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ABSTRACT 

A distinction is made between isolating, quasi-isolating, and ergodic integrals of motion of a Hamil- 
tonian system In the quasi-isolating case there is eventually a set of isolating integral hypersurfaces. 
A new proof is given of the theorem that, if a Hamiltonian # is a series in the variables, another Hamil- 
tonian H coinciding with the given one up to the terms of any given degree has as many isolating in- 
tegrals as there are degrees of freedom. Then a distinction between stable, quasi-stable, and unstable 
integrals is made 

I. ISOLATING INTEGRALS 

In recent papers (Contopoulos 1960, 1963; van de Hulst 1962; Lynden-Bell 1962a, b; 
Barbanis 1962) a number of time-independent integrals of motion of Hamiltonian sys- 
tems have been used in problems of stellar dynamics. It should be useful to have a 
systematic classification of such integrals. 

Consider a Hamiltonian system, 

dxi _dH dji _ dH 
dt dyi’ dt dxi (¿ = 1, 2, . . . , rc) , œ 

where H = H(xi, ji) is a time-independent, analytic, and single-valued function of 
(xi, yi) in a certain region Í2 of the phase space. We assume that Í2 is composed of a set of 
hypersurfaces of 2w — 1 dimensions: 

H (xi, y i) — c y (2) 

with o' < c < c" ) that is, the hypersurfaces form a closed set. 
We want to classify the integrals of motion that are time-independent continuous 

functions of (xí, y¿) in some part of the phase space. 
It is well known that if PqÍXíq, y¿0) is a point in £2, there exists one and only one 

solution, 
Xi = Xi(xi0, yto, t) , yi = y¿(x¿0, y^, t) , O) 

of the system (1) going through P0 at / = 0. Equations (3) are analytic functions of / and 
(#¿o, y¿o) as long as the point P(x¿, y¿) is inside £2. This is the case for all / if £2 is a set of 
hypersurfaces of the above form. 

From equations (3) we get 2n time-dependent integrals of motion of the form 

0Ci{xi, yi, —0 = Xio , yi(xi, y¿, —t) = y¿0 . (4) 

By eliminating t, we get 2^—1 time-independent integrals 

IjcipCi, yi) = Cjc ] (5) 

Ik is an analytic function of (x¿, ji) in some part £2fc of £2. If we solve the equation (5) 
for any variable, say Xi, we get a function, 

xi = <£ifc(*2. . . . xn, yi , . . . , yw, ck) , (6) 

* On leave of absence from the Astronomical Department, University of Thessaloniki, Greece. 
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1298 GEORGE CONTOPOULOS Vol. 138 

which is again analytic for some interval of values of the other variables and of the 
constant ck. However, <j)\k may give an infinite number of values %i for á given set of 
values of the other variables and of ck* 

In some cases all these values %i cannot be reached by a point moving continuously 
on the hypersurface (5). Such is the case of the function 

Ik = sinOi2 + yi2) = g , (7) 

for |g| < 1, that represents an infinite number of circles around the origin. For a given 
y i we have an infinite number of solutions for however, only two solutions at most 
belong to the same circle. In the following, by solutions we mean solutions that can be 
reached by a continuous displacement on the hypersurface (5). 

We give now the following definition. If the solutions (6) have at least one accumula- 
tion point at a finite distance, the integral Ik is called non-isolating. This is, for example, 
the case when there is an infinite number of solutions in a finite domain. Then, according 
to the theorem of Bolzano-Weierstrass, the values of x\ have at least one accumulation 
point at a finite distance. We may take as an example the function 

Ik = sin-1 Xi — q sin-1 x2 = ck , (8) 

where q = irrational. Then 
X\ — sm(ck + q sin-1 x2) , W 

that is, for a given value of x2 we have an infinite number of values of Xi that are densely 
distributed between —1 and +1. 

In other cases, however, we may have an infinite number of solutions Xi that are well 
separated from each other; for example, the function 

xi — sin-1 yi-\- ck do) 

can represent an isolating integral, although for every value of yi we have an infinite 
number of values for xi. 

Any integral of the form of equation (5) is called isolating in a certain region Ük of the 
phase space if equation (5) can be solved with respect to every variable Xi or yi and 
gives a finite number of solutions in any part of tik of finite dimensions, for any set of 
values of the other variables inside 14 and a certain set of values of ck: ck < ck< ck'. 

The energy H is an isolating integral because it is an analytic, single-valued function 
of the variables (xi, yi) ; that is, it can be expressed in the neighborhood of any point P of 
12 by a covergent power series. If this series begins with terms of degree / in some vari- 
able, then if equation (2) is solved for this variable, it gives at most l solutions in the 
neighborhood of P. Therefore, any accumulation point of the solutions of equation (2) 
is a singular point of Hy that is, it does not belong to 12. As 12 is a closed set, it does not 
contain an infinite number of solutions in any finite part of it. 

The same is true for any other integral (5) if it is single-valued in a closed set 12*. In 
many cases, however, Ik has singular points, such that by making a loop around them we 
return to the same point with a different value for Ik. 

In many cases the energy hypersurfaces (2) do not extend to infinity. Then it is suffi- 
cient to study the behavior of the integrals Ik inside the finite region 12. More generally, 
it is sufficient to study an integral in that part of the phase space that is defined by a 
range of values of the isolating integrals already known. 

