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ABSTRACT 

The paper presents a study of the observations and theory which are relevant to the presently popular 
behef that the solar-flare phenomenon is a direct consequence of the annihilation of magnetic fields on 
the sun. There is very little in the observations to support such views. A systematic study of the known 
theoretical mechanisms for the diffusion, reconnection, and annihilation of magnetic fields is presented. 
The mechanisms discussed are Joule dissipation, ambipolar diffusion, and various forms of Sweet’s 
mechanism. It is shown that Sweet’s mechanism is much more effective in a highly compressible medium 
if the merging magnetic fields are exactly antiparallel. None of the known mechanisms are sufficiently 
rapid to account for the solar flare from the annihilation of magnetic fields. Errors and omissions in 
earlier discussions of the problem are cited. Since no possible energy source other than magnetic fields 
has yet been developed, the question of field annihilation remains both open and pressing. 

The possibilities of runaway electrons and hydrodynamic instability, as means for hastening magnetic- 
field annihilation, are considered. It is shown that there is no reason to expect runaway electrons and no 
effective instability unless the fields are exactly antiparallel. 

The observational and theoretical difficulties with the hypothesis of magnetic-field annihilation sug- 
gest that other alternatives for the flare must be explored. 

I. INTRODUCTION 

The solar-flare phenomenon is made up of a loose association of diverse dynamical 
processes occurring in the solar atmosphere. At the time of a flare, there is a visible 
brightening in line emission, seen both against the disk and in profile at the limb, which 
constitutes the visible flare. There are also enhanced radio-noise emission, enhanced 
X-ray emission, enhanced coronal heating, explosive outbursts of matter, prominence 
activity, acceleration of electrons and ions to subrelativistic and relativistic energies, etc. 
Observation does not yet make clear the interrelation of these various processes. They 
occur in widely varying proportions from one flare to the next. To complicate the matter 
further, the intensity of individual flares forms a continuous spectrum extending all the 
way down to what are only bright plages. Thus the theoretical problem of understanding 
the solar-flare phenomenon presents many facets. One of the basic questions is whether 
the flare is in fact the occurrence of some unique dynamical process which suddenly 
liberates the enormous quantities of energy consumed in the total flare, or whether it is 
merely an intensification of something like coronal heating which is going on in some 
degree all the time. Only after a provisional answer has been given to this question can 
one proceed to look for mechanisms to explain the detailed operation of the flare. 

At the present time the popular view seems to be that a flare occurs as the result of 
some unique dynamical process which suddenly makes available hitherto latent energies. 
The view is based, quite reasonably, on the rather explosive properties of many of the 
larger flares. If one adopts this point of view, then the question of the energy supply for 
the flare seems to take on definite shape, viz., the energy for the explosion must either 
be in situ in some latent form or be supplied by a violent eruption from the vast store- 
house of thermal energy in the solar interior. The latter appears dubious because of 

* This portion of the work was supported by the National Aeronautics and Space Administration 
under grant NASA-NSG-96-60. 
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the failure of most flares to be visible in white light and because of the failure to observe 
violent disturbance in the photosphere beneath the visible flare. The assumption that 
the energy is initially in situ leads to the conclusion that it is magnetic energy, for the 
reason that thermal energies form the only apparent alternative and are completely in- 
adequate. On the basis of these ideas, the central problem in the theory of the solar flare 
is to understand the mechanism by which magnetic energy, contained presumably in 
the very strong fields associated with the sunspots near the flare, can be converted 
quickly into thermal energy or its equivalent. A great deal of thought has gone into this 
problem in the past decade, and many interesting ideas have been turned up (see discus- 
sion in Cowling 1953 of some of the early ideas). Indeed, there appears to be some 
popular belief that the necessary annihilation of magnetic fields has been accounted for 
by quantitative theory. 

It is the purpose of the present paper to show that, in fact, there are several difficulties, 
both theoretical and observational, with the idea that the solar flare is simply a conse- 
quence of the sudden annihilation of magnetic fields in an active sunspot region. The 
observational objections are rather straightforward and well known to many observers. 
The theoretical objections are based on the fact that when the known mechanisms for 
the conversion of magnetic energy are worked out quantitatively, they are found to be 
inadequate by several powers of 10 to supply the rapid energy consumption of the flare 
(Parker 1957í;). The bulk of the paper is devoted to an extended quantitative exposition 
of the presently known mechanisms for annihilation of magnetic fields. Numerical ex- 
amples are given in the last section to illustrate the inadequacy of the mechanisms. 
Some alternative possibilities are suggested and discussed very briefly. 

Let us review some of the gross observational features of the solar-flare phenomenon. 
We pay particular attention to those observations which give an indication of (i) the 
total energy expenditure, (ii) the magnetic environment, and (iii) the magnetic changes 
occurring at the time of the visible flare. The observations which seem to contradict the 
idea that the energy for the flare comes from the annihilation of magnetic fields will be 
presented in italics. 

Against the disk of the sun the visible flare appears as a brightening in the chromo- 
spheric line emission, showing usually a contorted region in among the individual spots 
of opposite polarity in an active group. The brightening always occurs in a plage region, 
and, in fact, it is not easy to define the difference between a bright plage and some of the 
fainter portions of the flare (see discussion and photographs in Kiepenheuer 1953 and in 
Athay and Moreton 1961). There is also the interesting phenomenon of sympathetic 
brightening of plages at some distance from the flare. The emission from the visible flare 
rises to a maximum usually within 1-15 minutes, thereafter declining, to give a total life 
of the order of half an hour. The rates of extension of brightening are commonly of the 
order of 100-400 km/sec. The visible areas of flares range from as little as 1017 cm2 to 
something of the order of 0.5 X 1020 cm2 for the largest. The emission region is evidently 
a luminous cloud as high as it is broad, with a characteristic vertical scale of 2 X 109 cm 
(Warwick 1955). When seen in profile on the solar limb, the flare often appears as the 
sudden brightening of active loop prominences over the associated sunspot group. 

It is not easy to estimate the total radiative output from a solar flare. The total 
radiative output can be estimated in principle by integrating over the entire electro- 
magnetic spectrum, but in practice this is very difficult because the flare is usually 
extremely faint compared with the solar disk. Many of the emission lines are strongly 
enhanced, so that they stand out clearly against the photosphere, but the continuum is 
much more difficult to observe, and it cannot be stated at the present time what is the 
sign or magnitude of its contribution.1 The extra emission in the lines indicates a radia- 
tive output of the order of 1032 ergs during the life of a very large flare (Parker 1957¿;) and 
1030-1031 ergs during the more common class 2 flare (Billings and Roberts 1953). 

1 The author is indebted to Professor R. G. Athay for this important point. 
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Analysis of the emission lines and the continuum suggests (Jeffries 1957; Jeffries et al. 
1959; Jeffries and Orrall 1961a, b) that the mean density in the visible flare is perhaps 
a few times 1011 electrons/cm3, with a temperature somewhere between one and two 
times 104 ° K. It follows that the gas is highly ionized, so that there are very few neutral 
atoms present. The emission lines from the visible flare show many peculiar character- 
istics, such as very broad wings. The broad wings have led some investigators (see, for 
instance, Tandberg-Hanssen and Zirin 1959) to suggest gas temperatures much higher 
than the 1-2 X 104 ° K. It is pointed by Jeffries and Orrall (1961a, 6), however, that the 
broad wings, if they represent Doppler width, are more probably the result of high-speed 
irregular gas motions. 

It has been observed that hydrodynamic disturbances sometimes emanate from the 
site of the visible flare with velocities of the order of 1000-2000 km/sec across the disk 
of the sun (Athay and More ton 1961) during the explosive onset of the flare. The dis- 
turbances are presumably responsible for the temporary fading of prominences at dis- 
tances up to 4 X 105 km from the flare. 

At the time of the visible flare there are accelerated somewhere in the vicinity of the 
active region copious quantities of relativistic electrons, whose synchrotron radiation 
gives rise to the type IV and V radio bursts observed in association with the visible flare. 
There are accelerated also large quantities of positive ions, some portion of which escape 
into interplanetary space, where they are observed at the orbit of earth. The peak flux 
of energetic protons above about 30 Mev may be 104 protons/cm2 sec (see, for instance, 
Meyer et al. 1956, and the summary of proton events in Mahtson and Webber 1962). 
The energy spectrum of the protons is sufficiently steep that most of the particle energy 
is near the lowest observed energy. A proton of 30 Mev has a velocity of about 0.7 X 1010 

cm/sec, so that a particle flux of 104 protons/cm3 implies a particle density of the order 
of 3 X lO^/cm3 and a total energy density of the order of 1.6 X lO-10 ergs/cm3, 
which is more than 102 times greater than the normal galactic cosmic-ray energy density 
in interplanetary space. Assuming that the particles at the time of peak intensity at 
earth occupied 1 cubic a.u., it follows that the energy of the solar protons above 30 Mev 
is of the order of 1030 ergs. 

It is observed that a blast wave often arrives at earth 1 or 2 days after a flare on the 
visible hemisphere of the sun. The inference is that the blast wave originated at the sun 
at the time of the flare, presumably from the explosive heating of the local solar at- 
mosphere to several times 106 ° K. The velocity of the blast wave in interplanetary space 
is inferred to be 1 or 2 times 103 km/sec, based on the arrival time at earth 1 or 2 days 
after the flare. The blast wave is responsible for the geomagnetic storm and for the 
Forbush decrease in the galactic cosmic-ray intensity. Judging from the frequency with 
with which the geomagnetic field is buffeted by such a blast wave, compared with the 
number of large flares on the visible hemisphere of the sun, the blast wave must be rather 
broad, occupying at least 1 steradian as seen from the sun. The initial phase of the geo- 
magnetic storm, during which time the blast is pressing in on the geomagnetic field (see, 
for instance, Parker 1962), usually lasts several hours, suggesting that the blast-wave 
thickness is at least 0.1 a.u. Theoretical considerations (Parker 1961) of interplanetary 
blast waves suggest, too, that the thickness is probably not less than 0.1 a.u. Altogether, 
then, the blast wave occupies a volume not less than 0.1 a.u.3 as it reaches the orbit of 
earth. The observed compression of the geomagnetic field suggests, in association with 
an assumed velocity of 1500 km/sec, that the density of the wave is of the order of 
30 atoms/cm3. Blackwell and Ingham (1961) suggest 300 atoms/cm3 on the basis of 
their zodiacal light observations, but the observation seems a little dubious for several 
reasons. Using 30 protons/cm3, which is at best only an order-of-magnitude estimate, 
yields a kinetic energy density of 0.6 X 10-6 ergs/cm3, a total energy of 2 X 1032 ergs, 
and a total mass of 2 X 1015 gm. Note that the total energy is at least as large as any of 
the estimates of the energy in the other features of the flare, so that we may conjecture 
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that one of the principal manifestations of a large solar flare is an interplanetary blast 
wave. It is not clear whether the interplanetary blast wave has any connection with the 
sudden expulsion or surge of gas from the flare during the explosive phase (Athay and 
Moreton 1961) or whether it arises solely from the expansion over a larger period of time 
of the enhanced corona associated with the active region and the flare. We are inclined to 
the view that, whether there is any connection with the surge or not, a major portion of 
the energy and momentum of the interplanetary blast wave is imparted by expansion 
of the enhanced corona. 

