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Universal variables—which may be used with elliptic, hyperbolic, and parabolic orbits, including circular 
and rectilinear (or “collision”) orbits—are reviewed and generalized to show their relationship to the pro- 
posals of Stumpff and others. A basis of comparison is established with simplified universal formulas for 
representation in the two-body problem, for differential correction, and for perturbations by variation of 
parameters, and with alternative sets of universal parameters. 

1. INTRODUCTION 

** F TNIVERSAL” variables, parameters, and formu- 
^ las are those that can be used with any of the 

two-body conic-section orbits, including the circular 
and rectilinear extremes of the ellipse, and the recti- 
linear extremes of the hyperbola and the parabola. 
Their primary contribution is nonsingular transition 
between reference orbits of differing type—e.g., between 
an elliptic reference orbit and a hyperbolic one—for 
use in the development of perturbations by the method 
of variation of parameters, or in either observational 
or thrust correction of an orbit, whether or not there 
are perturbations present. They also reduce the pro- 
gramming necessary, perhaps for an “on-board” 
computer, when the orbits to be encountered in a given 
mission may range from nearly circular satellite orbits 
to nearly rectilinear transition orbits. 

A subgroup that may be referred to as “unified 
variables” is somewhat simplified by reference to the 
line of apsides, and can be used effectively with any of 
the conics except the circle and the nearly circular 
ellipse. 

The use of such variables as “universal” or “unified” 
ones for ephemeris integration and orbit correction is a 
fairly recent development (Herrick 1945, 1953a, 1960a, 
1960b, 1961; Stumpff 1947, 1959). But the classical 
series expansions associated with the Lambert-Euler 
equation (e.g., Bauschinger 1928, p. 172) are an earlier 
manifestation of the same principles. For his integration 
of the two-body problem in universal variables, P. Wong 
(in an unpublished manuscript) starts with the trans- 
formation dr = rd^, developed hereafter as Eq. (24), 
which may be recognized as a “regularizing” trans- 
formation such as is used in the three-body problem 
(Leimanis 1958; Pitkin 1964). 

In comparing the several proposals for “universal” 
variables, parameters, and formulas, we must first of 
all reject those that involve the denominator q of the 
early “nearly parabolic” developments, or that cannot 
include rectilinear orbits for some other reason (Garafalo 
1960; Newton 1961). Functions of the true anomaly v, 
for example, become constant (and some of them 
infinite) because z;=180o for all positions in a recti- 
linear orbit. 

Then, in a common notation, we must explore the 
behavior of the proposed functions in the simple 
determination of position and velocity in the two-body 
problem, in the calculation of partial differential 
coefficients for differential corrections and related 
statistical and optimization problems, and in the method 
of variation of parameters. 

As a basis for these explorations and comparisons 
we have selected the formulas by which one proceeds 
from position and velocity at an arbitrary “epoch” 
(ro,ro,¿o), adopted as parameters or “elements,” to 
position and velocity at any other time (r,i,¿). To 
simplify the necessary formulations we absorb the 
gravitation-mass constant, into the unit 
of time by 

dr=ixHt, x=dx/dT, f=d2r/dr2, etc., (1) 

and, in particular, by defining the mean angular motion 
n, which is the rate of change of M (in elliptic orbits 
the mean anomaly), by 

' dM l dM 
n = M= = . (2) 

dr ¡JA dt 

When it is desirable to do so, we introduce derivatives 
with respect to ¿ by 

dx d2x dM 
r¿=—r«=—nt= =n^. (3) 

dt dt2 dt 

2. BASIC ELLIPTIC FORMULATION 

The equations by which one proceeds from ro, r0, ¿o 
to r, f, t, defined in accordance with the end of Sec. 1, 
may be subdivided into three groups, the first and third 
of which [are “universal,” and so may be used directly 
in subsequent sections. The middle group we show, in 
this section, only in its minimum elliptic formulation, 
but with Kepler’s equation, M—E—e sinE, and its com- 
panion equation, r/a= 1—e cosE, each expanded into 
two forms that may be used with circular and nearly 
circular orbits, one of which is easily developed into a 
“universal” form in Sec. 3. 
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310 SAMUEL HERRICK 

a. Universal Formulas: 

T=y*(t—h), (4) 

fo2=r0To, So2 = i,o'f0, Z)0 = Vo = ro*i,o, (5) 

