations are modified as follows. The magnetic force terms, 
i(BQ>Bi)k/4:Tr — ik\\B0Bi/4:Tr, are added to equation (12). The term K0k

2Ti is replaced 
by (iTii^ii2 + K1k1

2)Ti. The perturbed induction equation is 

nBi + iBo(k-Vi) — ik\\BQVi = 0 . (52) 
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We introduce the coordinate system ux, uyj uz specified by 

Uz = Bq/B0, uy = BoXk/\ BoXk\ , ux = UyXuz. (53) 

One then finds that vy is uncoupled from the other velocities, and that its frequency is 
that of a pure transverse Alfvén wave, kay unaffected by the heat equation. Thus the 
pure Alfvén wave is neutral; we shall not consider it further. 

The motions in the other modes are constrained to the #-z-plane, and are governed 
by the characteristic equation, 

+ n^ckr + nzk2(â + a2) + n2k2[cz(kT — kp)/y + cPcUt'] 
(54) 

+ nâaïk* cos2 0 + (W — kp)cza2kA cos2 6/y — 0 , 

where 0 is the angle between k and 2?0, and where 

kr = kT + k\\2/kK\ \ + ¿iVfei = kT + ¿2(cos2 B/kK\ \ + sin2 0/¿kj.) (55) 

is defined as the value of kT modified by conduction effects. The terms and kKi are 
defined as in equation (16), with K\ \ and K±, respectively. 

c) Growth Rates in Limiting Cases 

We shall not attempt a complete analysis of the unstable domains associated with 
equation (54), but shall limit ourselves to the region where kr and kp are small com- 
pared to k (corresponding to the region around the origin in Fig. 1), as this is the usual 
condition in practice. 

If kr and kp are identically zero, the five roots of equation (54) are given by zero for 
the condensation mode and 

w2 = \k2{—c2 — a2 + [{c2 + Æ2)2 ~ 4a2c2 cos2 0]1/2} (56) 

for the wave modes. The wave modes are recognized as the fast and slow hydromagnetic 
waves. 

When kr and kp are small, we assume an expansion of the form ^ = Wo + + • • • , 
where the subscript refers to the order in kr and kpi so that no is that given previously. 
It is found that the form of the expansion differs depending on whether or not 0 = tt/2. 
If 0 ^ tt/2, the growth rates are 

_ c(kp—kT') cz(n0
2 + a2k2 cos20)[fep+ (7— !)&/] 

ni y ’ 2y(c2 + a2)[no2-\r2c2a2k2cos2d/(c2-\-a2)] 

for the condensation and wave modes, respectively, where n0 is given above. Equation 
(57) is identical, except for notation and for the modified definition of kT', with the 
leading term of equation (29) ; the growth rate of the condensation mode for 0 ^ tt/2 
is therefore independent of magnetic-field strength in the limit of small cooling rate. 
Similarly, the growth rate of the wave modes differs only by a multiplicative non-nega- 
tive factor from the corresponding term in equation (30). 

How are we to explain these somewhat surprising results? It is found from the basic 
equations that in the condensation mode, 

vi/v\\ = n2 tan 0/(n2 + a2k2), (58) 

which from equation (57) behaves like 

c2(kp - WY/aïk? (59) 

as Æp and kr become much smaller than k. Hence the motion in the condensation mode 
is predominantly along the magnetic field whenever kp — W ak/c. This means that 
a magnetic-field strength which approaches equipartition {a ^ c) is sufficient to 
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dominate the motions in the slowly growing condensation mode. The resulting motions 
do not change the magnetic field, so that there are no magnetic pressures to be overcome, 
and the instability is essentially governed only by the requirement of constant pressure 
along the field lines. The result is that the instability criterion is still the isobaric one, 
inequality (4b). 

The wavenumber required for conductive stabilization of the condensation mode of 
course depends on 0, and satisfies 

kc(d) = Æc(cos2 6 + sin2 OKjl/Kw)-112 , (60) 

where kc is the critical wavenumber defined in equation (26). It follows that for insta- 
bility the conditions k\\ < kc and kL < k^Kw/Kx)112 must be satisfied, showing that 
indeed much larger wavenumbers are permitted normal to the direction of the field. It 
seems likely that km also increases with 6. 

Similarly, the growth of the wave modes is governed by the same isentropic instability 
criterion as before, corresponding to the fact that growth results from energy input dur- 
ing the compression phase of the wave. Conductive stabilization occurs at a wavenum- 
ber given by equation (60), where now kc is calculated from equation (26). 

The case 0 = tt/2 is distinguished by the fact that all motions must displace field 
lines. It is governed by the equation 

n* + n^ckT + nzk2(c2 + a2) + n2[cz(kTr — kp)/y + a2ckTf]k2 = 0 . (6i) 

Two roots of this equation vanish, corresponding to the zero velocity of the slow wave 
for propagation across the field. The fast wave (now the magnetosonic mode) has the 
frequency, co0 = k(a2 c2)1/2, and the growth rate given by 

ni = —â[kp + (y — \)kTf]/2y(c2 + a2) , (62) 

which are both given by the previous analysis for the particular case 0 = 7t/2. 
The growth of the condensation mode, however, is governed by the condition that 

the last term of equation (61) be negative, which in the absence of conduction is equiva- 
lent to the modified isobaric criterion (46), showing that magnetic pressure tends to 
stabilize condensations across the magnetic-field lines. The critical wavenumber for 
conductive stabilization is given by 

¿cl = Wi2[kp/(l + y a2/ c2) - ¿r]1/2. 

The growth rate for small kp and kr is 

_ c ( c2 + ya2)[kp/ ( 1 + ya2/c2) — ¿r] 
Wl r(c2 + a2) 

(63) 

(64) 

IV. EFFECT OF ROTATION 

a) Physical Considerations 

Consider the growth of condensations in a rotating, axially symmetric system, in 
which the major force balance is between gravity and centrifugal force. Instability will 
be unaffected by rotation as long as the condensation involves motions only along the 
azimuthal direction, since the gas can stream slowly without change of angular momen- 
tum to new azimuthal positions. 

Radial motions will be greatly inhibited, however, if we make the reasonable assump- 
tion that the gravitational field decreases more slowly than gt-3, for under such condi- 
tions a particle moving outward with constant angular momentum experiences a greater 
attractive gravitational field than a repulsive centrifugal force and tends to be restored 
to its initial radius. In order for radial motions to occur in spite of this effect, pressure 
gradients must be built up. This is more easily accomplished in a small-scale perturba- 
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tion, and so we expect that small scales will be governed by the same criterion as before, 
while large scales will be stabilized. 

To consider the main features of this problem, we examine the stability of a cylindri- 
cal rotating system of infinite extent in the axial direction, in which the initial distribu- 
tion of density and temperature is uniform. The gravitational field is axially symmetric 
but otherwise arbitrary. Admittedly, such a system differs from any astronomical ex- 
ample, but the effects derived are useful in visualizing what may happen in actual cases. 
Because of what has been said, attention is directed to radial perturbations alone. 

b) Modification of the Characteristic Equation 

The basic equations are modified only by the addition of — pg to equation (7). If we 
express these equations in cylindrical coordinates gj, 0, and z, and take all quantities 
to vary with gj alone, we find that equations for the unperturbed state are satisfied by 
p = po and T = Tq (constants) if 

2(po, To) = 0 (65) 
and 

Vq = F(gj) = [®g(&)}112 ; (66) 

g(Gî) is the inward gravitational field. The equations for the perturbations are 

, dva , V* __ri 
w Pi + Po T" Po — = 0 , 

2F(gOz>0, _! dÿl n 
n va h Po = 0 , 

nve-\- va 

GJ 

dV (g?) 
da 

da 

F(gQ 
G5 

= 0, 

(67) 

(68) 

(69) 

np\ 

7-1 

nypopi 

Po ( 7 1 ) ' 
(70) 

and equation (14). The subscript “1” on the perturbation quantities va and ve is omitted. 
Equations (68) and (69) combine to give 

U2 + /2)Z-0 + -^=0, (71) 
Po da 

where 
f2 = 2V(a)a~1[dV(a)/da + V(a)/a] (72) 

is the square of the classical epicyclic frequency. Equation (71) shows that radial mo- 
tions are governed by n = ± i/ in a pressure-free system, in accord with the results of 
classical theory. This oscillation results from the gravitational restoring force as ex- 
plained above. 