This completes the summary of the observed and inferred properties of the solar flare. 
We take 1032 ergs as a very rough order-of-magnitude estimate of the energy expenditure 
in a large (class 3) flare event. This amount of energy corresponds to a mean flux 2 X 109 

ergs/cm2 sec through a typical large visible flare area (if, in fact, the visible flare area has 
any relevance at all) of 5 X 1019 cm2 for a typical characteristic flare life of 103 sec. This 
energy flux may be compared with the flux of radiant energy 6 X 1010 ergs/cm2 sec from 
the photosphere and with the estimated chromospheric and coronal heating requirement 
of 108 ergs/cm2 sec. In terms of magnetic energy, 1032 ergs is equivalent to the complete 
annihilation of a 500-gauss field occupying a cube 2 X 104 km on a side, or 100 gauss 
over a cube 6 X 104 km on a side, or the reduction of a 500-gauss field to 400 gauss over 
a cube 3 X 104 km on a side, etc. These numbers serve to illustrate the magnitude of the 
magnetic changes that might be expected in a flare sight if the flare energy is magnetic 
in origin. Magnetic observations of active regions have been carried on for some time 
(Hale el al., 1919; Babcock and Babcock 1955; Babcock 1959), but only recently have 
the sensitivity and resolution been sufficient to see the variations in field across the site 
of a flare. And, of course, there is need for considerable further improvement before 
some of the existing questions can be resolved. Briefly, Severny (1958) reports that flares 
seem to occur near regions where the longitudinal component of the magnetic field shows 
a reversal in sign and that the magnetic field is significantly changed during the course 
of the flare. Evans (1959) finds much the same thing except that in his observations the 
field returned quickly to its initial value during the declining phase of the flare. Evans esti- 
mated the magnetic change to be of the order of 4 X 1031 ergs during a class 1+ flare, 
before the sudden return to the initial value. Howard and Babcock (1960) also find no 
net change in the magnetic field over the course of the flare. Hanson and Gordon (1960) have 
shown that succeeding flares in an active region may occur with identical visible profiles and 
shapes, suggesting that if the flare shape is determined by the local magnetic-field con- 
figuration, then the field is not changed much from one flare to the next. Then there is 
the remarkable observation that the time dependence and magnitude of the X-ray 
emission (Fortini 1963) and of the radio emission (de Feiter and Fokker 1961) are the 
same for a sequence of flares in the same site, whereas they are strikingly different be- 
tween flares in different sites. The observations all suggest that in some way succeeding 
flares follow some blueprint that is characteristic of the site in which they occur. The 
blueprint does not seem to be destroyed by the individual flares. 

Altogether, then, it would seem that there is very little in the direct observations of 
solar magnetic fields to support the notion that the flare is generated by the catastrophic 
annihilation of magnetic fields. We turn now to the question of whether there is any 
known theoretical mechanism that might permit the annihilation of magnetic fields on 
the scale observed on the sun to produce 1032 ergs in the short period of lOMO3 sec seem- 
ingly required by the visible flare. Since the problem of the annihilation and reconnec- 
tion of magnetic lines of force is a subject of some interest in itself and has been con- 
spicuously neglected in spite of its importance to a number of natural phenomena, it will 
be developed at some length in the sections which follow. 

A brief listing of the known processes for the diffusion, reconnection, and annihilation 
of magnetic lines of force will serve as a guide through the theoretical sections that fol- 
low. Application of the theory to specific phenomena, such as the solar flare, is given in 
Section IV. 
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The basic means for reconnection of magnetic lines of force arises from the electrical 
resistivity of the gas in which the field is imbedded. If the resistivity is written 1/ít (esu), 
then the magnetic field in a static medium satisfies the diffusion equation 

dB 

dt 
(i) 

The magnetic lines of force interdiffuse across a distance L with a characteristic time 
Dcf/c2 and characteristic velocity g2/<tL. A number of elementary examples of the re- 
sistive reconnection of lines of force may be found in Parker and Krook (1956). It turns 
out that the reconnection of lines by resistive diffusion is much too slow to be of great 
interest in most solar and astrophysical phenomena; this remark is equivalent to the 
usual statement that the magnetic Reynolds number, Lvc/â (Elsässer 1954), is very 
large under most astrophysical circumstances. 

There are other effects which can hasten the diffusion beyond the slow rate â/Lv 
given above. For instance, there is the phenomenon of ambipolar diffusion, which may 
increase the diffusion rate by many factors of 10 in a tenuous, partially ionized gas 
(Piddington 1954; Cowling 1956, 1957). There is Sweeps mechanism by which the gas 
is squeezed out from between two antiparallel fields, allowing them to approach more 
closely, decreasing the scale Z, and increasing the diffusion rate (Sweet 1958a, b). There is 
the possibility of diffusive transport of magnetic fields by turbulent motions in the fluid. 
There is the possibility of runaway electrons, leading to plasma instabilities that may 
greatly increase the effective resistivity. 

n. AMBIPOLAR DIFFUSION 

a) General Discussion 

Ambipolar diffusion is by now a familiar concept, but unfortunately it has been mis- 
used in some of its applications, so we feel that an elementary presentation from a 
somewhat different point of view will help to clarify the problems that turn up in later 
discussion. Consider a gas of Na neutral atoms/cm3 with a relatively slight degree of 
ionization, A, so that the ion and electron densities are N{ = Ne = ANa particles per 
cm3 and Ni <k Na- Denote by a the electrical conductivity of the medium. The electrical 
conductivity resides in the ionized component, of course, so regard the ionized compo- 
nent as one fluid with velocity u, and the neutral component as a second fluid with 
velocity v. The physical essence of ambipolar diffusion is simply that the magnetic field 
moves with the electrically conducting ionized component, whose motion relative to the 
dominant neutral component is impeded by the friction due to collisions of the ions with 
the neutral atoms. The magnetic-field stresses drive the ionized component toward field 
configurations of lower energy as rapidly as the friction will permit. 

To treat the problem quantitatively, we employ the hydromagnetic equation for the 
magnetic field B carried by the conducting ionized component, 

^ = VX(ukB)+7
£^-V25. (2) 

dt 47rcr 

The magnetic field is not directly affected by the non-conducting neutral component.2 

If the two fluids are in relative motion, there is friction between them as a consequence 
of collisions of the ionized component with the neutral atoms. Denote the electron and 
ion collision frequencies with the neutral atoms by ve and Vi, respectively. Then the fric- 
tional force on the ionized component is approximately 

F = — NíÍMví + mv¿) (u — v) , 

2 The electrical conductivity is reduced only slightly by the additional collisions of the electrons with 
the neutral component. 
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assuming that all relative momentum is lost at each collision. Here M represents the 
ion mass and m the electron mass. Since the collision cross-section of the neutrals is ap- 
proximately the same for incident electrons and for incident protons, the second term in 
the parentheses may be neglected as small 0(ml,2/M112) compared with the first. In 
addition to the frictional forces, there are the usual Maxwell stresses (V X -B) X B/^tt 
exerted on the ionized component, so that, altogether, the motion of the ionized com- 
ponent is 

NiMi - VPi + ) X-g - NiMVi(u -v), (3) 

where pi is the hydrostatic pressure of the ionized component. 
Assuming that the gases are of sufficiently large scale that the friction maintains u of 

the same order as v and remembering that Ni <<C Na, it follows that the inertia of the 
ionized gas may be neglected in relation (3), so that relation (3) may be solved alge- 
braically for u and substituted in equation (1), yielding 

g-vx<,xB)+í^rs+vx[]dy-vi>xs+¿[<vxs)xs]xs¡].('" 

This expression is essentially that given by Cowling (1957), indicating that the present 
derivation is equivalent to the somewhat different approach given by him. The terms in 
braces lead to dissipation of the magnetic-field energy by the simple mechanism that B 
is allowed to spring slowly back through the impeding neutral gas toward elastic equi- 
librium of the Maxwell stresses. The springing-back is propelled by the force (V X B) X 
B/47T and is hindered only by the friction with the dense neutral component. The mag- 
netic energy decreases while the field relaxes toward a configuration of lower strain. 
But note that, except for the ordinary resistivity of the gas, 1/a, equation (2) shows that 
the lines of force remain permanently connected in the ionized component, with mo- 
tion u. Thus ambipolar diffusion does not by itself produce reconnection of magnetic lines 
of force, nor does it produce any change in the total flux. Lines of force cannot be 
annihilated, as they can by the resistivity, but can only be shortened and their spacing 
readjusted as the field slowly relaxes its kinks, compressions, and extensions. On the 
other hand, it will be shown in later examples how the rapid relaxation of the field per- 
mitted by ambipolar diffusion may put the field into such a configuration that the 
resistivity can rapidly reconnect the lines of force. 

Ambipolar diffusion is effective in partially ionized gases (T < 104 0 K) of sufficiently 
low density that the ions and electrons may slip quickly through the neutral component. 
The characteristic time for relaxation of the field is of the order of the second term in 
the brackets on the right-hand side of relation (4) divided by the left-hand side. Then, 
if L is the scale of the field, so that V is of the order of 1/Z, we have 

_ UNiMvi Uwi _ L2NiA iWi 
T B2 XiC2 C2 ’ (S> 

where is the mean-free path for the collision of an ion with the neutral atoms, Ai is 
the collision cross-section, Wi is the ion thermal velocity (\¿ = l/NaAi, Vi = Wi/\x) and 
C is the Alfvén velocity B/^irNcMi)112 (which form tacitly assumes that the ion and 
neutral atom masses are equal). This diffusion time is to be compared with Da/c2 for 
resistive diffusion, where 

cr Nee
2 

m ^(VeA-v) 
^io-l4r3/2 

o+r 
sec/cm2, (6) 

where ve is again the collision frequency of an electron with the neutral atoms and v is 
the collision frequency of an electron with the ions (Cowling 1953; Spitzer 1956). The 
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Coulomb collision cross-section is usually so large at low temperatures that ve < v even 
when the ionization is a few per cent or less. Note that Da/c2 is essentially independent 
of the gas density, whereas the ambipolar diffusion time varies as the product NiNa 

when Ni<^Na. Thus ambipolar diffusion may be made arbitrarily rapid compared 
with resistive diffusion by going to sufficiently small densities. 

b) Difusion in One Dimension 

To illustrate the field distributions which develop from ambipolar diffusion, consider 
the simple case B = ezB(%, t), where ez represents a unit vector in the z-direction. As- 
suming no motion of the neutral gas (v = 0) and neglecting the pressure of the ionized 
component (pi<K B2/Sir), equation (4) reduces to 

aB = _£l_ ÇE) 
dt 4:Tra dx2 47r/c dx \ dx/' 

(7) 

where k = NiNaMAlWi. Assuming that a and k are independent of time and position, 
the stationary solution is 

b (8) 

where b = B/Bo and £ = x/L, so that Bo represents the field density at a characteristic 
distance L; Bo*/L is a constant of integration. The second integration constant has been 
made to vanish by suitable choice of the origin x = 0. To demonstrate how in a sufficient- 
ly tenuous gas the ambipolar diffusion enhances the resistive or Joule dissipation, note 
that, for low gas densities, q2 = <tBo2/c2k >>> 1. The field varies linearly, b ^ £<72/3> and 
very steeply out to the vicinity of ó = 31/2/#, where £i = 33/2/?3<¿ L Beyond this 
region the field varies as £1/3[1 — l/^2£2/3+ . . .] so that it increases only rather 
slowly. The Joule dissipation S = j2/o' is thus 

©(£) = 
c2Bq2 

1 óttVL2 

c2Bo2 1 

1447t2o-L2 (b2-r\/q2)2' 

which is sharply peaked in the vicinity of the origin. The total Joule dissipation, /i, in 
the linear interval (0, £i) is 

Ji = L 
*/o 

c2Bo2 3_ r3"2/* db 

1447r2o'L (ô2+l/^2)2 

c2Bo2 q fir 3V2\ 
IóttVL 6 \3 ‘ 4 /’ 

which is a measure of the total Joule dissipation. This is to be compared with the total 
Joule dissipation in the interval (0, L) in the absence of ambipolar diffusion. The sta- 
tionary solution of equation (7) is then £ = £, assuming the same field strength Bo at 
x = L, and the dissipation is readily shown to be c2Bo2/ 16ir2arL. The presence of ambipolar 
diffusion, then, increases the Joule dissipation by a factor of the order oí q = (<jBo2/ 
c2k)1/2 )>> 1. The cause of the enhanced Joule dissipation is rather simple. The drift of 
the magnetic lines of force, representing ambipolar diffusion, proceeds rapidly except 
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near where the field goes to zero. There the driving force (v X B) X B goes to zero and 
the lines of force pile up, giving a very steep gradient dB/dx near the origin. The Joule 
dissipation goes as the square of the gradient, so that the total dissipation is enhanced 
and, of course, concentrated near the zero of B(£) instead of spread uniformly as in the 
presence of Joule dissipation alone. It is by concentrating dB/dx that ambipolar dif- 
fusion enhances the Joule dissipation and the reconnection of the magnetic lines of force. 