12 r0 
a=—=s0

2 , Co= 1 . (6) 
a r0 a 

We do not use a in the early stages of the discussion, 
in part because of the greater familiarity of a, the semi- 
major axis in elliptic orbits, but a proves to be more 
convenient than a in differential correction and in 
variation of parameters. 

b. Elliptic Formulas : 

w=1/ú^, ecos£o=co, e síilE0=A)/âd. (7) 

Then with the notation 

X=E-E0 (8) 

Kepler’s equation becomes [cf. Eq. (2)] 

nT=M—Mo=X-\re sinEo(l—cosX)--£ cosEo sinX 
= (1—£ cosE0)X+£ síilEo(1—cosX) 

+£cos£o(X-sinX) (9) 

and 

where F is the hyperbolic anomaly equivalent to the 
eccentric anomaly E, and 

X=D—Dq (16) 

for the parabola, in which 

D=rr= (2q)% (17) 

Then the equations by which one proceeds from to, 
r0, f o to t, r, f, subdivided as in Sec. 2, are : 

a. Group (a) : 

Equations (4), (5), (6) are used to obtain r, r0, So2,Dq, 
a:= — 1/a, and ¿o- 

b. Group (b) : 

Kepler’s equation (9), when its second form is 
multiplied through by a%, becomes 

T=roX+DoC+c0Û (18) 

to be solved in conjunction with the following expres- 
sions for Û and C [easily derivable from Eqs. (11)], 
in which U* and C* are segregated because of the later 
requirements of the formulas for the partial differential 
coefficients, and for variation of parameters : 

r/a— 1+e sinfío sinX—e cosfío cosX 
= 1—ccosfío+c sinfío sinX+ccosfío(l—cosX). (10) 

If, after the solution of Kepler’s equation (9) for X, one 
next forms the functions 

S=a? sinX, C=a(l—cosX), £7=a*(X—sinX), (11) 

Jt3 1 
Û= *Z7, 

3! a 

. X2 1^ 
C= C*, 

^ X4 IX6 

c*= -+ 
4! a 6! 

(19) 

•v. (20) 

he will find that they fit naturally into well-known 
elliptic formulas for /, g, /, g—and in such a way as to 
make them actually become : 

c. Universal Formulas : 

/= 1 - C/rQ, f= - S/ rr0, 
g=r-Û, g=l-C/r, { 

t=fio+gio, i=fro+gi0. (13) 

3. UNIVERSAL FORMULATION 

If we replace the X=fí—fí0 of Eq. (8) by the uni- 
versal variable 

3t=vX=aï(E-Eo) (14) 

the elliptic formulas of Sec. 2b are easily developed into 
their universal forms. We note also that the equivalent 
hyperbolic and parabolic formulas are satisfied by 
exactly the same universal forms and the relationships 

X=(-a)ï(F-F0), (15) 

When Eqs. (18), (19), (20) have been solved by 
successive approximations for Û, C, one proceeds, 
if S and r are needed for /, g, r, with 

S=X-(l/a)Û, (21) 

t=to~\~DoScoC, (22) 

which follows directly from the second form of Eq. (10). 

c. Group (c) : 

Equations (12), (13) are used to calculate /, g, r and 
/, g, r. (The latter group is often dispensed with, of 
course, when there are no velocity-component obser- 
vations or velocity perturbations.) 

To the foregoing minimum formulas we may add, for 
alternatives, for differential formulations, or for 
perturbation developments, the following : 

d. Group (d), Auxiliary formulas : 

dS/d£=K=l-(l/a)C, (23) 
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UNIVERSAL VARIABLES 311 

which is cos(E—Eo) for the ellipse, 

dC ^ dt) ^ dr 

dl S> dX C’ dX r’ 
(24) 

dr dD r 
—=D=rf=DüK-\-CüS, —=c=\—, (25) 
dX dX a 

t= r<iS+D0C+ Û= rS-DÛ+ Û=rX-DÔ+cÛ, (26) 

r=roÊ+DoS+C; 

r0=rK-DS+C=r-DS+cC, 
(27) 

and from Eqs. (12), (26), (27) 

g=r0S+D0C=rS-DC, 

^-(roK+DoS), f=-(rK-DS), (28) 
r r0 

D0=DK-cS=D-S-ag. 

4. ALTERNATIVE EORMS OF THE UNIVERSAL VARIABLES 

In inspecting the equations of the preceding sections 
we find two “degrees of freedom,,—i.e., two places in 
which we may introduce arbitrary constants. These we 
shall designate ß and ñ. The former we introduce by 
setting 

X=r^=QV=Qa(£-£„), (29) 

„ Z3 /?Z5 //3\2Z7 

u=ß-tu= +(-)  
3! a 5! W 7! 