The velocity va is eliminated in favor of the density by use of the continuity equation 
(67), and we find that 

1 d f®dpi/d6\_~ (73) 

Another relation between pi and p\ is furnished by eliminating Ti from the heat equation 
(70) by the use of equation (14). With the abbreviation D = d/da, this can be written, 

\n T" cUt — c(^xG?)—129(gjZ))]^i — c2\n -j- cQzt — kf)/y — í;(7^jk;G))—1D(dD)]pi = 0 , (74) 
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where the various k’s are defined in § II, and are independent of The characteristic 
equation which results from the combination of equations (73) and (74) is 

\n + ckr — cCkKü)~lD(&D) — c2[n + c(kT — kp)/y — c(ykK^)~lD{zsD)\jrxD 
(75) 

[tf/(^2+/2)]£}¿i = 0. 

c) Solid-Body Rotation 

To go further we must specify the rotation law, F(æ), and hence/(gj). The simple 
example provided by solid-body rotation, 

V — C0qG5 , f = 2c0o , (7ö) 

will be considered at this point. The characteristic equation is 

{(n2+^2)(n+ckT) — [(n2+±ü)¿)/ckK+n+c(kK—kp)/y]cíL-\-cz('ykK)~1L2)p1=0 , (77) 

where L is the operator, m~lD{zsD). 
The solutions of equation (77) which are finite at the origin are of the form, pi = 

/0(&gO. Since these functions (with k arbitrary) form a complete set, we need consider 
only one of them. The growth rate for the wavenumber Æ is a solution of the cubic, 

n? + n2c(kT + k2/kK) + n(âk2 + 4ai0
2) + c[âk2(kT — 

(78) 
+ 4coo2(^r + &2/£k:)] = 0 . 

This equation is very similar to equation (15) for a static medium, and may be 
analyzed in a similar manner. One finds that the instability criterion for condensations 
in the absence of conduction is 

T&t - (1 + 47coo2/£2c2)-1poSP < 0 , (79) 

whose appearance is similar to the criterion for condensation across a magnetic field, 
inequality (48). As in that case, the effect of large rotation is to increase the slope of 
the line of marginal instability in Figure 1 (see above), and consequently to stabilize 
situations in the upper part of the first quadrant and to destabilize situations in the 
lower part of the third quadrant. 

A major difference from the magnetic case is the dependence on Æ, which arises be- 
cause the gravitational restoring forces increase with scale, while pressure driving forces 
decrease with scale. For sufficiently large Æ, the rotation has no effect. Stabilization (for 
the usual case, kp positive) occurs for wavenumbers less than a critical value, 

_ 2coq / ykT V/2 

R c p k tJ 
(80) 

When conduction is present, the vanishing of the last term of equation (78) (which 
determines marginal stability) requires solution of a quadratic in k2. If, however, kc as 
defined by equation (26) is much larger than kn, as is often the case, equation (80) for 
Ur remains the same and kc is given by the usual expression. The instability of the wave 
mode is governed by the isentropic criterion, independent of the rotation, as is the case 
with a magnetic field present. 

Growth rates may be obtained by an expansion valid for small cooling rates. We find 
that the terms of first order in Æp and kx are 

c [ c2k2 + 4 W )kT'-k2c2kp] c*k2[(y-l)kT' + kp] 
Ul y( c2k2 + 4a>o2) ^ 2y ( c2k2 + 4co0

2 ) (81) 

for the condensation and wave modes, respectively. The wave mode has the frequency, 
(4w0

2 + c2k2)112, indicating the modification of sound waves by rotation. 
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d) Other Rotation Laws 

The characteristic equation (75) is fourth order; for solid-body rotation it reduces to 
a quadratic algebraic equation in k2 that shows how conduction modifies the instability 
for large values of k, and how rotation modifies the instability for small values of For 
more general rotation laws it is helpful to ignore conduction. The resulting equation 
for pi is only of second order, and can be written 

{D2+[a-'-Dhi(n2 + P)]D + x(n2 + P)/c2}pi = Q, (82) 
where 

  ckT + n  
X [c{kp—kT)/^]—n 

is independent of g). This equation contains the information we are seeking concerning 
the behavior of long-wave disturbances that are most affected by rotation. Examination 
shows that, even when / is variable, equation (82) admits WKB solutions of the form 

pi = [k(&)/w\112 exp ± ifk(w)dw , (84) 

provided that 1 and that V )>> c; k(a) is of the form, 

{x[n2+Pmil2/c. (85) 

In the limit of small cooling rate, the wave mode is characterized by % = “l, and hence 

k(&) = [co2 — P(&)]ll2/C , (86) 

where œ = in. This shows that the modified sound wave can propagate only over those 
values of æ such that co2 > p(&). 

The marginally unstable condensation mode, with ^ = 0, is characterized by 

X ^ Xo = {kP ~ kr) , ^â(sî) = fi&p-^ykT/(kp — kr)]112. (87) 

In the usual case (kp > 0), k must exceed Ur for instability; for n> 0, the WKB wave- 
number calculated from equations (83) and (85) exceeds kR everywhere. In terms of 
the ^-independent quantity, h = p(ay/c2k2(&), 

n = cy~\kp — kT){\ — ¿Xo)/(l - h) , (88) 

showing that as Z? —> 0 (Æ >>> ^ä), n rapidly approaches the value given by equation (29), 
valid in the absence of rotation. 

There are exact solutions for the marginally unstable condensation mode whenever 
V(gj) and /(gj) vary as a power of gj. Thus, if 

F(gí) = W[2(s + l)]-1'2^ , /(G)) = Wu5s~l , (89) 

where s > — 1, the solutions are of the form 

pi = GJs_1Zi_s-i(fFxo1/2«S-1C~1G>s) , (s 0) (90) 
and 

pi = exp {lnG5[—1 ± V(1 — Xo W2/c2)]} , (s = 0) . (9i) 

lî s — 1, we recover the results of the previous section for solid-body rotation; s = — § 
and W = (GM)1/2 corresponds to Keplerian motion. Equation (90) then shows that the 
marginally unstable mode is an oscillatory function of gj if and only if xo >0; since this 
condition occurs only in the upper half of the first quadrant and in the lower half of 
the third quadrant of the aTi o-p-plane, we conclude that stabilization and destabilization 
occur at finite wavenumbers, independent of the ratio of V (gj) to c. This conclusion 
agrees with the WKB results, which are, however, valid only for V (gj) c. The case 
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s = 0, TT = V\/2 corresponds to V independent of æ; it is of interest because Mestel 
(1963) has suggested that it provides a theoretically satisfactory representation of 
galactic rotation laws. In this case, equation (91) indicates that there are oscillations in 
the marginally unstable mode if and only if 

(1 -f“ 2 yV2/c2)kr > kp > kr • W) 

In the limit V ^>> c, this region is that described previously where stabilization (or 
destabilization) occurs at a finite wavenumber. As F/c—» 0, however, the region shrinks 
to zero, indicating that under these conditions, arbitrarily long wavelength disturbances 
are unstable (or stable if kp < 0). This conclusion, which could not be derived by the 
WKB analysis (valid only for F/c—> °°), is in accord with the fact that as V/c-^0, 
centrifugal forces are dominated by pressure forces. 

V. EFFECT OF DENSITY STRATIFICATION 

a) Physical Considerations 

In § II we considered the stability of a static uniform medium. In practice, a gravi- 
tational field is required to keep the gas motionless in spite of its internal pressure, and 
this field stratifies the gas into layers of varying density. If disturbances are much 
shorter than a scale height, one would expect the stability to be governed by the con- 
siderations of § II. Larger scales, however, will necessarily encompass regions of differ- 
ing densities (and temperatures); to compensate these differences and their effects on 
growth rate by conduction effects, the scale must vary with position, and the normal 
modes will therefore differ from sine waves. Another feature is that gravitational forces 
acting on density perturbations are available to compensate pressure perturbations, and 
one finds that the pressure varies with height in such a way that it remains constant 
for each particle. 