It is interesting to note that the field B(£) outside the narrow region £ < £i of intense 
Joule dissipation is essentially unaffected by the precise value of the electrical conductiv- 
ity. This may be seen directly from the asymptotic form of Z>(£) for £ ^> £i, in which q 
does not appear in the leading term. The importance of this point is that it is not neces- 
sary to include the first term on the right-hand side of equation (7) when considering 
ambipolar diffusion unless we are concerned with the field in the immediate vicinity of 
a zero of .£(£). The Joule term does not affect the general drift of the field in regions far 
removed from the neighborhood of vanishing B. We will take advantage of this fact 
in some of the calculations presented later on. 

Let us return briefly to a point made earlier, that ambipolar diffusion does not 
annihilate or reconnect magnetic lines of force. Within the context of the present one- 
dimensional example, note from equation (7) that the total flux between any two points 
x = a and x = b varies as 

d_ 

dt 

1 

47T k 
b 
a1 

so far as the effects of ambipolar diffusion alone are concerned. The quantity (47r/c)-1 

B2dB/dx on the right-hand side is just B times the drift velocity u computed from 
equation (3). If a and b are chosen so as to be zeros of B(x), then the rate of transport 
of magnetic lines of force, proportional to B2dB/dx, vanishes at a and Z>, provided that 
dB/dx is finite at a and b. But the presence of Joule dissipation, no matter how small, is 
sufficient to guarantee that dB/dx is everywhere finite. Hence B2dB/dx will always 
vanish at the zeros of B(x), and the total magnetic flux between the zeros is conserved, 

j-tf/dxB(x)=0. 

In sharp contrast with this conservation of magnetic lines of force by ambipolar dif- 
fusion is the well-known annihilation of magnetic lines of force by the resistivity, Joule 
dissipation. The net transport of flux then is 

c2 dB b 
Aira dx 

which clearly does not vanish when a and b are zeros of B{x). 
Additional solutions of equation (7) are given in Appendix I. The propagation of a 

wave of the form B(x — vt) is discussed to demonstrate the diffusion velocity of fields 
by ambipolar diffusion. The asymptotic decay of regions of magnetic field with alternate 
signs is considered as an example of the decay of magnetic filaments in the solar at- 
mosphere. 

c) General Energy Equation 

Consider the development of the general energy relation for ambipolar diffusion. Take 
the scalar product of B with relation (4). Suppose that the neutral component is motion- 
less (v = 0), and neglect Joule dissipation and the pressure of the ionized component. 
Then it can be shown, upon applying well-known vector identities, that 
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Since u is perpendicular to B, the condition that E — —u X R/c yields u = cE X B/B2, 
so the first term on the right-hand side is the divergence of the Poynting vector, repre- 
senting the convection of magnetic energy by the drift velocity u. The second term on 
the right-hand side is the energy loss due to friction with the neutral medium. If we 
integrate over the entire volume of the field, so that B vanishes everywhere on the 
boundary, then the convection term V • (B2u) drops out and the total energy loss is just 
the total frictional dissipation icfdVu2, which energy comes from the relaxing magnetic 
field. 

m. sweet's mechanism 

a) General Remarks 

Sweet's mechanism (Sweet 1958a, b) for enhanced diffusion of magnetic fields is most 
simply described by considering two regions of conducting fluid containing approximate- 
ly uniform magnetic fields. Let one of the regions be oriented so that its magnetic field 
is antiparallel to the field of the other. Then press the two regions together firmly along 

X 

X' 

Fig. 1.—Schematic representation of the magnetic lines of force of two antiparallel regions of magnetic 
field pressed firmly together, with the fluid caught between free to escape out the ends Y and Y'. The 
short arrows show the direction of the fluid motion as the fields diffuse together. The characteristic scales 
l and L are indicated. The short arrows show the direction of the fluid motion as the fields diffuse together. 

their sides. Unless we take special measures to prevent it, the fluid will immediately 
begin to squeeze out from between the two regions of field. The squeezing of the fluid 
from between the two fields allows the fields to approach more and more closely to each 
other. The field gradient in the region between the two fields increases without limit as 
the fluid continues to squeeze from between the fields. The Joule dissipation increases 
without limit, and the fields may be rapidly merged. 

A simple order-of-magnitude discussion will serve to illustrate the physical principles 
involved (Parker 19575) before going on to more quantitative calculations. Figure 1 is 
a schema tic representation of the lines of force of two oppositely directed magnetic fields 
pressed firmly together. There is a neutral point at the center and a plane of symmetry 
between the two regions of field, marked FF', on which the tangential component of the 
magnetic field is zero. The short, straight arrows indicate the motion of the fluid, carried 
slowly with velocity v by the fields in toward FF' over the width of the region and 
squirting out rapidly with velocity V at each end from between the fields. Let 2L repre- 
sent the width of the regions of field, and 21 the width of the thin transition layer between 
the fields from which the fluid is squeezing out. 

Application of the four principles—conservation of mass, momentum balance, con- 
servation of energy, and diffusion of magnetic fields—serves to determine the merging 
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186 E. N. PARKER 

velocity v. For incompressible flow, mass is carried into the transition region by the 
merging fields at a rate of the order of ILNqMü, where iVo is the number of atoms/cm3 

and M is the mass of each atom. Mass flows out from between the fields with a velocity 
V over a width of the order of 2/, so that the efflux is IINqMV. Equating the influx and 
efflux for steady conditions leads to vL = VI for conservation of mass. 

The conditions of momentum balance and conservation of energy combine to give the 
obvious result that in the absence of viscous dissipation the fluid will be ejected from 
between the two fields with a velocity V of the order of the Alfvén velocity Co = Bo/ 
(d-rriVoM)172, where Bo is the strength of the field outside the thin transition region. 

Finally, the velocity with which the fields are diffusing into each other is a = c2//cr, 
as discussed earlier. 

It is a simple matter to solve the three equations Lv = IV, V = Co, v = â/la, 
obtaining 

v = c 
'CA1/2 

Lo) ’ 
1 = 

<jCo) 
(10) 

This result was obtained earlier (Parker 1957ft). An alternative form for these relations is 
in terms of the magnetic Reynolds number Ro, defined as Ro = LaCo/c1 for the char- 
acteristic scale L and velocity Co. Then 

tt = C0£cr1/2 = i^-£o+1''2. 

With Sweet’s mechanism the merging velocity is smaller than the Alfvén velocity by 
^o_1/2 and larger than the ordinary diffusion velocity c2/La by i?o+1/2. 

To treat the case of compressible flow in a similar manner, note that if the ambient 
gas density of Ao atoms/cm3 is compressed to ATO/cm3 as it is carried with velocity -o 
into the region between the fields, then conservation of matter becomes AoCt) = Am/F. 
The density Nm is such that NmkT ^ Bo2/Sir- The velocity V with which the fluid is 
ejected is the Alfvén velocity computed for the density Nm, and hence is essentially the 
thermal velocity or the speed of sound in the transition region. Denoting this by a, we 
obtain 

-(tmr Kirer 

in place of equation (10). This order-of-magnitude result has been given previously by 
Parker (1957) and Hoyle and Wickramasinghe (1961). The velocity is larger, for the 
same ejection velocity, by the square root of the compression factor (Am/Ao)1/2. The 
thickness of the transition region is correspondingly smaller. The enhanced diffusion 
resulting from compressibility has not been presented in previous discussions. The 
physical reason for the enhanced merging velocity is the increased mass ejection rate 
NmlV from between the fields with the higher density Nm. 

To include ambipolar diffusion, for which the diffusion coefficient is characterized by 
Bo2/^ttk (see the second term on the right-hand side of eq. [7]), it is only necessary to 
substitute for the Joule diffusion coefficient c2/a in equations (10) and (11). The friction 
coefficient k should be computed for the density Nm at the center of the transition region, 
so that if A is the fraction of atoms that are ionized, we have NJSfa = AAa

2 ^ A A7™2. 
Then, since k = NiNaMiA{Wi and j5o2/(47rAmAf)1/2 ^ a, we obtain the expressions 

1 7 / Ao\1/2 í L \1/2 

V-a (ALàiiVo)1''2’ YïvJ VÄV^n) (12) 

upon assuming that Wi ^ a. 
It has been assumed so far that the merging magnetic fields are exactly antiparallel. 
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SOLAR-FLARE PHENOMENON 187 

This seems somewhat improbable in nature, so it is instructive to consider the possibility 
that there may be a general component of magnetic field in the 2-direction, i.e., in the 
direction perpendicular to the plane occupied by the antiparallel fields discussed so far. 
If this field is assumed to have a magnitude Bi <k -Bo, then the two main fields will make 
an angle tt — 20, where 0 = instead of being exactly antiparallel with an angle tt 
between their directions. The 2-component diffuses rather more slowly than the anti- 
parallel fields ± -Bo because it does not reverse sign across the transition region. To a first 
approximation, neglect the diffusion of the 2-component B\. It follows that Bi is com- 
pressed along with the fluid, so that Bz^ Bi(N/N¿). The total pressure at the center of 
the transition region is the gas pressure NmkT plus the magnetic pressure (Bi2/8Tr)(Nm/ 
No)2. Since in many applications Nm/No 1, it follows that the magnetic pressure of 
the 2-component may be large, even if B\ <<C jB0, seriously limiting the compression Nm/No 
of the gas. A glance at equations (11) indicates that the merging velocity v may then be 
significantly reduced by the presence of B\. 

With this brief exposition of the various forms of Sweet’s mechanism to be treated 
quantitatively in the sections which follow, now consider the basic hydrodynamic and 
hydromagnetic equations on which a quantitative treatment may be founded. The 
physical principles involved are, of course, just those stated above in the qualitative 
discussion. Conservation of mass under quasi-stationary conditions is represented by 

V* ( Nv) = 0 . (13) 

Momentum balance is described by 

NM{W)v= -v(^ + £)+(S-V)A. 

Noting that under most circumstances the merging velocity of the antiparallel fields is 
so slow that its inertia (v • V)v may be neglected, and the lines of force in the vicinity 
of the transition region are so straight and uniform that the tension term (B • v)B/47r 
has negligible effect, the momentum equation reduces to 

_d_ 

dx 
= 0 

along XX' (see Fig. 1) across the transition region. If the ambient gas pressure outside 
the transition region is po, then this expression can be integrated to give 

p(%) 
B2(x) 

Sir 
(14) 

along XX'. At the center of the transition region (x = 0) we have jB = 0, so that the 
gas pressure is p(0) = ÿo + Bo2/8tt and is higher than the ambient gas pressure by 
.BoVStt. It is this pressure differential along the transition region YY' (see Fig. 1) be- 
tween the neutral point and the surrounding space that causes the fluid to flow rapidly 
out from between the fields. The inertial term (y • v)*> in the momentum equation is 
not negligible for the flow in the y-direction out from between the fields. It will be neces- 
sary to use energy considerations to obtain an integral for the motion in the y-direction 
in the sections that follow. Note from Figure 1 that the few lines of force that cross YY' 
are in such a configuration that their principal effect is for their tension term (B • v)B 
to assist the expulsion of fluid from between the fields. This is a weak effect, however, 
and will be omitted from the calculations. 

Finally, consider the stationary hydromagnetic diffusion equation, 

0 = VX {VXB) -vVX (VXB), 
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188 E. N. PARKER 

where v = <;2/47r<7. Integrating this equation yields 

0 = vXB-vVXB-V\p , 

where ^ is a general scalar function of position. In the two-dimensional case considered 
here v and B are confined to the ^y-plane and are functions only of x and y (near XX' they 
are functions only of x). Hence both v X B and V X B are in the ^-direction. Hence 
must be independent of # and y. Put — = ezvoBo. Then in the vicinity of XX', 
where v ^ exv(x) and B ^ eyB(x), the equation becomes 

V = VB — VqBq . (15) 
ax 

Since dB/dx becomes small at large x, where BBq, it follows that z>o represents the 
fluid velocity there (flo < 0). 