^ X 2ßX* /ß\2X« 
C=p-'C= +(-)  

21 a 41 \aJ 6! 

(30) 

ß- 
S=ß-hS=X—U, K=K=1—C. 

a a 
(31) 

The latter, ñ, we introduce by setting [cf. Eqs. (18), 
(26)] 

M=üt=f (X^EqC^tCoÜ =f oS-\-DoC-{~'ft'ß^IJ (32) 

so that, evidently, 

ro=nß*ro, Do=üßDo, co=üßko (33) 
and 

f=nßb= fo+DoS+CoC, (34) 

D=nßD=nßrr=DoK+CoS. (35) 

Finally the expressions for /, g, /, g [Eqs. (11), (13)] 
must be rewritten 

The following choices of the arbitraries ß and n are 
of interest : 

ß ñ 
No. 1 1 1 
No. 2 1 l/r0 

No. 3 r0 1/ro1 

No. 4 1/ro2 1 
No. 5 t2/to2 1/t 
No. 6 ¡JL 1/fl^ 
No. 7 mAo2 1/m1 

Choice No. 1, of course, reduces Eqs. (29)-(36) to 
the simpler forms of Sec. 3. Choices Nos. 2, 3, and 4 
have the property that fo= 1 ; these were developed to 
explore their effect on the question of single versus 
double integration in the method of variation of 
parameters (Herrick 1964). Choice No. 4, in which 
ñ= 1 also, reduces Eq. (32) to the relatively simple form 

T=X+DoC+coÜ=S+DoC+r<rdÜ. (33) 

Choice No. 5, which leads to the equations and 
“universal variables” developed by Stumpff (1947), 
may be looked upon as an ingenious variation of choice 
No. 4 ; it makes ikf = 1 as well as f o = 1. The consequences 
of choice No. 5 we find interesting to develop below. 

Choice No. 6 was proposed in a manuscript titled, 
“A Modification of Herrick’s Solution of the Two- 
Body Problem for All Cases”, sent to me early in 1964 
by W. H. Goodyear, and later revised and re titled. 
It is designed to replace the independent variable 

by t—to itself, by absorbing ^ into certain 
other quantities. It has the interesting effect that p 
enters into the actual computing formulas only in the 
first power and not in so that transitions between 
attractive and repulsive forces can be added to the 
transitions discussed in Sec. 1. Choice No. 7 has the 
properties of choice No. 6 and, in addition, those of 
choice No. 4. 

Choice No. 5—Stumpff’s form : 

Equations (32)-(34) become 

1=X+DqC+coÜ=S+DoC+nß*Ü, (37) 

where 
tDo rh T2 

D0= =—, nßt=—, 
r<? ra r0

3 

(38) 
r2C0 72 T2 T2Sq2 t2 

r0
3 7o3 fo2« r0

2 ros’ 

f=7of=ro(l+5o5+CoC). (39) 

Interestingly the arguments for his series that are the 
equivalent of Ü, C, S, K become 

/= 1-ßC/ro, f=mrr0, 
g=T-ßtÜ, g=l-ßC/r. 

(36) 
ß t2 _ roß5 

-=—, Z= (E—Eo) 
a rtfa t 

E-E0 

M-Ma 

(40) 
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312 SAMUEL HERRICK 

StumpfPs notation (double in some cases) is as follows : 

X = Z, Do = 7] = <JT, Co = f=€T2, 

-=X = pT2, ( - ) X=E—Eq = \ = x% 
a \ß/ 

(41) 
C 

K=Co (X2) = Co (x*2), — = C2 (X2) = C2 (xs2), 

S Ü 
—= Cl (X2) == d (xs2), — = c3 (X2) = c3 (x*2) • 
Z Z3 

His expressions for f, g, f, g are, in effect, as follows : 

r2C . rS 
/=1— 

ro* 

T*Ü 

rr0
¿ 

t2C 
g=T -, g=l  

(42) 

ro° rro* 

Perhaps the chief drawback of StumpfPs ingenious 
formulation is that the coefficients Do, Co, and ß/a, as 
they appear in Kepler’s Eq. (37) and in Eqs. (30) for 
Ü and C, are functions of r and so must be computed 
anew for each value of L There appears to be only 
disadvantage in making ikf= 1 in Eq. (37) as compared 
with ikf = r in Eqs. (18), (33). 