It is no longer a trivial matter to satisfy hydrostatic equilibrium and thermal equi- 
librium in the unperturbed state. Some attention must therefore be given to the devel- 
opment of reasonable atmospheres whose stability may then be studied. An interesting 
class results from the adoption of a heat-loss function of the form, 

S = p{CiTN — C2) , (93) 

where N, Ci, and c2 are arbitrary positive constants, which would be appropriate for 
cooling by inelastic collisions and heating either by superelastic collisions (which draw 
their energy from photo-ionization or from cosmic-ray ionization), or by dissipation of 
some type of waves at a rate proportional to p2 per unit volume. In either case, the 
heating is assumed to be independent of the temperature of the medium, although this 
restriction is not essential. 

b) Equilibrium State: Isothermal Atmosphere 

The basic equations are those of § I, with the term — pg added to equation (7). They 
can be written in the form, 

-/-(poro)+pog = 0 (94) 
ß & z 

and 

po2(p0,To)--~[k(po,To)~] = 0: (95) 

if we assume that all variables depend only on z. We assume that K = r}Tbl2, appropri- 
ate for fully ionized hydrogen in the absence of a magnetic field, where rj = 1.9 X 10-5/ 
In A cgs according to Spitzer (1962, p. 144). 
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Equations (94) and (95) constitute a third-order system for a plane-parallel atmos- 
phere in hydrostatic and thermal equilibrium, for which the boundary conditions can 
be taken as 

^(0)=0, r„(o0)<oo, and po(0)=p*. m 
a z 

The first condition implies no conductive heat flux through the lower boundary, while 
the second eliminates unphysical heat sources at infinity. 

If r0(O) assumes the particular value T* = (^/ci)1^, the solution is an isothermal 
atmosphere with the temperature equal to this value at all z. In this atmosphere, 
the net heat loss vanishes everywhere, the temperature required for this being 
independent of the density. As the equations are non-linear, it is not obvious that 
solutions based on any other assumed value of r0(0) would contradict the second re- 
quirement (96), so this solution may not be unique. The density is given by 

Po(s) = P* e~zlH = p* f(s), (97) 

where the scale height is RT^/ng, and the pressure is given by 

po = RT* po/ju = Rp*T* f(z)/p = p* f(z) . (98) 

c) Characteristic Equation for Condensation Mode 

The general treatment of the linearized equations would include both sound waves 
and condensations with various wavenumbers in the x-y-plane. In order to simplify 
the analysis, we eliminate the wave modes by omitting the acceleration terms. The 
resulting equations are adequate for studying the condensation mode in the limit where 
the growth rates are small compared to the speed of sound divided by the scale height; 
this limit is equivalent to taking or and <rp small in § II. Furthermore, we study only 
the modes with no horizontal motions. By so doing we still gain some insight into the 
effects of gravitation, which will be felt primarily in the vertical direction. 

The perturbation equations are 

npi + f-{pavz) =0, W 
a z 

“r^+gPi = 0i (100) 

a z 

np\ 
7-1 

nypopi 

Po ( 7 ~ 1 ) 
gpovz— Ci(N — l)poT0

Npi 

+ Cipo2po 1NTqnPi — r/To 5/2 d2Ti 

dz2 0 

(101) 

and equation (14), where Tq = T*, and p0 and pu are given by equations (97) and (98). 
The fourth-order system is readily reduced to second order. Equations (99) and (100) 
show that 

p\(z) = T\dz + ai^e~zlH = gp*n~lVz(.z ) e~z!H + 02 • (102> 

If we now impose the boundary conditions (96) and require that vz{0) = 0 and Vz{<&) < 
oo (which follow by eliminating unbounded solutions and from the assumption of a 
rigid, non-conducting bottom boundary), we conclude from equation (102) that 
^i(oo) = 0 and that a2 = 0. Equation (102) implies that ^i(O) = 0, so that ai = 0. 
Hence 

pi{z) = gp^T^~le-zlH f Tidz = gp^n-'vziz) e~zlH. do3) 
Jo 
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By use of this expression vz may be eliminated from the heat equation, with the result 

ny(popi — popí)/Po(y — 1) + Nc2po(popi — poPi)/po “ yT0
512 d2Ti/dz2 = 0, (i04) 

where we have replaced C\Tqn by c2. In view of equation (14), this equation contains Ti 
only, and may be written 

r¿27y¿f2 + ^ - v)^ = o, cios) 
where 

o- = Hkc* , v = —yn/ckT* . (io6) 

Pt* is the value of Iït calculated at z = 0, and kc* is the critical wavenumber (— kK*kT*)112, 
which agrees with equation (26) since kp* = 0. Also o- is 27t times the number of critical 
wavelengths in a scale height; it is inversely proportional to the thermal conductivity; 
v is the growth rate normalized with respect to that which would obtain for the conden- 
sation mode in a homogeneous atmosphere having density p* and temperature T1*. 

d) Eigenfunctions 

The characteristic equation (105) is to be solved for arbitrary o-;v is then determined 
by imposing the conditions ^(oo) < oo and 7Y(0) = 0. The solution is 

Ti(f, v, a) = ei<TS M(§ + JW, 1, —2i<7Ç) , do?) 

where M is the confluent hypergeometric function (Jahnke and Emde 1945). The term 
v(a) is defined by the condition that 

^y(l,V, (7) =0. (108) 

Let us first look at the marginally unstable modes (v = 0). From equation (107) these 
can be written 

Fi(f, 0, <r) = /oOf), do») 

so that equation (108) implies that <r is a root of 

( 1, 0, a) = aJiia) = 0 ; (no) 

these roots are cr = 0, 3.83, 7.02, 10.17, etc. Now consider what happens as kr* moves 
through zero from positive to negative values. When kr* > 0, o- is imaginary and there 
are no roots of equation (110). When kr* = 0 we must reformulate the problem in view 
of definition (106). The solution is readily obtained as 

ri(r, kT* = 0) = Io[2H(kK*n£/cy12], (ill) 

a function whose derivative at f = 1 vanishes if and only if ^ = 0 and Ti = const. It 
follows that a necessary condition for instability is kx* < 0 or A” < 0; this criterion is 
in agreement with condition (4b) since in this case kp = 0. In the rest of this section 
we assume that this condition is fulfilled, and examine the effects of thermal conduction. 

Consider what happens as conductivity drops from ? or cr increases from 0. For small 
values of cr the expansion of equation (107) yields 

Tx = 1 + + (2!)-2(^i2 - l)fx2 + (3!)-2(.x3 - 5rx)fi3 

+ (4!)-2(^i4 - 1W + 9)fx4 + (5!)-2(^i5 - 30^x3 (112) 

+ 89^)fi5 + (6!)-2(z/x6 - 55,i4 + 439^x2 - 225)fx6 + . . ., 
where 

fi = erf , = o-y . Oía) 
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If we subject this solution to condition (108) we find 

so that as o- —> 0, p —>• J, and Ti —> constant. This corresponds to the simultaneous cool- 
ing or heating of the whole atmosphere. The growth rate is 

n = —ckT*/2y = — (7 — N/2yR . (ns) 

The pressure and density perturbations are 

p1 = pxTizÇHT*)-1 P1 = - z/H)e~^H (no 

as shown in Figure 7 (see below). If Ti < 0, so that the atmosphere cools everywhere, 
the material moves downward and condenses at the bottom. The pressure decreases 
everywhere, with the largest change at z = H. The resulting pressure forces are down- 
ward in the upper regions and upward in the lower regions; these forces are compensated 
by gravitation acting on the perturbed density. Of course, if Ti > 0, the atmosphere 
expands and everything is reversed. 

We conclude that this idealized atmosphere exhibits considerably different behavior 
from that of a uniform medium as the conductivity becomes large. In the latter case, 
disturbances having positive growth rate necessarily had very large scale so that the 
temperature variations necessary to balance the density variations in an isobaric con- 
densation would not be destroyed by thermal conduction. In the stratified atmosphere, 
temperature variations are no longer necessary, because the pressure variations are 
compensated by gravity, so disturbances in density having finite scale grow even when 
the conductivity is high. Since equation (103) may be written dpi/dt = 0, however, the 
perturbations are isobaric as seen by an observer moving with the gas. 

As er is increased, the temperature perturbation in the fundamental mode is more con- 
centrated to the bottom of the atmosphere. Values of Ti can be calculated from equa- 
tion (112) for small values of cr and by numerical integration for intermediate values of a. 
For the large values of a (small conductivity), Ti can be calculated by a variational tech- 
nique. The corresponding value of v is given by 

P = 1 - fTT-1/3 (T"2'3 + TT-2'3 O-4/3 + 0((7-2) . (117) 

Curves of Ti (fundamental mode) are presented in Figure 6. Corresponding curves for 
the density are in Figure 7, and v(a) is shown in Figure 8. Evidently, as o- —» ^ ap- 
proaches the value appropriate for a homogeneous atmosphere whose properties coincide 
with those of the bottom layers. 