Equations (13), (14), and (15), together with an energy principle to describe the fluid 
motion in the y-direction, form the basis for the quantitative examples which follow. 

b) Incompressible Flow, Joule Dissipation 

The simplest example of Sweet’s mechanism is an incompressible fluid with constant 
electrical resistivity enmeshed in two exactly antiparallel fields. For incompressible flow, 
equation (13) yields dvx/dx = —dvy/dy, where y is the co-ordinate measured along YYf 

from the neutral point in Figure 1. To estimate dvy/dy in the vicinity of XX' (y = 0), 
note from Bernoulli’s law (conservation of energy) that the pressure differential p(x) — 
po, between the hydrostatic pressure p(x) on XX' and the pressure po in the surrounding 
space, leads to an expulsion velocity V along the lines of force through æ, given by 

h pV2(x) = p(x) — po . (16) 

It will be assumed that 

dvy^ V(x) _ar2(p-Po)Y/2 

dy~a L LI p i 

in the vicinity of XX', where a is a constant of the order of unity. Denote by d{x) the 
merging velocity vx of the fluid along XX'. It follows from equation (13) that 

_^ri _^aii/2 (17) 
dx L L Bo2 j 

after using equation (14) to express p(x) in terms of B{x). 
The magnetic field is determined by the hydromagnetic diffusion equation (15). 

Equations (15) and (17) together are sufficient to determine v(x) and B{x). The boundary 
conditions are that ^(0) = B(0) = 0 and that v reaches z>o when B becomes equal to B0. 

Equation (17) is an approximate relation because of the manner in which dvy/dy was 
estimated, from energy considerations and the characteristic scale L. The energy argu- 
ments leading up to equation (17) were essentially those for a system without dissipa- 
tion, i.e., no turbulence or viscosity. Had there been viscous dissipation, for instance, the 
expulsion would have been more nearly proportional to p — po instead of (p — po)1/2. To 
show that the form of the pressure dependence has little effect on the merging velocity 
v, we rewrite equation (16) as 

dv _ a2C0r £2(*)~p 

dx~ LI1 B0
2 J ’ 

(18) 
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SOLAR-FLARE PHENOMENON 189 

where 7 is a constant whose effective value is expected to lie somewhere between 0.5 and 
1.0. The values 7 = 0.5 and a ^ 1 are expected for the system in the absence of dissipa- 
tion in the fluid motions. 

For the mathematical discussion it will be convenient to express equations (15) and 
(18) in terms of the dimensionless velocity u = ^/To, field b = B/Bq, and distance 
£ = — < 0), the last defined being in effect the magnetic Reynolds number for 
the merging velocity ^0 out to the distance We obtain 

db 1 A (19) 

du 

Jl 
= S2 ( 1 — (20) 

where S2 = cBCqv/Lvq2 > 0. Note that for all values of 7 there exists the equilibrium 
solution z¿(£) = ¿>(£) = 1. 

Divide equation (20) by equation (19), obtaining the differential equation 

du= (1 - b2)y 
db \-ub 

(21) 

for ^(¿>). The problem is to determine the numerical value of S such that the solution 
uili) of equation (21) through the origin passes through u{\) = 1. The merging velocity 

then follows from S. The dependence of u and b on position follows from either equa- 
tion (19) or equation (20) by quadrature, once u{b) is known. It will be sufficient for the 
present purposes to consider the three cases 7 = 0, 0.5, and 1.0. It is readily shown for 
7 = 0 that 

b (u) = -t dw 6xp ("~2^~) ’ «(£)=S2S> 5=0.76. 

For 7 = 1 it is readily shown that 

u(b) = b , b = tanh £, S = 1.0 . 

For 7 = 0.5 it is necessary to use approximate methods. Noting that near the origin u 
and b are both small compared with 1, equation (21) reduces to du/db = S'2 as a first 
approximation. Hence u ^ S2b. To obtain a better approximation, it is a simple matter 
to eliminate u from the denominator of the right-hand side of equation (21), using 
u = S2b, obtaining 

du= r, (l-b2)y 
db \-S2b2' 

(22) 

This approximation, with the present boundary conditions, is sufficient to estimate S2. 
Integrating equation (22) for 7 = 0.5 gives 

u{b) = arcsin 0 — (1 - 52 )1/2 arctan . 
(23) 

Putting u(l) = 1 gives S = 0.93. On the other hand, equation (22) is a poor representa- 
tion of u(b) in the immediate vicinity of 6 = 1, which is important for the computation 
of u(£) and &(£). To compute u(b) near ¿> = 1, let ^ = 1 — e, ¿> = 1 — <5. Then it follows 
from equation (20) that 

52(^)/2 

é(5) (7 + l)1/2 
5(t+1)/2{ ! -|_0 [Ô^-Y)/2] } (24) 
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for 0 < 7 < 1. It follows from equation (19) that 

(25) 
db 

1 — ub 

« dÔ 

e(Ô) 

> (7+1)1/2(1 - J)(!-k)/2 
2(y-i)nci -y)S 

(26) 

where £1 is the position at which b becomes equal to 1.0. It is obvious that the distance 
£1 — £ beyond £ at which b reaches 1.0 is finite for all 0 < 7 < 1. Hence for 0 < 7 < 1 
the magnetic field B and the velocity v reach Bq and z;o at some finite distance from the 
center of the transition. Beyond £1 the solution is just the uniform drift v = vq, B = Bq 
all the way to the outer boundary of the region of field. 

Note that, for 7 = 0, £1 has the value 1.7; for 7 = 0.5, £1 is something of the order 
of 3. For 7 = 1, £1 is infinite, but the value of db/d% at £ = 0 is 1.0. This fixes the scale 
l of the transition region as O^/zio) for all 7 between 0 and 1.0, as assumed in the earlier 
order-of-magnitude treatment. 

It is possible to use equation (24) in combination with equation (23) to obtain a better 
approximation for S than that given by equation (23) alone. Requiring that equations 
(23) and (24) join at, say, £ = 0.9 leads to S = 0.87. The value 0.93 was obtained from 
equation (23) alone, indicating only a 7 per cent correction. It is important to note, for 
the approximate solutions that follow in the next section, that the approximation repre- 
sented by equation (22) gives a fairly good approximation for S for all values of 7 
from 0 to 1.0. For 7 = 0, equation (22) gives Sb = tanh (u/S), so that 5 = 0.833. This 
is to be compared with the exact value S = 0.76. For 7=1, equation (22) is exact, 
giving u = b and S = 1.0. 

Altogether, then, we have the results S = 0.76, S = 0.87, and S = 1.0 for 7 = 0, 
0.5, and 1.0, respectively. The merging velocity v0 is computed from the definition of 
S as 

a / CoA1/2 

Vo= ~s\ir) • 

This expression differs from the order-of-magnitude value (10) by a factor of the order 
of only 2 or 3. Note that S varies only about 30 per cent between 7 = 0 and 7=1. 
It follows that vo varies only by about 30 per cent and is relatively insensitive to 7. The 
physical reason for the insensitivity is that most of the fluid squeezes out from between 
the fields near x = 0, where b2 is rather less than 1. The factor (1 — b2)7 is then approxi- 
mately 1.0 regardless of the value of 7. 

The function u(b) is plotted in Figure 2 for 7 = 0, 0.5, and 1.0. The curve labeled 
7 = 0.5 is computed from equation (23). The unlabeled curve is the composite of 
equations (23) and (24) for 7 = 0.5 joined at £ = 0.9. The functions u(£) and 6(£) are 
given in Figure 3. 

As we have already noted, the present calculations are approximate because they are 
based in part on equation (20). We have shown that there is no critical dependence of the 
merging velocity ^0 on 7. Nonetheless, it would be instructive if the exact stationary 
equations could be integrated on a machine. Not only would such a computation check 
the detailed accuracy of the values of ^0 obtained in the present discussion, but presum- 
ably they would show quantitatively the flow pattern of the fluid squeezing out from 
between the fields, which the present formulation is forced to avoid. Because of the 
interest in the exact problem, the dynamical equations are noted in Appendix II. 
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c) Incompressible Flow, Ambipolar Diffusion 

When ambipolar diffusion is present, we must add to equation (15) the second term 
on the right-hand side of equation (7), so that the equation equivalent to (19) becomes 

db _ l — ub 

Jl~ l + g2ô2’ 
(28) 

where q2 = Bq2/{^ttkv), representing the ratio of ambipolar diffusion to Joule dissipa- 
tion. Assume q to be constant, then in place of equation (21) we have 

du= (l-62Ml + g2¿2) 

db 1 — ub 

Fig. 2.—Plot of u(b) in incompressible flow with Joule dissipation for 7 = 0, 0.5, and 1.0 in eq. (20). 
The unlabeled curve, in two pieces, is the approximate form obtained by joining eqs. (23) and (25) at 
£ = 0.9. 

Fig. 3.—Plot of «(£) and b{£) in incompressible flow with Joule dissipation for 7 = 0, 0.5, and 1.0 
in eq. (20). 
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192 E. N. PARKER 

If ambipolar diffusion is important, then # )>> 1, and 1 may be neglected compared with 
q2b2 except for 6 < 1/#. In this region, Z> < 1/^, we have 

(30) 

The first term in the parentheses represents the narrow linear portion of the curve in 
the vicinity of the origin. It was shown in Section II that we can ignore it, in the limit 

Fig. 4.—Plot of u(b) in incompressible flow with ambipolar diffusion for y = 0, 0.5, and 1.0 in eq. (20). 
The corresponding values of K are indicated. 

of large q, without significantly affecting the computation of the merging velocity or the 
fields elsewhere mby>l/q. Thus we confine our attention to solution of 

du= bHl-b^ 

db 1-ub 
(31) 

where K2 = q2S2. 
To obtain an estimate of K2, note that, for <3C 1, we have u ^ ^K2bz. For 1 — Z>2 <<C 1 

and y 1, we have equation (24) with S replaced by K; for 7 = 1, we have Ze = 
[(1 + 8K2)1/2 — 1]8. Joining the solutions for b2<Kl and 1 — ¿2<3C 1 at b = 0.9 for 
7 = 0, 0.5, and at ¿> = 0.8 for 7 = 1 yields K = 1.30, 1.58, and 1.83, respectively. 
The resulting functions u(b) are plotted in Figure 4. An alternative computation, ex- 
panding u(b) as 

u(b) = ±K2bHl + a1b
2 + a2b* + a3bs + . . .) 

and requiring that w(l) = 1 gives K = 1,41 and iT = 1.77 for 7 = 0 and 0.5, respec- 
tively, suggesting that these simple estimates of K may be good to 10 or 20 per cent. 
More accuracy is hardly justified in view of the approximate form of equation (20). Note 
again the relative insensitivity of K2 to 7. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
 6

3A
pJ

S.
 . 

. .
8.

 .
17

 7P
 

SOLAR-FLARE PHENOMENON 193 

The merging velocity follows from the definition of S as 

a ( CoïA1/2 

n=-K\-r) (32) 

in agreement with equation (12) except for a factor of the order of unity. Comparing this 
with equation (24) and remembering that, with Joule dissipation alone, S is of the order 
of unity, whereas, with ambipolar diffusion, K is of the order of unity, we note that is 
increased by the presence of ambipolar diffusion by the factor i.e., by the square root 
of the ratio of ambipolar diffusion to Joule dissipation. 

When we come to compute u{£) and ¿>(£), we again obtain the asymptotic form (24), 
except that S is replaced by K and there is a factor q2 in the numerator. Thus the point 
£i at which u(Ç) and 6(£) reach 1.0 is again finite for 7 < 1, but £1 is larger by the factor 
q2. Beyond £1 the solution is again w(£) = £(£) = 1. 