5. VARIATION OF PARAMETERS 

Formulas for the method of variation of parameters 
may be developed somewhat more simply than those 
for the differential correction, and they have been 
very well developed by Wong (1962), using the “pertur- 
bative differentiation” technique developed in my first 
paper (Herrick 1948, cf. also 1953b, 1960c). He adheres 
rather too strictly, however, to earlier usage on etc. 
and his equations accordingly are not quite in the 
simplest form. 

In order to develop formulas for the perturbative 
variations, r0' and r0

v, of the parameters selected for 
the illustrative problem of this paper (cf. Sec. 1), one 
must first invert the equations of Secs. 2 and 3, so that 
ro and r0 are expressed as functions of r and r. To this end 
one may simply drop the subscript zero from Eqs. (5) 
and (6), but in order to continue using the values of 
r, Jt, Û, S, f, g, /, g in the same sense as in Eqs. (12), 
(13), (18)-(22), one must modify Eqs. (18), (22), (13) 
to [cf. Eqs. (25), (26), (27)] 

T=rX-DC+cÛ, (43) 

ro=r-DS+cC, (44) 

r0=gr-gi, r0=-/r+/f, (45) 

which last equations follow from the fact that 

Then, by the simple process of perturbative differ- 
entiation, using a= — l/a rather than a itself, desig- 
nating the perturbative acceleration by f\ whatever its 
character or mathematical expression (and whether 
or not the perturbing forces are conservative or dissi- 
pative), and remembering that the perturbative varia- 
tion of r is zero, we obtain 

ZT = r-rv, a'=2f«rv, = (46) 

and, with 

. ÔÛ _ ^ 
Ua=—=±(XC*-?>U*), 

da 

. ^ 
Ca=—=|(Zt/-2C'*), 

da 

X' = -[_{DCa-cÛa-rÛ)a>+CD'~], (48) 
ro 

Û'=CX'+Ûaa\ Cs=SX'+Caa\ (49) 

S'=J£'+aÛ'+Ûa\ 

r0' = cC'+rCa'-DSs-SD\ 

1 ^ 
/'=-(CV-r0C'), 

ro2 

1 ^ 

rro2 

g'=-Û\ g'=C\ 

ro' = r¿'-rg'-gr\ 

r0'=—r/N+f/v+/f\ 

It is these last perturbative variations, r0
N and f0\ 

that are to be integrated, whether numerically (special 
perturbations) or from series approximations (general 
perturbations, and by whatever integration formula 
(e.g., Gaussian or Runge-Kutta). 

Upon considering the effect of choice No. of Sec. 4— 
the Stumpff form—on the foregoing formulation for 
variation of parameters, we note that the introduction 
of ro into ß/a will complicate rather than simplify the 
perturbative variations Î7\ S', and so f0' itself, and 
the whole of the formulation. 

(50) 

(51) 

(52) 

(53) 

6. PARTIAL DIFFERENTIAL COEFFICIENTS 

The universal-variable analytic forms of the partial 
differential coefficients of r with respect to ro, ro, which 
are useful in differential correction, in thrust guidance, 
in error analyses, in optimization, and in similar 
problems, were first developed in the author’s study of 
the two-body precision aspects of rendezvous (Herrick 
1961). They were extended to f by Pierce in the second 
edition (1962) of the same study. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
65

A
J 

 7
0.

 . 
30

 9H
 

UNIVERSAL VARIABLES 313 

The complexities in the formulation of these partial 
differential coefficients can be reduced greatly by a 
thoughtful selection of equations, sets of parameters, 
and notations. In order to orient ourselves in the 
problem we may start effectively at the end of the 
“representation,, outlined by Secs. 2 and 3, with 
Eqs. (13). Let the notation u, v=x, y, z indicate every 
possible pairing of %, y, z: namely, %%, %y, %z, y%, yy, 
yz, z%, zy, zz. Then, from Eqs. (13), 

dv df dg 
 —fàuv-^Vo Mo , 
ôUq duo duo 

where 
Ûa=h(£Ô*-3Û*), Ca=h(XÛ-2C*) (61) 

are the partial derivatives of Û and Ô with respect to a 
[cf. Eq. (47)] for the set of parameters a, but not 
for the set r0, A, a; and where [cf. Eqs. (23), (50)] 

K=\+aC, Sa=Û+aÛa. (62) 

The partial derivatives of are obtained from 
Kepler’s equation (18), in which r is a constant in 
each partial differentiation, with the aid of Eqs. (21), 
(22) for S and r, and of Eqs. (57), (58), (59) : 

u,v=x,y,z (54) where 

dv df dg 
 = gàuv-{-Vo Mo , 
dúo dúo dúo 

di) df dg 
 = /Ôwv+î’o Mo j 
duo duo duo 

di) df dg 
 =  Mo- 

dúo dúo dúo 

where buv is the Kronecker delta, 

5 uv — 1, v, 
= 0, Ut^V. 