As cr increases, one encounters marginal instability for higher modes, in accordance 
with equation (110), and as a incrases further, these higher modes become truly un- 
stable. For example, Figure 9 shows the temperature in the fourth marginally unstable 
mode. The amplitude increases with z because of conductivity smoothing of the finer 
scales at the lower heights. If we number the modes 7 = 0, 1, 2,..., the condition that 
the 7th mode is unstable can be written as 

CTy < Hkc* (ns) 

where o-y is the 7th root of equation (110). Since Vj/H is approximately the vertical wave- 
number in the /th mode, this relation is similar to the condition k < kc encountered 
in § II. 

VI. EFFECT OF EXPANSION 

a) Physical Considerations 

Intuitively one would expect that formation of condensations in an expanding medium 
would be particularly difficult, since in the absence of disturbances, the density tends 
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to decrease everywhere. This question is relevant to condensation phenomena in nova 
shells, stellar winds, planetary nebulae, and the expanding universe. Actually, if the 
zero-order state is a uniform expansion with an infinite heat sink (which might approxi- 
mate the cooling of a gas which has been heated and expanded by a radial shock wave), 
one finds that for certain cooling laws there is still a condensation instability for short 
wavelengths. What happens is that at certain epochs in the expansion, the inward com- 
pression of a condensation by outlying hot gas proceeds fast enough to overcome and 
reverse the original expansion effect. In all cases, however, this ceases at a certain finite 
time, owing to the general decrease of density and consequent reduction in cooling rate. 

cr 

Fig. 6.—Solutions of equation (105) for the fundamental mode of the temperature perturbation in an 
isothermal atmosphere, normalized at z = 0. The parameter <r, defined by eq. (106), increases with de- 
creasing thermal conductivity. 

In a larger variety of cases it is found that condensations cool faster and decrease in 
density more slowly than the surrounding material, even for arbitrarily large times. 
The ultimate fate of such regions, which become relatively more and more dense com- 
pared to their surroundings, cannot be described by linear theory. Conduction limits the 
growth of small condensations, as usual. However, if the thermal conductivity decreases 
as the temperature does, owing to the expansion, this effect ceases after a certain time, 
and instability may proceed if the proper conditions in the absence of thermal conduc- 
tion are satisfied. 

In order to make progress in view of the complexities introduced by a time-dependent 
zero-order state, we restrict attention to a uniformly expanding gas. A particular prob- 
lem of interest is the formation of galaxies in a uniformly expanding gas supposed to 
constitute the original material of the universe. As Stephan Hawking, of Cambridge 
University, has pointed out, our idealization is inappropriate for one of the closed ex- 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
65

A
pJ

. 
. .

14
2 

. .
 5

31
F 

Fig. 7.—Density perturbations in an isothermal atmosphere, corresponding to the temperature 
perturbations of Fig. 6, normalized at 2 = 0. The density at s = 0 increases at the expense of the density 
at higher levels. 

Fig. 8.—Normalized growth-rate of the fundamental condensation mode in an isothermal atmosphere 
as a function of the normalized thermal conductivity (decreasing to the right). 
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panding universes described by general relativity, since radiation emitted by the gas is 
trapped in the universe by the gravitational field and cannot escape from the system 
as we have assumed. Hence our calculations can have relevance only if the system of 
galaxies is both finite and open, i.e., a classical astronomical system which would violate 
the cosmological principle. The observations in favor of a closed universe and the cos- 
mological principle are so inconclusive that it is useful to consider such systems. 

It is easily verified (Bondi 1960), that the continuity and momentum equations (6) 
and (7) are satisfied by the velocity and density fields, 

i>o(r, t) = r/¿, p0(¿) = p*t**/t*, (119) 

where p* is the (uniform) density at t = t*, provided that the temperature depends 
only on the time through the heat equation, 

dV TQ(t) 1 

PKy— 1 ) dtlp&-l(t) \ — £ [po( 0, ^o( 0 ] = 0. (120) 

Fig 9.—The fourth marginally unstable temperature perturbation in an isothermal atmosphere, 
normalized at z = 0; <r = 10.17. 

This solution represents an infinite uniform distribution of gas in which pressure forces 
and gravity vanish, so that i;0 is constant for each particle. Such a system would approxi- 
mate the local behavior of a low-density model of the expanding universe, although its 
implications become unphysical as approaches the speed of light. 

The equation for r0 is readily solved in the special case when the heat-loss function 
is of the form (93) with = 0, appropriate for collisional cooling and no energy input. 
If 7 = §, the solution for N not equal to zero or one is 

r0(/) = + bNr
2N)l^-N), (121) 

where A is an arbitrary positive constant and 

bN= N)pcip*t*z/3NRA . (122) 

When bn is small, signifying a low cooling rate, To is proportional to t~2 and therefore 
to po2/3, as in an adiabatic expansion. A evidently labels the adiabat that would apply 
in the absence of cooling. 
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The effects of a finite cooling rate are quite different, depending on the value of N. 
Iî N < 0, bn < 0, and T0 drops to zero at the finite time, (—6v)1/2JV, as a consequence 
of the increased cooling rate as To falls. The behavior is adiabatic for ¿<<C (— 
When N = 0, 

To(t) = tD-2 (1 -j- bo In t) , (123) 

so that To approaches zero slowly at the finite time e_1/6°, where 

bo = —2/jici p*t**/3RA . (124) 

When 0 < N < I, bx > 0, and bNll2N is a time such that cooling is important for 
earlier times and negligible for later times. The adiabat approached asymptotically 
depends on the value of A and on the effectiveness of cooling. When iV = 1, 

where 
T0(t) = At~2 , 

h = ¡jlci p*t*3/3R . 

(125) 

(126) 

This solution is adiabatic for times later than bi, but decreases very rapidly from <» as 
t increases from 0. Finally, when iV > 1, < 0, and (1 — N)~l < 0, so that the tem- 
perature is infinite at the finite time (—Z>v)1/2iV; the solution is meaningful only at later 
times. The behavior is nearly adiabatic after several such periods have passed. 

b) Condensations: Zero Conductivity 

The results of § II showed that condensations of sufficiently small scale developed 
in an isobaric manner; we could have derived the correct instability criterion, as well 
as the growth rate for small scales, simply by placing ÿi = 0 in the perturbed heat equa- 
tion. This procedure will be used here to avoid the necessity of solving the perturbed 
continuity and momentum equations, and should yield the correct instability criterion 
for the condensation mode, although of course the wave mode is lost. We shall confine 
attention to radial perturbations and to the cases jV 3^ 0 or 1. The equation for the 
^relative température/’ r = Ti/To, is 

dr rdr ¿ (¿) r ^ riHO d / d-A 

dt t dr t tr11 dr \ dr)' 
where 

Kt) = 0N(1 + t2N/bN), 8n = 6N(2 - N)/5(l - N), r^t) = 2ptKo(t)/SRpo{t). (12s) 

Equation (127) indicates that the time-dependence of r is not exponential, as in previous 
sections, because of the time variation of the unperturbed state. Equation (127) is 
simplified by the introduction of the Lagrangian variable (= flo) to 

dr __ h(t) t _ r2{t) d / 2 d r\ 
dt t t3v2 dv \ dvj 

(129) 

Further, if we write 

T(Z, — fl)expf t~1ô(t)dt—g(t, v)(l-\-bNt~2N)~8N¡2N,u(t)= J ¿“3ri2d/, U3o) 

the equation becomes 

du v2 dv \ dv/1 
(131) 

which is just the diffusion equation for a radial disturbance, with u playing the role of 
time, and v, the role of space. 
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If the thermal conductivity is zero, equation (131) shows that g is an arbitrary func- 
tion of v, so that 

t(u, v) = + bNt~2N)~bN,2N (132) 

v) = g(v)AW-N)t-2{l + hNt-2Nyi{l-N)-^m ? (133) 

and 
Pl(u, V) = —g(v)p*t*H-3(l + bNt~2N)-0Nl2N . (134) 

Each expression contains a form factor, g(v) and a time-dependent amplitude. Our con- 
cern is with the absolute value of the amplitude. If the amplitude of 7\ or pi increases 
with time, we may speak of absolute growth in the sense that the absolute value of the 
temperature or density perturbations grows with time. If the r-amplitude increases with 
time, but the other amplitudes decrease, we speak of relative growth; the contrast between 
the perturbed and average values increases. In such a situation, the high-density regions 
(for example) become less dense with time, but at a slower rate than the average. Hence, 
the most that can result from relative growth is that the density or temperature of a 
region levels off, rather than changing at the same rate as the average. 