Now vq is increased by the factor g, and £1 by the factor #2, above the magnitudes with 
Joule dissipation alone. It follows that (the scale of the transition region in cm) is 
larger by the factor q. On the other hand, since &^ £ in the narrow region (b < \/q) 
of Joule dissipation, it follows that the width £ ^ 1/# of the Joule dissipation is # ^ v^q, 
and is narrower by the factor 1/ç2. The dissipation is proportional to the square of dB/dx, 
which is proportional to vodb/d^, and is more intense by the factor #2. Hence the total 
power dissipated by the electrical resistivity is of the same order of magnitude as in the 
absence of ambipolar diffusion. The total rate at which field energy is annihilated is pro- 
portional to t’o, which is increased by the factor q. Most of this energy goes into the friction 
between the ionized and neutral components in the region x < ^1. The flux of magnetic 
energy into the region of Joule dissipation is of the order of 1/# of the total. 

d) Compressible Flow 

Thus far the discussion has dealt with incompressible flows, which are applicable to 
problems in nature where the ambient pressure pQ is large compared with the magnetic 
pressure Bq2/8t. There are many instances, however, when, instead of p^ being large 
compared with Bç?/8ir, it is small. The result is that the gas carried into the transition 
region by the merging fields may be enormously compressed, by a factor of 104, or more, 
in some cases as the gas pressure, given by equation (14), increases to its maximum 
value pQ + B0

2/8t at the neutral point. It was shown in equation (11) that the com- 
pression enhances the merging velocity of the fields by the square root of the compres- 
sion factor, so the effect is of considerable importance. It will be sufficient for the present 
to limit the quantitative discussion to the simple case of isothermal compression. We 
might imagine that radiative equilibrium maintains the temperature in the vicinity 
of some uniform value, To, while the gas is being carried into the transition region. It will 
be convenient to replace the pressure p(x) with the density N(x)(p = NkTo)- It will 
also be convenient to use the density Nm = Bo2/8TrkTo, which is the density at the 
neutral point if po = 0, employing Nm as a unit of particle density, defining the dimen- 
sionless number density n(x) = N(x)/Nm- Then equation (14) may be rewritten 

n — no = \ — b2 , (33) 

where no = No/Nm and No is the ambient density before compression in the field. In 
place of equation (20), let a represent the characteristic ejection velocity, so that the gas 
is ejected with a velocity 

v,, = a 
N-No 

N * 
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The mass flow then is Nvy = a(N — iVo). Presumably, a is of the order of the sound 
velocity (3&7VAf)1/2, which is of the order of the Alfvén velocity Bq/(^TrNmM)112 It 
follows that 

_d_ 

dy 
NVy^' (N-No) 

in the vicinity of XX' (y = 0 in Fig. 1). From equation (13) it follows that 

or 

(Nvx) = -^(N-No) 
dx L 

d(nu) 
R2(n — n0), (34) 

where R2 = a2av/Lvo2. Finally, note that the generalized diffusion equation (28) should 
be modified to take account of the fact that q2 can be expected to depend upon n, instead 
of being a constant. In particular, the ambipolar diffusion rate is proportional to 1/NiNa- 
Since it is usually assumed, when ambipolar diffusion is important, that the medium is 
only slightly ionized, put Na~ N and Ni = NA, where A(<<C1) represents the fraction 
of the atoms that are ionized. The ionization may increase or decrease with increasing 
N. Thus put q2 = Q2/nß, so that ß — 0 represents Ni varying inversely with Na; 
ß = 1 represents Ni constant; and ß = 2 represents A constant.3 In place of equation 
(28) we have 

db _ Í — ub 
(35) 

Note that b = u = 1, w = wo is a solution of equations (34) and (35), as in the previous 
cases. 

Divide equation (34) by equation (35) and use equation (33) to eliminate n. The 
result is 

4t (»•M - *»)»» do \ te o 

We must now integrate equation (36) and determine the value of R such that the solu- 
tion through u = b = 0 passes through u = b = 1. We are particularly interested in 
the limit of large compression, i.e., It will be shown presently that, in the limit 
as uq becomes small, R becomes small like a positive power of It follows that u<^b 
except as > 1. Thus, except as > 1, we have 1 and 

4-[(wo+1-ô2)m]^2(1-ô2)[H-(22ô2(»o+1- ô2)-^]. (37) 
db 

But by the time b has approached sufficiently close to 1.0 that ub is non-negligible, we 
find that 1 — 62 is essentially zero, (1 — b2) <3C (1 — ub), and the right-hand side of 
equation (36) or (37) may be neglected entirely. Thus, altogether, it follows that equa- 
tion (37) will give u{b) correctly over the entire range 0 < 6 < 1 in the limit of small no. 
This will be demonstrated quantitatively following integration of equation (37). 

The physical basis for this approximation is the fact that the magnetic field is es- 
sentially unaffected by the convection, ub, of lines of force in the transition layer where 
the fluid is being squeezed out of the region along the lines of force. In the region where 
fluid is being squeezed out {nu constant) the field is in a state of static diffusion, de- 
scribed by equation (7). On the other hand, convection of the lines of force by the fluid 

3 <22 is then the value of q2 computed for Na = Nm near the center of the transition region. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



SOLAR-FLARE PHENOMENON 195 

motion ^{x) is important only outside the transition layer, where n<ZCl, i.e., where the 
loss of fluid is insignificant compared with the loss in the vicinity of n = 1. There we 
have nu ^ no, and, by the time n is even a very small fraction of 1.0, u is so small that 
convection ud can be neglected. 

Now relation (37) can be reduced immediately to quadrature, 

where 
no+l-l?2 

I(b,ß)= i" 
Jo 

ds(l - s2) s2 

(n0+l-s2)ß' 

(38) 

(39) 

The integral / (b, ß) is easily evaluated for integral values of ß, 

/(¿,0) = P3-LÔ5, 

I(b, l)=Woô + P3-|Wo(l+«o)1/2ln||±^^|, 

T(h ^ _2b*-b(2 + 3n0) . 2 + 3»o , (l+«o)l^+0 
M J 2(w0 +1 — ö2) ‘1"4(l+«0)

1/2 (l+wo)1/2-^’ 

T(h  nob ^ (4 + 5wp) b 
M ; 4 ( Mo + 1 — i»2 )2 8 ( 1+ »o) ( 1 + «o — Ô2 ) 

4 + 3m0 , (1+mo)1/2+0 
In 

It then follows that 
16( 1+ m0)

3/2 (l+wo)1/2 - 6' 

/(1,0)=Ä, /(l, 1) =¿-AMoln- + 0(Mo) xo Mo 

7(1, 2) = 5 In | + O(M0ln m0), 
Mo 

7(1, 3) =~r i In —+ 0(MolnMo). 
4^o n0 

To determine R, put u = b = 1 in. equation (38), obtaining 

R2 = 
no 

%+Q2m,ß)' 
(40) 

In the absence of ambipolar diffusion (Q — 0) this reduces to R2 = 3no/2. In the pres- 
ence of strong ambipolar diffusion (Q 1) the result is R2Q2 = wo//(l, ß), and for ß = 
0, 1, 2 the result is R2 = 15no/2Q2, 3no/Q2, 2no/Q2 In 4/w0, respectively. Since the merg- 
ing velocity vo is proportional to l/i£, it follows that, with or without ambipolar diffusion, 
the merging velocity is enhanced by a factor l/^o1/2 in the presence of high compressibil- 
ity {no <$C 1). As noted previously, the physical basis for the enhanced merging velocity 
is the high rate at which matter in compressed form is squeezed out from between the 
two fields. The density Nm, where the fluid is squeezing out, is so large compared with 
the density No being carried in by v{x) that only a very thin (scale l) transition region 
is required in which to squeeze out the material. A thin transition region leads to more 
rapid diffusion. 
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196 E. N. PARKER 

Now consider once again the approximation on which the calculation was carried out 
from equation (36). For 1 — ô2 rather greater than wo, equation (36) reduces to 

/7 /li 
^ = 0[R2(l+<2262)] 

( 1 +Q2ft2) ) 

u+ie^d^ ß)\f 

<0{n,) 

in the limit of small Integrating this equation leads to ub < 0(wo62), demonstrating 
that the factor 1 — ub may be neglected even when b2 becomes of the order of 1.0. This 
justifies the first part of the approximation, in which the factor 1 — ub was omitted 
from equation (36), provided only that 1 — ¿>2 > n^. 

The second part of the approximation involves the demonstration that the right-hand 
side of the differential equation is negligible when 1 — Z>2 < no. Toward this end we put 
u = 1 — e and = 1 — <5 again and expand about the point u = b = 1. Equation (36) 
becomes 

de 0 2R2S[. . Q2 1 
n° d5 2—e+SL1 + (»0 + 2ô)d' 

Let it be assumed for the moment that the right-hand side of the equation, which we de- 
note by is in fact small, as we have supposed. Then, neglecting 3Î, we obtain e = 
28/m upon integration of the left-hand side. It follows that 

L {no+2ô)pj 

^-■O+S) 

3ro0( 1 +QV «o?) 

2[l+f<22/(l, ß)]- 

If <2 = 0, then 8Î = 0(«o2) and is small, as required. If <2 0, then in the limit of small 
no we have 

cv^ 3no2~PQ2 

2[l+|(22/(l,/3)] 

< no2'? 

KUß)' 

It is readily seen from the values given for /(l,.ß) that 9Î is small, provided that ß < 2. 
For ß > 2, we have 9î of the order of unity. Thus, for ß < 2, the right-hand side of 
equation (36) is small compared with unity in the neighborhood 8 = 0(no) oîb = 1. The 
right-hand side may then be neglected, compared with the left-hand side, which is of the 
order of unity, and the error introduced in equation (37) by neglecting the factor 
1 — ub drops out. The solution is e = 28/no, computed from equation (36), and it is 
readily shown that the same relation is obtained from equation (38), which is the solution 
of equation (37). Thus, altogether, we have demonstrated that in the limit of small no, 
equation (37) is a valid approximation of equation (36) over the entire interval 0 ^ 
ô < 1, provided only that ß < 2. It is interesting to note that the asymptotic form of 
the solution u(b) as no —> 0 is w = 0 for 0 < & < 1, and then b = 1 for 0 < n < L 
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The dependence of & on £ is readily determined by quadrature from equation (35), 
knowing u(]b). From the asymptotic relation e = 25/^o, equation (35) yields 

? 
1 +Q2/n<P 
1+2/rco 

In 0+0(1), (41) 

so that b approaches 1.0 only in the limit as £—» o°. Apart from this asymptotic limit, 
we are interested in b(£) for < 1 so as to demonstrate the form of the transition region. 
For the simple case that (9 = 0, we obtain, upon using equations (38) and (40), 

1 + W 2 [< 
1 

d/2 

Jw0)(l + Wo)1/2 ^ arctanh 
\Wo/ 

+ Wo arctanh b 

(ST (l+wo)1/* 

Since wo <5C 1, this expression may be simplified to 

+ ^o arctanh ¿+0( ^o) • (42^ 

The functions w(£) and b(£) are plotted in Figure 5 for = 0, 0.01, and 0.1. The 
asymptotic form as —> 1 is 

&( £) ^ 1 — 2 expi——~~~~l, (43) 
L Wo J 

Fig. 5.—Plot of w(£) and b(£) in isothermal compressible flow for various compression factors m = 
No/Nm. 
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198 E. N. PARKER 

which is just relation (41). The thickness of the transition region is readily obtained from 
relation (42) by ignoring the second term on the right-hand side and extrapolating the 
result to ô = 1, obtaining £ = 1. If this value of £ is put equal to —Ivq/v, then it is 
readily shown from equation (40) and the definition of R that 

I / 3mo V/2 

L \2a2La) 
(44) 

For the case that 1, neglect the factor l — ub in equation (35), obtaining 

3J\1/3 

Q2/ 
for jS = 0; 

for ß = 1 ; and 

^=Ö2[l(l+«o)1/2ln|| 
(1+«0)^+0 

(l+»o)1/2- & 

1 
In 

(l + n0)
1/2+b 

b2) + (H-Wo)i/2 

(45) 

(46) 

(47) 

for ß = 2. These relations are approximately valid only in 0 < < 1 — wo, because of 
the neglect of 1 — ub. In the region 1 — Kno < b < 1, the asymptotic form (41) or (43) 
is applicable. 

It is readily shown that when 6 <<C 1, both equations (46) and (47) reduce to equation 
(45). Thus the characteristic scale l of the transition region may be estimated from 
equation (45). Putting Z>(£) = 1 leads to £ = ^Q2, which we take to represent the thick- 
ness of the transition region. Then with £ = —lvo/v, we have l = vÇP/dtvo. For ß = 1, 
this is 

I = /xpmo_y/2=( ël Y/2 (48, 
L \3a2LaJ \6ira2MA iWiNJLaAj ’ 

where A is the fraction of atoms that are ionized at £ = », where N = N0; ß = 1 
assumes that recombination limits Ni to AiVo for all £. For (3 = 2, 

i = F 2vQ2n0 I172 

L L9a2La ln(4/w0)J 

= r ^5 i1/2. (49) 
L 9Ta2MA iWiNm2 hu 4/n^LakS 

In this case, ß = 2, it is assumed that Ni increases in proportion to iV, = ÄiV, with 
the result that l/L is smaller by ^o1/2 than when ß = 1. These estimates of l will be of 
importance to a later discussion of the possibility of catastrophic field annihilation before 
a steady state is reached. 