For the development of the partial differential 
coefficients of /, g, /, g with respect to i/o, úo, we note 
from Eqs. (4)-(6), (12), (18)-(22) that r0, ¿o, « will 
serve effectively as an intermediate set of parameters, 
and that [from Eqs. (5), (6)] 

(55) 

dra 
r<s—=Wo, 

duo 

- ÚOy 
dDo 

duo 

da 
r0

3— = 2uo, 
duo 

dro 

dúo 

dDo 

dúo 

-=o, 

-=uo, u=x,y,z (56) 

and 

dco 

dro 

da 
 =2Û0y 
dúo 

dco dco 
 =0,  =fo. 
dDo da 

Then, from Eqs. (19), (20), (21), 

dû jJt 

dro dro 

dC JX 

dro dro’ 

dS M 
—=K— 

dro dro 

dÛ jX 

dDo dDo 

dû jX 

dDo dDo 

dS ^dX 
 =K— 
dDo dDo 

dÛ jX , 
 =C VUa, 
da da 

dÛ J>X ^ 
—=S—+Ca, 
da da 

dÛ jX ^ 
—=K—+Sa, 

da da 

dX ^ dX ^ dX 
r—= —S, r = — 6', r———Xa, (63) 
dr0 dDo da 

Xa—roü-\-DoCa-\-CoÛa» (64) 

For the partial derivatives of / and g with respect 
to ro, Do, a we differentiate Eqs. (12) and obtain, with 
the aid of Eqs. (58), (59), (63), (64), 

1 df C ' S2 df SC df SXa—rCa = J ^ ^ ? 

ro dr0 i'o3 rr0
2 dDo rr0 da rrQ 

1 dg SC df dg Û2 dg CXa—rÛa 

rQ dro rrQ dDo dDo r da r 

(65) 

For the partial derivatives of f and g we must first 
have those of r, from Eqs. (22), (25), (28), (59)-(64) 

dr ^ ^ dr ^ ^ 
r—=rK—DS=rüf, r =rS-DC=g, 

dro dDo 

dr 
r—=rra—DXa, 
da 

(66) 

ra= roC'+öo-S'a+CoC’«' 

Then, again from Eqs. (12), 

1 df Û 

(57) 

(58) 

(59) 

(60) 

[r2-\-ro (rK+»"o/) ], 
ro dr0 r3r0

3 

1 dg 1 ^ ^ . 
 -=—(rofC+rS*) =—(r+rK+rof), 
ro dro rV0 rho 

df Sg+rÊC (Sg+rS)-rC 

dDo r‘ro r^ro 

dg C ^ 
—=-(g+r5), 
dDo r3 

df rofXa+r(Ûra—rSa) = — j 
da rho 

dg gXa+r(Cra—rSa) 

da r3 

(67) 
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314 SAMUEL HERRICK 

If we now set 

df A 1 5/ 
/s=2—, /r=—H , f->g,f,g, 

da fo3 r0 dr0 

(68) 

we may write, from Eqs. (56), (65), (67), (68), 

df 
 = frUQ+fdÛ0, —=fdUo+fsÛo, g, f, g. (69) 
ôuq dúo 

(We may recognize in fr, fd, fs partial derivatives of 
the set r0, Do, ¿0 in place of the set r0, Do, a.) 
^ The order of calculations, if r0, Do, Co, U*, C*, 

U, C, S, r, are given by the representation calculation 
of Secs. 2 and 3, is as follows: For r alone, Ûa, Ca by 
Eqs. (61), Xa by (64), the partial derivatives of / and 
g by (65), (68), the partial derivatives of r (or v = x, y, z) 
by (54), (55) ; additionally for f, ra by (66), the partial 
derivatives of / and g by (67), (68), and the partial 
derivatives of f (or v=x, y, z) by (54), (55). 

7. PARAMETERS ALTERNATIVE TO r0, f0 

In Sec. 4 we explored alternative forms to the uni- 
versal variables; it is appropriate also to consider the 
effect of replacing r0 and ro by other parameters. Again 
the possibilities are infinite and we can consider only a 
few. They should be judged by the following criteria : 

(1) Simplification or complication of the formulas 
for representation, variation of parameters, and differ- 
ential correction. 