Equations (132)-(134) permit one to calculate the signs of the time derivatives of r, 
Ti, and pi, as functions of N and of t. Here r' > 0 for Y < 2 and r' < 0 for Y > 2, 
for all L 7Y < 0 if Y > 0; if N < 0, TV < 0 for 0 < ¿ < tT, TV > 0 for < ¿ < ¿0, 
where /r is defined by the equation, 

(RA/¡jLCip%t*3)tT2N = —(3N2 -6N + 5)/15Y, (Y < 0), (us) 
and ¿o by 

{RA/ixclP^)k2N = -(1 - N)/3N, (1 < Y < 0) . (136) 

One finds that tr < k (the moment when To = 0 for Y < 0) so that there is always 
some growth of temperature fluctuations in the later stages if Y < 0. 

The behavior of p/ is more complex, and depends on the value of Y relative to 0, 1, 2, 
and Y_, where the latter is defined as the smaller root of 2Y2 — 9Y + 5 = 0, or 
i(9 — \/41) = 0.65. It also depends on the time relative to k (equation 136) and to ¿p, 
defined by 

(RA/ixClp*t*3)t2N = - (2Y2 - 9Y + 5)/15 Y , (Y < 0 or Y_ < Y < Y+), (i37) 

where Y+ is the root complementary to Y_, 3.85. 
We may summarize the growth of condensations as follows. Relative growth occurs 

if and only if Y < 2. Absolute growth occurs if and only if Y < 0 or Y_ < Y < 2, but 
only for specified intervals of time. If Y < 0, growth takes place only between t = tp 

and t = k. If Y_ < Y < 2, the pi-amplitude grows from the first moment for which 
the solution for To makes sense, up to the time tp, but decreases thereafter. 

These results may be compared with those which would apply to a static medium 
cooling according to equation (93), with no heat input (¿2 = 0). In that case one finds 
that pi is always positive for Y < 2, so that growth occurs up to k for Y < 0 and for 
/—> co for 0 < Y < 2. It appears that as compared with this case, expansion indeed 
stabilizes the situation by eliminating absolute growth for 0 < Y < Y_, and by confin- 
ing growth for other values of Y to periods earlier than tp. The latter effect may be 
understood as the result of the general decrease in p in the expansion, resulting in a 
decreasing cooling efficiency. 

We may also compare the situation with that which obtains for a static gas in thermal 
equilibrium, with an energy input independent of p and T. The isobaric criterion is 
Y < 1 for this case, so that a system which is cooling in the unperturbed state is more 
unstable than one in thermal equilibrium. Our results can be understood, therefore, as 
an enhancement of instability by lack of heat input, coupled with a suppression of in- 
stability by the effects of expansion. 
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c) Conduction Effects 

We seek separable solutions to equation (131), of the form 

g(u, v; a) = v~x e~a2u sin av, (138) 

where the separation constant, a, is lic/kv, with Az> a wavelength in velocity space. To 
go further, one must assume more about the properties of the medium; we shall consider 
ionized hydrogen, with K that given in § V¿>, and cooling by free-free emission (N = |). 
In this case, only relative growth of condensations can be expected; we seek here the 
further limitations imposed by conduction. 

Introducing equations (138) and (128) into equation (130), we find that 

r(a) = fl-1 sin afl ( 1 + ¿i^“1)_9/5 exp£ — da2 J /_4( 1 + , (139) 

where 
d = 2fjLr)A5/5Rp*t*z. (i40) 

Since the integral in the exponential increases with time, it is evident that conduction 
inhibits the relative growth of density perturbations, and that this inhibition is stronger 
for larger wavenumbers, as expected. However, the damping term levels off after a 
certain time, owing to the drop in thermal conductivity, and the growth represented by 
the first term takes over. One finds that r' changes from negative to positive at the time 
Ik given by 

(pil2^K 1)2(1 + ¿i/2^-1)6 = f = 9¿>i/23/Sda2 = AiV* V2. (141) 

One finds that if f <$C 1, so that Z>i/2, 

tK = (297/3ci)1/2^43a/p*¿*3 • (142) 

If f ;£> 1, <3C Z>1/2, so that there is a long interval after conductive stabilization ceases 
and before cooling diminishes in which relative growth may proceed. In this case, 

tK = , (143) 

independent of the value of A As ^4 is not known from observation in the case of the 
expanding universe, this is a fortunate result. In other words, the phase of the expansion 
at which conduction becomes ineffective can be calculated (for any given scale) from a 
knowledge of the present density alone, provided that the phase in question occurred 
before the cessation of cooling. 

VII. APPLICATIONS 

a) Introduction 

In this section we consider several of the calculations of thermal instability for various 
situations which have appeared in the literature. In his original paper, Parker (1953) 
attributed solar flares and prominences to this phenomenon; prominences in particular 
have been studied by several other authors from this standpoint. Athay and Thomas 
(1956) applied the concept of thermal instability to the determination of the chromo- 
spheric temperature profile. Zanstra (1955a, b) pointed out that condensations in plane- 
tary nebulae could form in this way, while Spitzer (1956) suggested that spiral arms 
might condense out of the galactic halo in a similar manner. Gold and Hoyle (1959) 
argued that galaxies could similarly condense from the intergalactic medium, while 
Field (1962a) applied the idea to the condensation of interstellar clouds. 

b) Chromospheric Temperature Profile 

Athay and Thomas (1956) subjected the chromospheric temperature to the condition 
Sr > 0, which we recognize as the isochoric stability criterion. Two objections can be 
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made to this procedure. First, as in § V, conduction should be taken into account by 
analyzing a proposed steady-state atmosphere by the normal-mode method. Estimates 
made by Kopp (1963) suggest that the conductive damping in the chromosphere may 
not be negligible. 

Another objection is that, even if conduction is omitted, the proper criterion is not 
the isochoric but the isobaric criterion. Since they considered 2 to be of the form, 

2 — CipL(T) — C2G(p) , (144) 

where L represents a collisional heat loss and G a gain from wave dissipation, the isobaric 
stability criterion is 

¿ log L . d log G 
d\ogT ^dlog p* 

(145) 

If G is proportional to p, this agrees with the isochoric criterion, but in the more likely 
event that it is independent of p, the L-derivative must exceed unity for stability. It 
happens that in the case considered by Athay and Thomas, it tends to exceed unity 
whenever it exceeds zero, so that the practical effect of this change is small. 

c) Solar Corona: Solar Wind and Prominences 

The heat-loss function of the corona may be taken in the form (144) with L = TN 

and G = pM, where the exponent N of the collisional-loss term is «0 according to 
Weymann (1960a) and Orrall and Zirker (1961). The value of M would have to be unity 
in order to apply the results of § V; if the input is by wave dissipation, a smaller value 
(approaching zero) appears more likely. The mean of Weymann’s and Orrall and 
Zirker’s determination of Ci is 5 X 1024 cgs units. If we take the bottom of the corona 
to be characterized by = 2 X 108 cm-3 and T = 106 ° K, and compute the thermal 
conductivity from § V¿>, we derive the following parameters: 

¿p* -kT* = 7 X 10-13(1 -M- kK* = 7 X IQr10 cm"1, 

¿c* = 2 X 10-n(l — M — N)112 cm“1, # = 5 X 109 cm"1, (146) 

a = 0.1(1 — M — Nyi2, 

where we have used the isothermal-atmosphere approximation. 
We note that local instability occurs in the absence of conduction if 1 — If—iV>0. 

This inequality provides a basis for reconciling KiepenheueFs (1953) statement that 
since free-free and free-bound losses are proportional to density they should lead to 
instability, and Athay and Thomas’ (1956) statement that since Y = | for free-free 
emission, it should lead to stability. Both statements are partially correct in the sense 
that the p-dependence of the collisional loss leads to the +1 in the inequality, while a 
positive value of Y(= J) in fact reduces the value of the left-hand side. Thus, the cor- 
rect criterion takes both into account, along with a stabilizing term due to the p-depend- 
ence of the gain term. For example, if if « 0, free-free emission is unstable, and free- 
bound emission is even more so. 

Although a has well-defined meaning only for an isothermal atmosphere (M = 1), it 
seems likely that its small magnitude compared to the 3.83 necessary for instability of 
higher-order modes implies conductive stabilization of all but the fundamental mode in 
the absence of a magnetic field. If we accept Orrall and Zirker’s result that Y ^ 0, the 
fundamental mode is unstable if and only \î M < 1; although the value of M is very 
uncertain, this inequality seems likely to hold. We therefore expect the fundamental 
mode to be unstable, with a growth rate given by 

n = c(kp* — kT*)/2y = 3 X 10“6(1 — M — N) sec"1, (i47) 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
65

A
pJ

. 
. .