To visualize the physical picture presented by the foregoing calculations on the en- 
hanced Sweet’s mechanism with high compressibility (N^kT <<C£o2/87r), think of the 
magnetic field as a river of magnetic flux moving slowly in under the pressure TV/Stt 
toward the transition region and carrying with it the tenuous gas with which it is 
permeated. The gas piles up at £ = 0, where it meets a river of flux and gas flowing in 
from the opposite direction. The magnetic fields are annihilated at £ = 0 because they 
have opposite sign. The material is not annihilated, so it accumulates to large density 
iV'o + Nm {NmkT = jBoVStt), and is squirted out along £ = 0, so that an efflux is achieved 
which balances the continual inward flow NqVq of new material in the two rivers of 
magnetic flux. It is important to note that the adverse pressure gradient of the gas ac- 
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cumulating in the vicinity of £ = 0, illustrated in Figure 5, causes the gas to slip back- 
ward through the rivers of flux (because of Joule dissipation and/or ambipolar diffusion), 
as they approach the transition region. The gas motion begins to decrease abruptly before 
any significant decrease in the river of flux appears ; it is readily seen from Figure 5 that 
with no = 0.01, for instance, u has fallen to 0.17, where b has decreased only from 1.00 
to 0.98. 

ê) Transient and Instability Ejfects 

There are a number of conceivable transient and instability effects associated with 
Sweet’s mechanism which might enhance the dissipation under some circumstances. 
Dungey (1961) has suggested that under some conditions runaway electrons may de- 
velop in the transition region, leading to two-stream plasma instabilities which may en- 
hance the effective resistivity of the gas. A number of people (see, for instance, Dungey 
1961; Severny 1958, 1959, 1960) have suggested the possibility of a pinch instability 
resulting from the high current densities in the transition layer. To these we may add 
the hydrodynamic instability of the sheet of gas squirting out along the transition 
region, which may mix up the opposite fields and enhance their dissipation. Then there 
is the question of approach to the stationary conditions discussed so far. If the ambient 
gas density A/ is sufficiently tenuous, there simply may not be enough gas to compress 
into the density Nm across the transition region of the computed stationary scale l. The 
result would be a much thinner transition region, filled to the density Nm, and much 
more rapid diffusion and dissipation. 

1. Runaway electrons.—Let us begin with the possibility of runaway electrons. Run 
away electrons are the result of the decreasing effect of Coulomb collisions with increas- 
ing electron velocity. Hence the gas must be significantly ionized in order for runaways 
to occur, with the result that we probably do not expect to find runaway electrons under 
most conditions where ambipolar diffusion is very important. The discussion will be 
limited, therefore, to Sweet’s mechanism with Joule dissipation alone. It will be assumed 
that the necessary and sufficient condition for the onset of runaway electrons is that the 
electron conduction velocity w must exceed the electron thermal velocity w' by a factor 
¿i of the order of unity. The electron thermal velocity is w' = (3kT/m)112. The electron 
conduction velocity is related to the current density J, which in turn is related to the 
gradient of the magnetic field by 47rJ = cV Y. B. Putting | v X Ro| = Bq/1, it follows 
that 

 cBp 
W~ MNe~e1 

where Ne is the electron density. The scale l is given, in order of magnitude, by equation 
(11). Putting Nc = Nm and a2 = 3kT/M, we obtain 

w2   1 ma /3&TV/2 

Wx2 6Tr e2LNo \ M J 

Since er = 1 X 107r3/2 esu for ionized hydrogen, the numerical expression is 

w 6T — ^  (50) 
w'-(LNo)1/2' 

Runaway electrons may occur when this ratio is as large as ¿i, of the order of unity. It 
would appear that runaway electrons may be accomplished when T is high and LNo 
sufficiently low. Applications of this formula will be discussed in a later section. The 
possibility of runaway electrons is of particular interest in the problem of charged- 
particle acceleration, which occurs widely in active astrophysical phenomena, such as 
solar flares and the terrestrial aurora, but for which a convincing theory is still lacking. 
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2. Hydrodynamic instability.—Now consider the possibility of hydrodynamic in- 
stability in the thin sheet of material squeezing out from between the two merging fields. 
Keeping with the notation used so far, the fluid is flowing in the y-direction in a thin 
sheet of thickness 21 centered about æ = 0. The magnetic field on each side of the fluid 
sheet is also in the y-direction. One may imagine two distinct unstable transverse wave 
motions that could arise, one with its wave vector in the y-direction and the other with 
its wave vector in the z-direction. The wave with its vector in the y-direction leads to 
waves in the fluid sheet and in the lines of force. The perturbations are essentially Alfvén 
waves propagating along the fluid sheet and the neighboring field. We have been unable 
to demonstrate, on the basis of simple models, how such waves will significantly enhance 

Fig. 6.—Schematic representation of the section y = 0 through the merging antiparallel regions of 
field. The magnetic lines of force are perpendicular to the plane of the page and in {a) have one sign above 
the z-axis and the opposite sign below, as indicated by the two different crosshatchings. The first diagram 
{a) represents the unperturbed situation, with the heavy line along the axis indicating the transition 
region between the two fields. The second diagram (6) represents the exchange perturbation of wave- 
length X and amplitude s, carrying fines of force deep into regions of opposite sign. 

the dissipation. Their only obvious effect is to consume energy that might otherwise 
have gone into the flow of fluid out of the transition region, thereby inhibiting Sweet’s 
mechanism. The wave with its vector in the z-direction, on the other hand, exchanges 
magnetic flux between opposite sides of the transition while doing little or no work on 
the field. The situation is shown in simplified form in Figure 6. The heavy line across the 
middle of Figure 6, a, represents an end view, looking in the y-direction, of the unper- 
turbed transition region. The two crosshatchings represent magnetic fields of opposite 
sign, the field being perpendicular to the plane of the page. The perturbed field is illus- 
trated in Figure 6, b, where the transition region is carried into a sinusoidal wave of large 
amplitudes. If the field is assumed to be of great length in the y-direction (perpendicular 
to the page), then negligible work need be done on the field. If the wave length X of the 
perturbation is large compared with the thickness l of the transition layer, as illustrated 
in Figure 6, then the diffusion is enhanced because the transition layer is stretched to 
greater length, by the factor (1 + s2A2)1/2> assuming that l is relatively unaffected. If 
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the wavelength should prove to be small compared with /, then note that, for large 
amplitude (s > X), the shortest scale is X, and the fields will dissipate to a distance s 
on each side of # = 0 in a time of the order of \2<t/c2. Without the perturbation, the 
dissipation to a distance s would have taken a period slcr/c2. Thus the dissipation and the 
merging velocity are enhanced by a factor of the order of 1 + sl/\2. 

It should be noted that the existence of such an exchange perturbation of large ampli- 
tude requires that the fields on opposite sides of the unperturbed transition region be 
almost exactly antiparallel. This question is taken up in Section/. 

3. Onset of stationary conditions,—Consider, finally, the time required for the onset of 
the stationary conditions to which the discussion of Sweet’s mechanism has so far been 
limited. In particular, we are interested in the length of time required to accumulate the 
quantity lNm of the compressed gas that keeps the fields apart in the transition zone. 
The total amount of material in the field initially is LNq. If lNm <<C LAo, then only a 
small portion of the field would be annihilated before the necessary accumulation of gas 
takes place and quasi-stationary conditions prevail. On the other hand, if lNm > LNq, 
there is not enough gas in the field to supply the stationary requirement. The available 
gas would compress to the density Nm, forming a transition layer much thinner than the l 
estimated in equation (32), and the dissipation would proceed correspondingly faster. 
The importance of this initial transient dissipation depends on the ratio l/Ln^. If the 
ratio is of the order of unity, the effect would be large. The ratio l/L is given by equa- 
tions (11) and (44) for Joule dissipation and by equations (12), (48), and (49) for ambi- 
polar diffusion. For Joule dissipation it follows that 

l ^dXlO11 B, 

Ln0- a (LNoT*)1/2 
(51) 

for ionized hydrogen. For ambipolar diffusion, use equations (48) and (49), putting Wi = 
a = SkT/M. Then, with Ai = 10~16 cm2, equation (48) for ß = 1 gives 

_L = ulxio15 5o  
Lna a NoiLTkY/*' 

and equation (49) for ß = 2 gives 

l __ 5.4 X IQ7 

LnQ a [ NqLA In ( 4/w0 ) ]1/2 ’ 
(53) 

respectively. It is obvious that if L and No are sufficiently small, the transient dissipa- 
tion before a steady state is reached may be important. With Joule dissipation, small 
temperatures enhance the effect, but with ambipolar diffusion for 0 = 2, temperature 
appears only in the logarithm and has very little effect when no<£l. 

We would estimate that the length of time required to achieve the steady state is 
characterized by (L/vo)(l/Lno) = l/mvo. 

4. Pinch instability.—The possibility of a pinch instability is based on the assumption 
that a current may be driven along the neutral line between the two regions of oppositely 
directed field to such an intensity that the stresses of the self-field of the current over- 
power everything else and cause a violent contraction of the fields and plasma in the 
vicinity of the current. Pinches are produced in laboratory plasmas with a high voltage, 
low impedance, external electromotive force across the plasma. It is not obvious that the 
astrophysical situation is at all analogous, because there is generally no external electro- 
motive force. There are only induced electromotive forces available to drive currents. 
In the absence of an external electromotive force, the hydromagnetic equations are ap- 
plicable, and the question is simply whether any violent magnetic instabilities are likely. 
This question has been discussed, though perhaps inadequately, in the foregoing para- 
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202 E. N. PARKER 

graphs. It is to be hoped that the proponents of the pinch instability can work out a 
quantitative model of the pinch, if there is any truth in it, as such an instability would 
go far in helping to explain the solar flare. 

/) Efect of Non-parallel Field Directions 

Thus far the discussion has been limited to the two-dimensional problem of the 
annihilation of antiparallel magnetic fields. Obviously, two dimensions overlook the aend 
effects” brought about by the finite scale of the field in the z, or third, direction. Such 
effects are probably of no qualitative importance. But there is one characteristic of the 
two-dimensional problem that is of considerable importance, and that is the fact that 

Fig. 7.—Reduction of the compression ratio iVm/iVo by the field Bi in the z-direction 

the two magnetic fields being annihilated are exactly antiparallel when limited to two 
dimensions. In the three-dimensional world, to which the results of the calculations will 
be applied, the two fields will in general not be exactly antiparallel. This is of little or no 
consequence to the incompressible flow case, considered in Sections b and c, but it may 
be of profound importance in compressible flow, as will now be demonstrated. 

Adopting the physical approach outlined in Section a, suppose that in the simple case 
of isothermal flow, discussed in Section d, there is a weak field Bi in the z-direction being 
carried into the transition region along with the usual field ±B0 in the y-direction. This 
is equivalent to the statement that the merging fields make an angle tt — 2Bi/Bo, in- 
stead of being exactly antiparallel with an angle tt. The field in the z-direction has the 
same sign on each side of the # = 0 plane, so there is no annihilation of Bi. The z-field 
flowing steadily in, at a rate vqBi, can escape only by being convected out along the 
transition region with the escaping fluid. Thus Bi is brought in with the fluid and escapes 
with the fluid, suggesting that Bz is proportional to N, at least in order of magnitude, 
throughout the entire region. Bz with its initial value Bi, is compressed as it approaches 
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the transition region, just as is N, and unless Bi < noBo, the pressure of Bz in the 
transition region may completely dominate the gas pressure and greatly reduce the com- 
pression factor Nm/No previously computed. It was shown in equation (11) that the 
merging velocity z^o is proportional to (Nm/No)112, so that vo may be seriously reduced. 