(2) Removal or introduction of indeterminacies, 
whether mathematical or computational, in particular 
circumstances. 

First consideration should be given to parameters 
associated with the orthogonal unit vectors 

Uo=ro/V0, Vo=(r0—roUo)Ao¿>o (70) 

and with r0 itself, fo or Do=rofo, and Vo or p^=rf‘Vo- 
These parameters are suggested by the problem of 
determining an orbit satisfying two positions, r0 and 
r, separated by 180° (i.e., v—vo^ 180°). In such circum- 
stances ro is indeterminate; so also is Vo, but fo, Vo, Do, 
and p? are all determinate. They will give useful 
information about the orbit even with Vo lacking, e.g., 
in interception problems. 

Because Vo is indeterminate also for rectilinear 
orbits, though for a different reason (fo—roUo=0, 
p^=r^Vo=G), and for other reasons that are developed 
later, the author has come to prefer the following 
associated parameters : 

ro=roUo, Vo=roÿWo=ro2fo— 
Do=rofo=ro-io. ; y 

We note that Vo=0 for the rectilinear orbit. The 
rectilinear indeterminacy of Vo accordingly cannot 
affect our calculations. We note also that the three 

conditions on Uo and Vo, namely IV Uo=l, Vo*Vo=l, 
Uo’Ÿo=0, have been reduced to one, ro*Vo=0. 

With the adopted parameters the representation 
proceeds as follows (cf. Secs. 2 and 3) : Equations (5) 
are replaced by 

Vo* Vo D(f-\-p 
ro2 = ro-to, p = -, ¿o2 = . (72) 

r0
2 ro2 

Equations (6), (18), (19), (20), and (21) are then used 
to obtain a=—\/a, co, X, Û, C, S. Then, for 
K=rrocos(v—vo), g=rrosm(v—vo)/p^ [cf. Eqs. (12), 
(13)], 

C 
/=1—, g=T-U, 

ro 

K 

ro¿ 
-=f+~D 

ro2 
(73) 

K g, 
r=—r0H—Vo, 

g 
V = — ÿ—r0d V0, (74) 

ro* ro* 

D=DoK-\rCoS—Do-)rS-)rag, (75) 

i=(Dr+V)/r2, r2=r*r. (76) 

To obtain the variations of the adopted parameters 
one proceeds as in Sec. 5 with Eqs. (46) through (50). 
Then with the aid of Eqs. (12) or (52), (28) or (75), 
(76) and the inverted equations 

K=gr2-gD, p=r2è2-D2= (V-\)/r2, (77) 

r2t0=Kr—gŸ, r2Ÿ0=pgr+K\, 

we obtain 

g'=-£/\ g'=-&/r, (78) 

K' = r\j'-(Dg'+gD'), (79) 

Y=rH'-rD\ (80) 

p'=rW— 2DD' = 2 ( V • V')/r2, (81) 

rV=rir-(Vg'+gV'), (82) 

r2V0' = r(/>g'+^') + (VA''+ZV'), (83) 

Z)o'=2?'-5'-(ag'+ga'). (84) 

We note that rf is not necessary to the determination 
of the parameter variations to be integrated, as given 
by Eqs. (82)-(84), but that it would have been had we 
not included ro in Vo=/'o^Vo, as well as in r0=foUo. 
This is a fourth and final reason for the selection of the 
set of parameters specified by Eqs. (71), (82)-(84). 

It is evident that Eqs. (78)-(84) cannot compete in 
brevity and simplicity with Eqs. (51)-(53) in the 
method of variation of parameters, nor Eqs. (73)-(76) 
with Eqs. (12), (13), (22) in the representation, 
although of course circumstances may be found in 
which the longer sets are preferable. 
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Pitkin (1964) has studied another suggestion—that 
ro and io be replaced by the “scaled and regularized’’ 
set ro/?V and roio. He also uses rr, postponing the 
division by r, but not r/rK The necessary accompanying 
replacement of /, g, /, g by r<?f, g/r0, rr^f, gr/r^ only 
complicates the formulation, as may be judged from 
Eqs. (12), (13), (51)-(53). It would be more effective 
to use r0 and ro^io in conjunction with r and r^ri, 
«specially when choice No. 3 of Sec. 4 is adopted; but 
the resulting theories would still be more complicated 
than those adopted here in Secs. 2, 3, 5, 6. 
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