14
2 

. .
 5

31
F 

560 GEORGE B. FIELD Vol. 142 

corresponding to an ¿-folding time of 4(1 — If — TV)-1 days. The instability should lead 
to gross expansion or contraction of the atmosphere, with temperature and density per- 
turbations like those found in § V. According to equation (103), the perturbation 
velocity may be written, 

vz(z) = nHpi(z)/pQ(z), (148) 

so that if the perturbation pressure should grow to be comparable with the ambient 
pressure, the velocity could approach the value nH = 1.5 X 104 (1 — If — A) cm/sec. 
The corresponding electron flux at about 1 scale height could attain F = 3 X 1012 

— M — N) cm-2 sec-1. The linear theory cannot tell us whether the corona will 
expand or contract. If it expands, it could lead to an electron flux at the Earth of 
F© = 8X 107(1 — if — A) cm-2 sec-1, a value which may be compared with observed 
values of about 6 X 108 cm-2 sec-1 in the solar wind (Parker 1963). The explanations 
advanced by Parker for the solar wind turn on the impossibility of a static equilibrium. 
The above considerations suggest that, even if a static equilibrium were possible, it 
could well be unstable, tending toward a dynamic equilibrium having properties rather 
like those observed. 

Turning to the formation of small structures such as prominences, we note that they 
cannot be attributed directly to thermal instability unless the conductivity is suppressed. 
The most reasonable agency to do this is a magnetic field, so prominences should form 
preferentially in magnetic regions, in agreement with observation. Let us consider the 
shape of the prominence in relation to the geometry of the magnetic field. According to 
§ III, the half-wavelength parallel to B must satisfy 

JX| i > 7r/¿c* = 1.4 X 1011 {1 — M — A)-1/2 cm , (i49) 

equal to roughly 1 solar diameter. (We assume here that results for a uniform gas are 
approximately valid, since the vertical extent is < 1 scale height.) Since many promi- 
nences are observed to be much shorter than this, we conclude that, if prominences are 
to be interpreted as condensations in the corona, the material within them must be 
initially isothermal along the field lines, up to the points where the field enters the 
chromosphere. (At the latter points the conductivity drops sharply and temperature 
gradients are permitted.) The identification of prominences with fairly uniform regions 
extending along magnetic lines of force also agrees with observation. 

Since no temperature variations are permitted along the coronal lines of force, the 
instability must develop normal to R, and is therefore governed by equations (61), (63), 
and (64). With the adopted heat-loss function, the modified isobaric instability criterion 
(48) applicable here can be written 

(1 - M)(l + B,y^p,)~l > A , (150) 

so that for A = 0, all values of if < 1 imply instability, independent of the magnetic- 
field strength. Since this condition on M seems likely to be fulfilled, one would expect 
instability to occur wherever the field is strong enough to suppress conduction, if Orrall 
and Zirkels estimate that A = 0 is correct. 

On the other hand, if A is positive, equation (49) implies that instability can occur 
only when f>0 is less than the value 

= [47Tÿo(l — M — A)/A]1/2, (151) 

which is about 1 gauss if (1 — üf — A)/A is near unity (po — 0.06 dyne/cm2). Mag- 
netic stabilization would then be expected to occur throughout large parts of a magnetic 
region, and only those areas having magnetic fields large enough to suppress conduction, 
but not large enough to exert significant pressures, would be expected to be suitable for 
the formation of prominences. 
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The discussion so far pertains only to the initial growth of the prominence, when the 
linear equations apply. The fully developed prominence has a density about 100 times 
larger than that of coronal material, and if condensation occurs across the lines of force 
as we have suggested, the magnetic-field strength should be in the same ratio and the 
magnetic pressures should be in the ratio 104. This means that, if the internal magnetic 
pressure is never to exceed the external gas pressure, the initial magnetic-field strength 
must be less than 10~2 gauss. The observed magnetic-field strength in quiescent promi- 
nences (Zirin 1962) is about 50 gauss, corresponding to initial values of about | gauss. 
Since B2/S7t is much greater than the gas pressure for such fields, the field must be almost 
force-free in the fully developed prominence, because of some mechanism not considered 
in our theory. One suggestion is that the lines of force are constantly being twisted by 
motions in the photosphere (Danielson 1964). In any case, if the field continually adopts 
a force-free geometry because of external circumstances, the growth of a condensation 
can proceed as if the dynamical effects of the field were not present, although magnetic 
inhibition of conduction would still be important. In this event, one readily derives that 

èxci* = 7 X io5 (1 - uyi2 cm , ixwi* = 2 x io9 (1 - M)1^ cm (i52) 

for Af = 0, 2?o = 1 gauss. The latter corresponds to a diameter of 2000 (1 — M)1/á km 
in the condensed state, compared to Orrall and Zirker’s quoted observational value, 
<1000 km. The cooling rate is still given by equation (147). 
~ What is the relation of the picture presented here to proposals by other authors? 
Kleczek (1957) derived an isobaric cooling time of 107 sec (compared to our 3 X 105 

[1 — M — Y]“"1 sec), using different calculations of the heat-loss function. He disregard- 
ed the magnetic-pressure problem (the field strengths not having been determined at 
that time). Later (Kleczek 1958) he pointed out that the time scales of certain AS 
prominences are too short (102-104 sec) to be attributable to thermal instability, and 
instead postulated compression by magnetic forces, followed by rapid cooling at high 
density. Kiepenheuer (1959) indicated the type of magnetic forces which could bring 
about the compression. Liist and Zirin (1960) also assumed magnetic forces were active 
and showed that conductive cooling into the chromosphere could reduce the time scale. 
Uchida (1963) proposed a specific model of the magnetic field, according to which promi- 
nences in regions from which the magnetic field, ordinarily present, has been removed by 
a cloud of cosmic rays. Subsequently field-free matter runs into the cavity, is compressed 
by the surrounding magnetic stresses, and cools to form a prominence. 

Evidently the key point in the theory of prominences is the role of the magnetic field. 
If Zirin is correct in postulating that the magnetic field is force-free in the fully developed 
prominence, it may be reasonable to assume that it is during the development phase, at 
least in quiescent prominences. Our calculations then show that gas pressure forces alone 
can lead to the formation, through thermal instability, of quiescent prominences which 
are similar to those observed in respect to density, dimensions, shape (in relation to 
field structure), and time scale. It still appears necessary to assume compression by mag- 
netic forces to account for the short time scales of active prominences, however. 

d) Galactic Halo 

Since the galactic halo, or corona, proposed by Spitzer (1956) is rather similar to the 
solar corona in some respects, we may proceed as in the previous subsection. Taking 

= 5 X 10-4 cm-3 and T = 106 ° K, we find that 

¿p* — ¿r* = 2 X IO“24 (1 — M — Y) cnr1, kK* = 3 X lO“21 cm“1, 

^ = 7 X lO“23 (1- M - Nyi2 cm“1, H= 2 X 1022 cm , (isa) 

a = 2(1 — M — N)1'2 . 
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Again, equation (147) applies, showing that, if M is nearly zero, it is not necessary that 
A < 0 for instability to occur, as Spitzer suggested. Rather, both inelastic electron-ion 
collisons (A = — J) and free-free emission (A = J) would imply instability. 

The somewhat larger value of a is still too small to permit anything but the funda- 
mental mode to develop in the absence of a magnetic field, although a slight change in 
the assumed parameters would permit the first few harmonics to grow. In any case, it 
is possible that a gross expansion or contraction of the halo would result from thermal 
instability. It would have a growth rate w = 7 X 10-18 {1 — M — N) sec-1 correspond- 
ing to an e-folding time of 4 X 109 (1 — If — A)-1 years, in rough agreement with 
Spitzels “cooling times” computed with a somewhat different heat-loss function. 

Small-scale disturbances can grow only if conduction is suppressed by a magnetic 
field. Although equation (150) implies that growth across the field lines will occur if 
A « 0 (Orrall and Zirker) or A « — | (Spitzer), independent of the value of 
we have seen in § III that the instability does not continue into the non-linear regime, 
and cannot lead to interesting density changes if the field strength is large. Since the 
value of (87t^o)1/2 = 1.8 X 10-6 gauss in Spitzer’s model, while the radio-astronomical 
evidence points to a field strength of 6 X 10-6 gauss (Woltjer 1962a), it appears that 
condensation across the field lines will be very limited, unless, as in the case of promi- 
nences, we postulate that the field is twisted (Ireland 1961; Woltjer 1962¿>) and force- 
free in the region of interest. 