To show under what conditions Bi may decrease flo from the value given in equation 
(11), consider the condition equivalent to equation (33) for pressure equilibrium across 
the transition region. For isothermal conditions, 

N L'T ¡ B2(x) +BZ
<2(x) 'L'T' « N(x) kT0-i r = NokT0-\ 

Bo2+B^ 

Stt 
(54) 

At the center of the transition region, the field in the y-direction, which has been denoted 
by F>(#), vanishes. Putting Bz(x) ^ Bi[N(x)/Ni] and neglecting NokT and Bi2/8ir com- 
pared with Bq2/8tt, the relation can be solved for N(0) to give 

N(0) _ n0
2 

Nm 2s2 
(54a) 

where N(Ú) is the gas density at # = 0, Nm = B^I8tt1zT is the gas density at x = 0 if 
there were no field in the 2-direction, and s is the ratio B\IB§{<£X). The merging velocity 
given by equation (32) is reduced by the square root of this ratio iV(0)/iVm, plotted in 
Figure 7 as a function of Roughly speaking, A^O) is significantly less than A"™, 
and the merging velocity is significantly reduced by Bi, if s > no. For s ^>> ^o, we have 
N(Q)/Nm~ uq/s, so that is reduced from equation (11) by (i?o/£i)1/2. Since wo = 
Nv/Nm may be as small as 10-5 in such places as the solar atmosphere, it is evident that 
even very small deviations of the two merging fields from antiparallelism may seriously 
impede their annihilation. 

IV. APPLICATIONS 

a) Annihilation of Solar Fields 

Consider the rate at which magnetic fields may be annihilated in the solar atmosphere 
by ambipolar diffusion and by Sweet’s mechanism. 

1. Photosphere.—In the solar photosphere, where T ~ 6000° K and one atom in 103 

or 104 may be ionized, the electrical conductivity is of the order of 1012 esu. The diffusiv- 
ity v = £2/47r<7 is, accordingly, of the order of 108 cm2/sec. The ambipolar diffusion co- 
efficient B2/^ttk = B2/4cTrNiNaMiA¿Wi may be estimated in specific cases. The picture 
is complicated by the presence of both positive and negative ions, the positive ions being 
largely metallic in the cooler layers; but this need not concern us in making the present 
rough estimates. To obtain an order-of-magnitude estimate of the ambipolar diffusivity, 
put Wi = {8kT/M)l!2. Then remember that the effective value of B2/8tt available for 
driving the ions through the neutral gas cannot exceed the strength of the neutral gas to 
resist, i.e., B2/8t < NakT. It follows that the ambipolar diffusion coefficient is bounded 
by 

B2 < 2wi 

Ltt/c ~ 2>NiA i' 
(55) 

The temperature must be below 104 ° K if the medium is to be largely un-ionized, so 
that, for hydrogen ions, Wi does not exceed about 106 cm/sec and, for metallic ions, 
2 X 105 cm/sec. Put Ai = 10~16 cm2. Then, for metallic ions, the ambipolar diffusion 
coefficient is not more than 1.3 X 1021/A'¿ (cm2/sec). A typical value for A7"» in the visible 
photosphere is 1013/cm3, with Ni generally decreasing upward throughout the entire 
region (see, for instance, Münch 1953). The result is 1.3 X 109 cm2/sec as an upper limit 
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on ambipolar diffusion in the photosphere. Comparing this with the 108 cm2/sec esti- 
mated for the diffusion due to ohmic resistance, it follows that ambipolar diffusion is 
evidently no more important in the photosphere than Joule dissipation. Elsewhere in the 
sun we would expect ambipolar diffusion to be even less important because of the higher 
degree of ionization. 

To obtain a rough upper limit for the rate of Sweet’s mechanism in the photosphere, 
put B = 103 gauss in a typical density of 1017 atoms/cm3. For such values the gas pres- 
sure is somewhat larger than the magnetic pressure, so that, to a first approximation, the 
expression (26) may be employed with S = 0.87. With C0 = 7 X 105 cm/sec and v ^ 
108 cm2/sec, it follows that |^o| = 1.0 a 107/Z1/2 cm/sec. Over the scale L ^ 108 cm of 
a granule or a small feature of a sunspot, the merging velocity of two fields is about 
103 cm/sec, giving a life L/\vq\ of 105 sec. Over other scales the life varies as Z3/2. It is 
evident that photospheric fields cannot be annihilated and/or reconnected in less than 
about 1 day by known mechanisms unless their scale should be considerably less than 
103 km. Such hypothetical smaller scale fields are quite unobservable at the present time 
but would be extremely interesting to explore if it should ever become possible. The main 
fields of sunspot groups could perhaps be destroyed in periods less than their observed 
life if oppositely directed fields were pressed together in a suitable way. But there is no 
observational evidence that this occurs in the photosphere. 

2. Chromosphere and corona.—Of great interest in the solar chromosphere is the pos- 
sibility of annihilating strong magnetic fields so rapidly as to account for the energy re- 
lease associated with a solar flare. The energy output from a large solar flare seems to be 
of the order of 1032 ergs, requiring the equivalent of the annihilation of 500 gauss over a 
cube 2 X 104 km on a side. The really outstanding problem seems to be to understand 
the mechanism by which a magnetic field might be annihilated and its energy released 
into the flare phenomenon in the life of 102-103 sec. Consider, then, the optimum circum- 
stances of two exactly antiparallel magnetic fields pressed firmly together in some region 
of the solar chromosphere or corona. 

The magnetic pressure of a 500-gauss field is about 104 dynes/cm2, which is very large 
compared with the ambient pressure of the chromospheric gas. The gas is strongly com- 
pressed as it is carried into the transition region. The merging velocity is computed 
from the value of R given in equation (40). Analysis of flare observations (Jeffries 1957) ; 
Jeffries et al. 1959; Jeffries and Orrall 1961a, h) suggests that the mean density in the 
visible flare is perhaps a few times 1011 electrons per cm3, with a temperature somewhere 
between one and two times 104 ° K.4 Under these conditions the gas, mainly hydrogen, 
is fully ionized, and ambipolar diffusion is not expected in the region of the visible flare. 
It then follows from equation (40) that R2 = 3^o/2 and 

To obtain an upper limit on zj0, put T = 104 ° K. Then the speed of sound a is of the 
order of 16 km/sec, the density Nm in the transition region between the two 500-gauss 
fields is 0.7 X 1016/cm3, and er ^ 1013 sec-1. With Ah) = 2 X 10n/cm3, it follows that 
l/^o = 3.5 X 104. The merging velocity becomes = a 0.6 X 109/T1/2 cm/sec, so that 
a characteristic scale of Z, = 104 km yields -z^o = 0.2 km/sec, with a = 1. The character- 
istic life L/dq is 5 X 104 sec, or almost 6 hours, which is much too slow an annihilation 
to be of much use in producing a flare. 

The introduction of ambipolar diffusion, which we regard as perhaps dubious in view 
of the temperatures cited above, adds very little to the merging velocity because of the 

4 There are other authors who suggest somewhat higher temperatures (see, for instance, Tandberg- 
Hanssen and Zirin 1959) which the reader may wish to explore with the formulae given here. 
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high value of Nm- Neglecting Joule dissipation and assuming that the fraction of ionized 
atoms A is uniform across the transition region, put ß = 2 in equation (4). Then 

<22 
£o2 

^irvùMA iWiNn? 

and, with Wi = a, 

2kT 

vAMA iWiNm 

= a 
a rln(4/iZo)l1/2 

31/2L LA^4 íNq J * 
(56) 

The temperature must be less than 104 ° K if the gas is to be only partially ionized, so 
put a = 106 cm/sec. Then A = 10~16 cm2 and A = 10-2 yield î^o = 5 X \.W/L112 cm/sec, 
which is only seven times larger than for Joule dissipation alone. A scale of L = 104 km 
yields 1.6 km/sec merging velocity and a characteristic life of 6 X 103 sec, or about 2 
hours. This is still too slow to agree with the characteristic flare times of 102-103 sec 
suggested by observation. It is interesting to note that Gold and Hoyle (1960) in their 
application of ambipolar diffusion to field annihilation in a flare obtained a characteristic 
annihilation time of 102 sec. The rapid annihilation which they compute is the result of 
their using a density of 1012 neutral atoms per cm3 for the density Nm in the transition 
region. This overlooks the requirement that the gas caught between the fields is com- 
pressed until NkT ~ B2/St, with T < 104 ° K. 

The ratio of the electron conduction velocity w to the electron thermal velocity wf 

is readily computed from the order-of-magnitude relation given numerically in equation 
(50). A temperature of 104 ° K with iVo = 2 X 1011 /cm3 and L = 104 km yields w/w' = 
4 X 10-6. Even coronal temperatures, T ^ 106 ° K, and densities No ~ 108/cm3 give 
w/w' = 2 Y. 10-2. There does not seem to be any possibility here for the runaway elec- 
trons postulated by Dungey (1961). 

It is often implied in the literature that the electric field along the length of 
the transition region leads to an electrical discharge in the vicinity of the neutral line 
at the center (see, for instance, Sweet 19586; Dungey 1958; Severny 1960). The argu- 
ment seems to be based on the large total potential difference vqBqL/c that the field 
represents across the entire width of the region. For instance, a merging velocity of ¿>o = 
1 km/sec with a field ¿>o = 5 X 102 gauss means an electric field of 1.6 X 10-3 statvolts/ 
cm or 0.5 volts/cm. The total potential difference across L = 109 cm is then 5 X 108 

volts, which is an imposing number. But it must be remembered that the electric field 
vqBq/c is just that electric field which is able to produce the electron drift vélocités com- 
puted in the previous paragraph. And we saw that these velocities are small compared 
with the electron thermal velocities. Thus there seems to be no indication of anything 
approaching an electrical discharge, or runaway electrons, or a pinch instability. 

Finally, note that the merging fields should very soon reach the stationary state 
treated in the quantitative discussion of Section III because the amount of matter ac- 
cumulated in the transition region under stationary conditions is only a very small 
fraction of the total, i.e., lNm<^LNo. The ratio of these two quantities is given by 
equation (51) for Joule dissipation and is 1.4 X 10-2 for the chromospheric values T = 
104°K; iVo = 2 X 10u/cm3; L = 109 cm; and = 5 X 102 gauss. Under coronal 
conditions of T = 106 ° K and Ao = 108/cm3, the ratio is even smaller, 6 X 10-4. With 
ambipolar diffusion, equation (53) gives 1 X 10~"2 for 1 per cent ionization, A = 10-2. 
The length of time required to reach a steady state is, accordingly, not more than about 
10~2 Z/z^o, which is so short as to suggest that the merging can never be far from the 
stationary state during the whole time that the oppositely directed fields are being 
brought into position for an impending flare. 
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To evaluate these calculations of the annhilation of precisely antiparallel magnetic 
fields in the solar chromosphere and corona, note that the computation indicates that 
magnetic fields of 500 gauss with a scale of 104 km may annihilate and reconnect in 
periods of perhaps an hour to a day if they are pressed firmly together. If the fields are 
not exactly antiparallel, then the merging speed will be very much reduced. It is readily 
shown from equation (54) that if the fields lack being antiparallel by even so little as 
10~2 radians, then, with the value of (3 X 10~5) used in the calculations, the merging 
velocity is reduced by a factor of the order of 102, and the characteristic reconnection 
time is at least a week or a month. The conclusion is that the presently known mecha- 
nisms for the annihilation of magnetic fields may give reconnection of magnetic lines 
of force over periods of time short compared with the characteristic relaxation time 
LV/c2, which is 300 years for L = 109 cm and <r = 1013 esu. But there is no indication 
that the known mechanisms can account for the explosive annihilation needed to account 
for a solar flare. The known mechanisms are sufficiently rapid as to be of interest in the 
slow re-formation of sunspot fields and of quiescent prominences, with observed lives of 
weeks. 

The presently known annihilation mechanisms would be greatly enhanced if the scale 
L could be identified with some scale smaller than the over-all 104 km characteristic of 
flares and active regions. If, for instance, the magnetic fields in the site of a flare consisted 
of many thin ropes of magnetic flux of opposite sense, then L might be very much less 
than 104 km. The characteristic annihilation time varies as Z,3/2, so that, with a reduction 
to L < 102 km, it might be possible to achieve the desired explosive annihilation in 
102 sec even if the fields were not exactly antiparallel. Both careful observational and 
theoretical investigation would be required to construct such a model, if, in fact, there is 
any merit in the suggestion at all. Jeffries et al. (1959) find observational evidence for 
violent small-scale motion such as might be associated with a network of small scale 
annihilation. 