The analogue of equation (149) is 

èX[|* > 7r/¿c||* = 15 (1 — If — A)~1/2 kpc . (154) 

Hence condensations of this length or greater will be permitted parallel to the field. 
Spitzer (1956) suggested that spiral arms form from the halo in this way. The difficulty 
is that the minimum length is so large compared with the circumference of the Galaxy 
(which may be taken as an estimate of the length of a tube of force) that the amount of 
material available would be insufficient to increase the density 1000-fold, as required to 
build a spiral arm from halo material. 

The effects of rotation may be briefly examined, using the approximate rotation-law, 
F(gj) = constant =210 km/sec; this appears to agree with the observed law within 
10 per cent for æ = 1.3-12 kpc, according to Oort (1962). According to equation (92), 
there are oscillations in the marginally unstable radial condensation mode if and only 
if A < 1 — ilf < 4A, which for the case M = 0 gives i < A < 1. Since the value of 
A may or may not actually be in the range specified, it is uncertain as to whether rota- 
tional stabilization will limit the growth of waves exceeding a certain length or not; if 
A = 0 or —J, it will not. This behavior can be traced to the dominance of pressure over 
rotation for the assumed values of V (210 km/sec) and c (145 km/sec). 

Field (1962a) suggested that interstellar clouds may be formed by the operation of 
thermal instability in a dilute intercloud medium of neutral hydrogen heated by cosmic- 
ray ionization and cooling by electron-ion collisions. Adopting the values = 8 X 10-2 

cm-3 and T = 104 ° K, we find that 

kp — kT — 2 X 10~23 cm-1, kK = 5 X 10“16 cm“1, kc = 9 X 10“20 cm“1, 
(155) 

km = 10“21 cm“1, 

using the data given in Field’s paper. The growth rate is ^ = 6 X 10“18 sec“1 implying 
an e-folding time of 6 X 109 years. This is much too long to be of interest under the 
assumed conditions. The regions of maximum instability would have initial diameters 
of order Tr/km, or 800 pc, and final diameters of 160 pc—an order of magnitude greater 
than observed. It appears that the postulated intercloud medium of neutral hydrogen 
would not condense into clouds of the required dimensions in the required time. If the 
medium were ionized rather than neutral, the ^-folding time would be decreased to about 
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106 years, but then the problem of maintaining the temperature of the medium against 
radiation loss would be much more severe. 

Rotation has more influence in this case than for the halo, because of the lower tem- 
perature. Since c = 10 km/sec, / = 21/2 F/æ, and kT/(kp — kT) is about 0.2, equation 
(87) implies a limiting wavenumber, Ur — 11/®, corresponding to a limiting wavelength 
\r = 0.4gj, or about 3 kpc at the orbit of the Sun. This is still large enough so that the 
upper limit on scale will be imposed by the finite velocity of sound in practice, as previ- 
ously indicated. 

e) Planetary Nebulae 

Zanstra (1955a, b) attributed the condensations observed in the planetary nebula 
NGC 7293 to the operation of thermal instability associated with the cooling due to col- 
lisions of electrons with N+ and N-1'4' ions. Since the former possesses a level which is 
readily excited by electron collisions, the shift from N++ to N+ accompanying a drop 
in temperature would lead to an increase in cooling rate and hence a negative value of 

It is necessary to re-examine Zanstra’s argument, however, since the instability cri- 
terion he adopted does not agree with ours. This raises a question as to whether his 
numerical results and the more detailed ones of Daub (1963) on the same problem are 
valid. 

Zanstra adopted the instability criterion 

Since it is readily shown that 
( 

d log p\ 

d log p/g-o 
<0. 

(d log p\ = /3S\ //aSN 
\d log pA-o W4 / KdTJr ’ 

his criterion agrees with the correct one (eq. [4b]) if and only if 

(§).>»• 

(156) 

(157) 

(158) 

that is, if the gas is isochorically stable. As a counterexample to Zanstra’s criterion, con- 
sider 2 of the form/i(p)[/2(r) — a form which actually applies under many con- 
ditions considered by Spitzer (1948, 1949) and Spitzer and Savedoff (1950), where both 
heating and cooling depend in the same way on density. In this case r0 is established 
by the equality of/2 and/3. The value of r0 is therefore independent of density and the 
equilibrium pressure is proportional to density, imply ingstability by Zanstra’s criterion. 
The correct stability criterion can be written yV^o) yf^To) since 2P = 0, and this is 
seen to be equivalent to the condition (158) that the two criteria agree. If this stability 
criterion is violated, the situation is in fact unstable, contrary to the Zanstra criterion. 

We therefore shall consider in what follows the range of validity of condition (158) 
for the situation considered by Zanstra. His heat-loss function is of the form, 

2(p, T) = - c2p(T - ßT)), (159) 

a(T) being the temperature dependence of the recombination of N4-4" to form N+, the 
first term being losses through superelastic collisions of electrons with N+ ions, and the 
second term being gains through superlastic collisions of electrons with N4-4" ions. The 
electron captures take place at a mean energy, %ßkT, and the mean excess ionization 
energy is %kT. (All temperatures in equation [159] are in units of x/k — 21800° K, 
where x is the excitation energy of the N+ level.) One finds that 

T02t = c^T-U2 aWe-'^ßT - (if + ß) + T/T](T - ßT)-1 (I60) 
and 

PoSp = c^T-^aWe-1^ , del) 
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where the subscript has been omitted from TV One readily shows that condition (158) 
is satisfied if and only if 

0.202/? = (10 - W6)ß < f < (10 + W6)ß = 19.798/? U62) 
or 

0.135 <T < 13.199 (163) 

for Zanstra’s assumed value of /?(= f). Hence his criterion agrees with ours for all his 
calculations except those for T = 20 (432000° K), which are summarized in his Figure 4 
(Zanstra, 19556). A curious feature of his results is a region where (dp/dp)2=o is positive 
within a larger region where it is negative. According to Zanstra’s criterion, a nebula 
would be stable in this region, extending between T = 2.4 and 8.2. Equation (160) how- 
ever, shows that condition (158) is violated when T is in the interval 

j[i+r/2ß— (i—sr//?+r2/4/?2)1/2]< t,<|[i+r/2/?+(i—sr//?+r2/4/?2)l/2] (i64> 

whenever condition (162) is_violated, as in the present example. This interval is 2.428 < 
T < 8.2395 for /? = § and T = 20, in agreement with his Figure 4. It follows that a case 
in this little region, which probably had escaped notice, is actually unstable according 
to our criterion even though it would have been pronounced stable if one had applied 
Zanstra’s criterion. 

From equations (160) and (161), and the correct instability criterion (4b), one finds 
that a nebula is unstable if 

¿[1 + 3772/? - (1 - 7f//? + 9f2/4/?2)1/2] < T < i[l + 37/2/? 
_   (165) 

+ (1 - 777/? + 9r2/4/?2)1'2]. 

For /? = f and T = 4.5, for example, the range of T corresponding to instability is 
0.7248-3.7254, in good agreement with Zanstra’s Figure 2. The range of instability 
shrinks to zero when T = (14 + \/160)/?/9 = 2.9610/? or 1.974 for /? = f. This value 
agrees well with Zanstra’s calculated value, 1.968. 

According to Spitzer’s (1948) calculations, a more realistic vajue of ß would be 0.55 in 
the relevant range of temperature. The revised upper limit of T for agreement between 
the two criteria is 10.9, or 238000° K. The range of T corresponding to instability would 
be changed to 0.72-4.59 for T = 4.5, and the range of instability would vanish at 
T == L63* . ; . 

Daub (1963) pointed out that Zanstra’s calculations were unrealistic'in taking account 
of only one source of heat and one cooling agent. In a real nebula, various ions of various 
elements will be phased in and out as the temperature changes, and it is quite conceiv- 
able that the increase in cooling rate as T drops and N"1“ grows in abundance in Zanstra’s 
example would be offset by a decrease in the abundance of some ion of higher ionization 
potential. Daub therefore included all relevant ions in a much more detailed study of 
the same mechanism. Unfortunately, he adopted Zanstra’s instability criterion, and 
therefore focused attention on the sign of (dp/dp)As we have seen, this procedure 
is valid only when Sr > 0. 