The presently known annihilation mechanisms would be greatly enhanced if some 
exchange instability across the thin transition region, of width 2/, were to enhance the 
diffusion. Biermann (1962) has been interested in the possibility that instabilities of the 
type found in the steep pressure gradients in laboratory plasma devices might play an 
important role. We are not in a position to decide this interesting question here, but we 
can compute the conditions under which such instabilities would have to operate. The 
width of the transition region is given by equation (44), where v = â/kire. With a = 1, 

= 3 X 10-5, a = 16 km/sec, er = 1013 sec“1, and L = 104 km, we obtain a character- 
istic scale of about 5 X 102 cm. Over this scale of 5 meters the magnetic field changes 
from, say, 500 gauss to zero, and the plasma density changes by a factor of 3 X 104, from 
No to Nm = 1016/cm3, assuming that the merging fields are antiparallel. If the fields are 
not precisely antiparallel, then of course these extreme gradients are considerably re- 
duced. It will be extremely interesting to see whether the extrapolation of laboratory 
diffusion rates to these larger-scale gradients suggests diffusion rates which are large 
enough to give the desired field annihilation. 

3. Summary.—To summarize the present state of the theory of the solar-flare phe- 
nomenon, we note that the basic problem is to construct an energy source that can 
supply the 1032 ergs that seem to be expended by a large flare. The popular view at the 
present time is that this energy is released principally in the central portions of the 
visible flare. On the basis of this view it supposed that the energy arises from the annihila- 
tion of magnetic fields. We seem to find very little support for these ideas either in 
observation or in theory. The best that can be said for the theory is that there still 
remains the possibility that the magnetic fields at the site of the visible flare may consist 
of many very small-scale (102 km) flux tubes of mixed sign, and there still remains the 
possibility of powerful plasma instabilities in the steep gradients across the transition 
region. Either of these might conceivably enhance the dissipation and annihilation of 
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magnetic field to the rate required by the observed flare. On the other hand, these possi- 
bilities will have to be demonstrated before they can be taken seriously. The present state 
of the theory does not allow magnetic energy as the source of a flare. 

The obvious question at this point concerns the possible alternatives to the idea of 
explosive magnetic-field annihilation. The one possibility that seems to stand out above 
all others follows from the fact that the interplanetary blast wave may consume the bulk 
of the energy put out by the flare. To put the matter briefly, it is not known whether the 
visible flare expends anywhere near as much energy as goes into the blast wave (see dis- 
cussion in Introduction). Now if it should ultimately prove that the visible flare does 
not expend more than, say, 10 per cent of the total flare energy, then the rate at which 
energy need be supplied (ergs/cm2 sec) to the flare would be greatly reduced, to perhaps 
only 2 X 108 ergs/cm2 sec. The blast wave may be supplied over a much larger area and 
longer time than the visible flare, so that it, too, might need only rather modest energy 
fluxes. The point here is that 108 ergs/cm2 sec is of the same order as the flux estimated 
(Weymann 1960; Osterbrock 1961; Whitaker 1963) for the normal quiet chromosphere 
and corona. Might not the flare then be no more than some redistribution and/or en- 
hancement of the normal heating of the chromosphere and corona? The magnetic fields 
of the active region may play some guiding and controlling role, just as they are believed 
to do in the plage (see, for instance, Osterbrock 1961). The reader must understand that 
such notions as these are entirely conjectural, but no more so, we feel, than the presently 
popular view of magnetic annihilation. 

The author would like to express his gratitude to Drs. W. Hess, J. W. Dungey, and 
D. A. Tidman for stimulating discussions of the problem of the generation of solar flares 
by magnetic-field annihilation. Thanks are due also to Drs. R. G. Athay, J. Warwick, 
and H. Zirin for discussion of the observations of solar flares. 

APPENDIX I 

Further Examples of Ambipolar Diffusion 

There are a number of simple solutions of equation (7), in addition to the stationary solution 
considered in the text, that are instructive to write down. As one example consider, for instance, 
the wave B(s), where s = x — vt, superimposed on a uniform background field BQ. Then, since 
d/d/ = —vd/ds, equation (7) may be integrated to give 

dB[ , (B0+B)2-] 

Ts[v+- iVk 'J 
= — vB, (Al) 

where v = c2/4:Trcr and the constant of integration has been chosen so that dB/ds vanishes with 
B. Integrating again gives 

('+l01“í+¿;(£-í-)(£+i,‘+4B'>) - 

The constant of integration has been chosen so that B = jEh, at s = 0. In the limit as s 
we have 

B ^Bx exp 
L2 W+4wK)Jexp V 

V s 

P+Æo2/47TK ) 

-foo 

(A2) 

as the asymptotic form for the leading edge of the wave. Note that this represents an exponential 
precursor. If the background field is not extremely small, then B^/Atkk may be very large com- 
pared with v, and the characteristic scale of the precursor is B^I^tzkv. But, on the other hand, 
if Bo should be identically zero, the precursor is very short, with a scale of only v/v. 
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In the limit as s—» — ? i.e., for B Bi, we have 

47T kv-\-Bq2 

B ( - Stt/c z) 5 )1/2 — 2B$ 

4 

2 ( - Stt/c^)1^ 

(B. + lBo)2 

In 
/ 87TKVS\ 

\ bTJ 

2 ( — &TT KV S) 1/2 0 
©■ 

(A3) 

If the background field were zero and we neglected Joule dissipation, we would have 

B2 =Bi2 — St kV s (A4) 

for all values of s. Note that there is then no precursor for large positive s, the field going to zero 
like (s — sq)i/2 at the head of the wave sQ = Bi2/Stkv. Far back on the wave (s large and nega- 
tive) we have B ~ ( —87r/atf)l/2[l + 0(1/,?)], in agreement with the leading term of (A3). 
This demonstrates again that v and B0 do not affect the main portion of the field; they affect B 
only as B — Bq—>0. Finally, note that the velocity of propagation of the wave is related to 
the magnitude B2 of the field at some large distance s = —h back from the leading edge by 

= B2
2 

St kH 

These conditions are to be contrasted with the wave 

B =Bi exp ( — ^/), 

which results in the absence of ambipolar diffusion when only Joule dissipation is present. In 
such a wave the velocity of propagation is 

z» = y In —. 
h Bi 

Not only is v small in this case because of the relatively small value of v, but it is small for strong 
fields also because it increases only as In B2 instead of as B^. 

As a second example, consider the field with the similarity property that B(x, t) = X{x)T{t). 
Then, neglecting Joule dissipation, equation (7) may be written 

JL^ = JL A/V 
T*dT k2X dx\ dxj1 

(A5) 

where r = tk2Bo2/4:TK. Then separating the variables, so that 

l_dT== _ 
Tz dr 1 ’ 

we have 
r = (1 + 2 r)-1/2 (A6) 

for the time dependence of the relaxation of the field. The spatial dependence is given by 

_d_ 

dx 
k2X = 0. (A7) 

To integrate this equation, we take advantage of the well-known fact that any such equation, 
regardless of the power of X appearing with dX/dx in the parentheses, may be reduced to quad- 
rature by the substitution 

H(x) = f dxX ( x). 
»''O 
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Then integration of the equation gives, in the present case, 

(AS) 

when Ci is a constant of the integration. Multiplying through by dH/dx and integrating again 
gives an expression for dF/dx that can be reduced to the quadrature 

1 
x 

r 

du 
(2^)V4^0 + 

(A9) 

where C2 is the second constant of integration. The integral is elliptic and is readily reduced by 
the substitution 

2(C2 + C1w-w2)V2 

to the simple form, 

x = 
 ^ ft dj 
23/4¿1/2 [£(1_ ¿2)]l/2- 

where £1 = IC-}1'1!(Ci2 + 4C2)l/2. We now let £ = cos2 <t> and obtain 

(TV 4- 
X= 2V4¡V2 i 2“V2) ~F^ 2-1/2)l 

— 2 [£(<f>, 2-i/2) 2-V2)]}, 

where F and E represent incomplete elliptic integrals of the first and second kinds, respectively, 
and 

(Aio) 

4>i = arccos 

4> = arccos T 

r 21/2C2
1/4 ] 

L(C!2+4C2)V4j ’ 2+4C2)V4 

21/2 ( C2 + CiF — E2 ) V4 

(C^+dC,)1/4 ]• 

(All) 

(A12) 

Now suppose that we apply this solution to the asymptotic form of the decay, by ambipolar 
diffusion, of regions of field of alternate sign. Say that the field vanishes at # = 2nL (n = 
0, 1, 2, 3) and is positive in (0, 2Z,), (4L, 6L), etc., and negative in (-2L, 0), (2L, 4L), etc. This 
is equivalent to the case of oppositely directed fields on each side of æ = 0 confined by im- 
penetrable boundaries at # = ±L. The boundary conditions are that X(0) = 0 and X'(±L) = 
0. In terms of H, this is Hr(Q) = Hn (±L) = 0. Differentiating (A8) with respect to x and re- 
membering that H was defined so that fí'(O) = 0, it follows that X(0) = 0 requires that = 0. 
Let BqL§ represent the total flux between rr = 0 and x = L when / = 0. Then it follows that 
H(L) = and if H"(L) = 0, (A8) requires that Ci = 2Z,<Ï>. It then follows from (All) that 
0i = tt/2 and 1^(01, 2~1/2) = K(2l12), £(0i, 2-l/2) = E(2-l/2), in (A10), wherein and E represent 
the complete elliptic integrals. 

To obtain an expression for k in terms of L, put x = Lm (A10). Then from (A12) it follows 
that 0 = 0, and (A10) becomes 

kL = 21/2<ï>[2E(2-1/2) - K(2~1/2)]2= 1.20$ . 

Thus, for 0 < £ < L, (A10) becomes 

x= 2£(0, 2-V2)-F(0, 2V2) 

L z£(2~1/2) — K(2~1/2) ‘ 
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The expression (A12) for <£ may be rewritten as 

^ = arccos j [2 (^)-(g)2]V4[. (a.4) 

The field X/& and the flux H/L$ are plotted in Figure 8 as a function of x/L. To obtain an 
expression for H(x) in the vicinity of x = 0, differentiate (A9), obtaining 

d(H_/frL) =kLr /BA _/BAAV* 

d(x/L) $ L VL$7 VWJ ' 

Fig. 8.—^Plot of the field density X(x) and the flux H(x) across strips of magnetic field of alternating 
sign. 

Then, if we 
so that 

and 

expand H/&L as ai(x/L)a + ch(x/L)ß + . . . , we readily find that a = § and ß = 8 
3> 

X(x) ^ 1.45$ 
L 

(A15) 

This, then, is the asymptotic form, plotted in Figure 8, of a magnetic field of alternating sign 
decaying by ambipolar diffusion. The example illustrates the configuration that might be found 
in magnetic models of a solar flare or in adjacent arms of the galaxy. 

The inclusion of a small amount of resistivity, in the form of the diffusion coefficient v = 
c2/4:Tcr, would have introduced a small linear portion in the field variation across æ = 0, in place 
of the xl/3 variation of (A15). However, as noted in the text, this very short linear portion does 
not significantly affect the form of the field elsewhere. 

APPENDIX II 

Dynamical Equations for Incompressible Flow in Two Dimensions 

Putting v = V X and 5 = V X ^zA (47rp)l/2 to represent incompressible flow and the mag- 
netic field in the rry-plane, the stationary equations reduce to 

d(i>, V2$) dU,V2,4) d{$,A) 
vV^A = X, 

d(x, y) d(x, y) d{x, y) 

after taking the curl to eliminate the gradient terms. The constant X represents the term 
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To satisfy the first equation, it is sufficient that 

V2<i> = /($), V2A = h(A). 

The second may then be written 

d(3>, ¿ ) 
d(x, y) 

X —vh(A ). 

This equation requires, in general, that no functional relation exist between and A. The first 
difficulty encountered in attempting an analytical solution is the problem of determining the 
functions / and h which correspond to the problem at hand. 

The problem of incompressible flow in two dimensions is very similar to the problem of in- 
compressible flow with axial symmetry, discussed at length in Chandrasekhar (1956 and 
references therein). 
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