Daub found that the inclusion of other ions keeps the nebular temperature almost 
constant as the density is varied. For example, over the entire range of ne from 102 cm-3 

to 106 cm-3, T varies only between a minimum of 1.2 X 104°K and a maximum of 
2.7 X 104°K, jf the stellar temperature is 138000° K. (The comparable results from 
Zanstra, with T = 4.5, corresponding to a stellar temperature of 147000° K, range over 
a factor of 20 in temperature for a 35-fold variation in density.) As a consequence, 
Daub’s results for (po) differ little from isotherms, which are stable according to the 
Zanstra criterion. Daub therefore concluded that planetary nebulae are stable. We have 
shown above, however, that even isothermal equilibria are not necessarily stable, so 
that Daub’s results do not in fact imply stability. Unfortunately, Daub does not present 
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data on the variation of 2 with T for constant p, needed to ascertain the sign of and 
hence the correct range of instability. However, he does present a curve showing the rise 
and fall of 2 as the density is varied. Presumably this behavior reflects the rise and fall 
in abundance of various ions, and should therefore be present in the variation of 2 
with T. If so, it appears possible that nebulae are in fact unstable toward formation of 
condensations for limited ranges of temperature. It would be very interesting to see 
Daub’s calculations repeated with the correct instability criterion in mind. One might 
find that the instability sets in at the temperatures and densities corresponding to defi- 
nite radii in the diverging flow within a planetary nebula, and that this could account 
for the apparent onset of the condensation phenomenon at a certain radius in NGC 7293 
and its subsequent growth at greater radii. 

/) Formation of Galaxies 

Hoyle (1958) and Gold and Hoyle (1959) proposed that galaxies could be formed by 
the condensation of a diffuse intergalactic medium, initiated by thermal instability. 
The necessity for some such method of forming galaxies in a steady-state universe has 
increased since Harwit’s (1961) proof that gravitational condensation is too weak to do 
so. Gold and Hoyle derived a characteristic cooling time, based on free-free emission, 
equal to 

r = kT112/¡j,(y — l)Fne, (166) 

where F = 1.4 X 10~27 cgs units is the ratio of the emission coefficient to ne
2T112. If we 

follow the isobaric cooling of an element with no heat input, we find from equation (8) 
an e-folding time which is y times larger than equation (166), traceable to the necessity 
of radiating away the work done in compressing the gas. Our result is nr1 = 4.8 X 1011 

Tll2/ne sec, 11.4 times greater than the numerical value of Gold and Hoyle, apparently 
due to an error of a factor of 7 in their calculation. If, following Gold and Hoyle, one 
assumes isobaric conditions throughout intergalactic space, with neT — constant = 
104 cm-3 ° K, we find an ¿-folding time of n~l = 4.8 X 107 Tzl2 sec. Gold and Hoyle 
chose the temperature by the requirement that rr1 = iH“1 = 1.3 X 1017 sec, the char- 
acteristic time of the expansion of the universe. In this way we obtain T = 2 X 106 ° K 
and ne — S 'K 10-3. These values were supposed by Gold and Hoyle to apply to “primary 
condensations,” which are formed in some unspecified manner from a general inter- 
galactic medium having T = 109° K and ne = 10-5 cm-3; the latter corresponds to the 
mass density 3 H2/%ir G. 

The model as proposed has now been disproved by recent X-ray observations. 
Absence of substantial X-ray emission has been shown by Gould and Burbidge (1963) 
to imply that the temperature of the intergalactic medium is less than 107 ° K, and that 
neT is therefore less than 100, rather than the proposed value, 104. This comes at a time 
when we have shown that the “primary condensations” must be five times denser than 
proposed by Gold and Hoyle if they are to cool rapidly enough; the new value of the 
pressure then implies that the temperature of the condensations is less than 9 X 104 ° K. 
Such low temperatures should make the condensations visible in the optical range and 
thereby subject the matter to observational test. At these lower temperatures, free- 
bound cooling would reduce the cooling time. 

Turning now to evolutionary models, we may employ the results of § VI. Using the 
assumption of free-free cooling, following Gold and Hoyle, we find that Ci = F/mn1 = 
5.4 X 1020 cgs. Cooling is important before the epoch t = ¿>i/2, where 

¿1/2 = iicip*t*z/3RA (167) 

from equation (122); A is the asymptotically constant value of 7V/2 and hence depends 
on the unknown value of To at the present time, T*. We take p* = 1.7 X 10”29 gm cm-3 

and 4 ^ 3 X 1017 sec as typical values, although they would imply considerable space 
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curvature according to general relativity, in contradiction with our hypothesis of essen- 
tially flat space (see § Via). With T* < 107 ° K, ¿>i/2 > 1.7 X 107 years. 

Can galaxies have been formed by thermal instability at such an early phase in the 
expansion? We have seen that J (free-free emission) is characterized by relative 
instability; pi decreases with time, but more slowly than p0. Density contrast therefore 
increases. Thermal conduction stabilizes even relative growth of condensations in the 
period t < Ik, and hence effective relative growth proceeds only in the interval 
ík < t < ¿>i/2. Now Ik is proportional to a1/4 in this situation according to equation 
(143) and therefore increases as the velocity wavelength, Az>, decreases. The absolute 
minimum velocity scale which is unstable, Äz;, is characterized by Ik = bn2, or f = 64, 
from equation (141), and one finds that 

T* = (p*¿*/4)(p/6ttR)II2{ciz/?7)1/4(AzJ)1/2 = 4.6(Äü)1/2 ° K . (168) 

If one identifies the smallest structures owing their existence to thermal instability as 
clusters of galaxies, following Gold and Hoyle, Az> is the velocity corresponding to 10 Mpc, 
about 108 cm/sec, yielding an estimate, Z1* = 4.6 X 104 ° K, for the present temperature 
of the intergalactic medium. This estimate is consistent with the X-ray results (Field 
and Henry 1964) and would account naturally for the absence of observable 21-cm 
absorption (Field 1962¿>) and emission (Goldstein 1963). This estimate gives ¿>i/2 = 
2.5 X 108 years by equation (167). At this time the density would be lO^24 gm cm-3 

and the temperature, 7.4 X 107 ° K. The present density in clusters is of the order of 
4 X 10-27 gm cm-3, intermediate between the mean density when the instability set in, 
and that which is now prevalent, as expected from the principle of relative growth. 

The question arises as to why larger structures did not grow in the period before 
t = ¿>i/2, as they would be permitted to by equation (143), which states that the mini- 
mum velocity scale is given by Az>min = const. X ¿-4. The answer may be related to the 
effects of finite speed of sound, which were not considered in § VI. We know from § II 
that when > 0, as it is here, isobaric instability depends on the ability of the medium 
to increase the density in cool regions, and thereby the rate of cooling. Very large regions 
will be characterized by cooling times shorter than the time for pressure equilibrium to 
be effected, and hence will have limited growth rates (Table 2). This effect can be esti- 
mated from equations (29) and (132) to seriously limit the instability of regions whose 
wavenumber is less than n/c where n is the growth rate of the relative density in 
the present example, namely, 1.8/¿. Since the velocity wavenumber is given by a = kt, 
finite sound-speed effects limit the value of Av to Azwx ~ 2c. In the previous example, 
c = 1.5 X 108 cm/sec at t = ¿>i/2, so Av is confined to the range 108 to 3 X 108 cm/sec. 
This might serve to explain the relative lack of much larger systems originating at 
t ~ ¿>i/2. Furthermore, this result together with equation (121) implies that Azwx is 
proportional to t~2, while Azw is proportional to t~*. Hence, at much earlier times, Avm\n 

exceeds Avmax, and no scales can be unstable with reasonable growth rates, since they 
are either too large for pressure equilibrium to be effected, or too small to avoid conduc- 
tive stabilization. 

The conclusion of this subsection is that the masses of clusters of galaxies can be 
understood if they originated in thermal instability some 2.5 X 108 years after the begin- 
ning of the expansion of the universe. If this picture is correct, the present intergalactic 
temperature is about 50000° K. In the steady-state picture, thermal instability as such 
can play no role in the formation of such systems from the intergalactic medium, since 
the present density is much too low for the growth rate to be comparable to 3 iJ, although 
if they are compressed by some unspecified mechanism to 500 times the mean density, 
they can cool isobarically to form more compact systems. In either picture it is assumed 
that gravitational contraction takes over when the radius of the system approaches 
GM/c2, A shortcoming that permeates our discussion of the formation of galaxies is the 
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adoption of an expanding universe in which 00 and relativistic effects are ignored. 
It may be hoped, however, that the results concerning local effects may be approximately 
valid as long as Afl is much less than the velocity of light. 
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