In the case of equation (8) the points (xi = ± 1, x2 = arbitrary), (xi = arbitrary, 
x2 = ± 1) are singular. If, however, 12 is part of the space (— 1<Æi<+1,—1<Æ2 
< + 1), then the different solutions (9) are not connected, that is, they cannot be 
reached by a continuous motion on the hypersurface (8). Therefore, equation (8) may 
then represent an isolating integral in 12. But if 12 includes the square (— 1 < aq < -f- 1, 
— 1 < £2 < + 1), then, by changing x2 continuously, so that it goes through the points 
x2 = ± 1, we can reach all the values of sin-1 x2 and find an infinity of values for Xi. 
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No. 4, 1963 INTEGRALS OF MOTION 1299 

If Ik is analytic inside Í2, it is also single-valued, if fí is simply connected (with no 
singular points inside it) ; because then by following a closed path in Í2 we cannot return 
with another value for /*. But if fí is not simply connected, for example, if fí is a torus, 
the analyticity of Ik in Q, is not sufficient. However, it would be sufficient to prove the 
analyticity of h in a simply connected region, including Í2. For example, if Ik is given as 
a series convergent in all the points P of Í2, then it is convergent also for all points whose 
coordinates are absolutely smaller than the corresponding coordinates of the points P. 
In this case Ik is evidently isolating. 

Until now we have considered integrals of the form (5) which are isolating for a certain 
range of values of the constant Ck. It may be, however, that there is no such range of val- 
ues of Cfc, although for specific values of Ck the hypersurface (5) is isolating. In this case 
we have a sei of isolating integral surfaces. 

Cases when integral surfaces exist but do not form necessarily a continuous set have 
been discussed by Kolmogoroff (1954), Arnold (1961, 1962), and Moser (1962, 1963; see 
also 1955). They found under certain assumptions invariant tori around a periodic 
orbit in very general two-dimensional problems; namely, in the three-dimensional space 
defined by a constant value of the energy constant there are invariant two-dimensional 
surfaces surrounding a periodic orbit. These tori are isolating integral surfaces of two 
dimensions ; they can be considered as the sections of a set of integral hypersurfaces of 
three dimensions with a given energy hypersurface. 

If the set of these tori is continuous, then we have an isolating integral of motion be- 
sides the energy. We call these cases “integrable.” In many cases, however, the set of 
isolating integral surfaces is nowhere continuous, but it has a measure greater than zero ; 
the exceptional points, which do not belong to the integral surfaces, form a Cantor set of 
very small measure. We call these cases “quasi-integrable.” 

In any Hamiltonian problem where we can, by a convenient transformation of vari- 
ables, separate the variables so that we can integrate the equations for each pair of conju- 
gate variables, we have an integrable case that gives as many isolating integrals as there 
are degrees of freedom. Such a case is also called “separable.” It can be proved that, if H is 
given in the form of a power series in the variables, then we can find a separable Hamil- 
tonian H coinciding with H up to the terms of any given degree (Siegel 1956; Contopou- 
los 1963). We will prove now this basic theorem in the case of two degrees of freedom by 
using a variation of the method of von Zeipel (1916), which is used extensively in celes- 
tial mechanics. 

In the case of two degrees of freedom the Hamiltonian may be given in the form 

H = H2 + Hs + Ih+ . . . , di) 
where 

#2 = %(sixi2 + yi2 + s2X22 + y2
2) , (12) 

and Hk is a homogeneous polynomial of degree kin xh x2. 
We perform then a transformation of variables 

, dS dS 
Xi 'dy/’ yi~dXi’ 

by means of a determining function 

S = S(xi, y/) = xiyf + X2y2 + + 52 + • • • Sv-2, 

where Sk is of degree & + 2 in x^ y/, so that in the new form of the Hamiltonian 

H' = Hf + + 

the terms Hf, for k < v, are functions of 

+ yi2) • 

(13) 

(14) 

(15) 

(16) 
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1300 GEORGE CONTOPOULOS Vol. 138 

As dS/dy/j dS/dXi are polynomials in Xi, y/, the system (13) can be solved to give 
Xi, yi as functions of x/, y/ 

Xi = Xi{xj, yy ) , yi ~ yiiptj j yj ) y :== 1> 2;^* = 1, 2) (i7) 

or Xi, y/ as functions of Xj, yj 

x/ = Xi(xjy y3) y yi = y/(xy, yy) , (¿ = 1, 2\j = 1, 2) . (is) 

In fact, the system (13) can be written in the form 

dSi dSj,-2 
X i Xi 

yi - yi 

dy/ 

dSi 

dy/ 

dSy-J 
dx, dx, 

fini Xj, y3y Xj y yj ) 0 

F^ii. Xj, yj, Xj y yj ) 0, 

(f = 1, 2; i= 1, 2) (i9) 

and, according to the general implicit function theorem (see, e.g., Goursat 1956), this 
system has a solution for y y or for x/, yi in the form of convergent series in the neigh- 
borhood of the origin, because the Jacobians 

D (Fn, Fn, F2i, F22) 
Dix/, yj' x2

r, y2') ’ 

D(FnyF12,F21,F22) 

D(xU yiy X2y y*) 

are equal to 1 for Xj = yi = xi — yi = 0, (i = 1, 2). 
If Hk and Sk-2 are of the form 

Hk = ek-2Hk , Sk-2 = ek~2Sk-2 , (20) 

then the above solutions can be given as convergent series in an arbitrarily large region 
around the origin, if e is taken sufficiently small. 

In the general case we write 

X i — X 

yi = yi 

dSx dS 

dyi dy 

dSx . dS2 

2 d^Sx ( dSx 

¡' dy/dx/K dy/ "J 
(i = 1, 2) (21) 

dx, 
S2 , d2Si / _ dSi _ \ _ 

x/ dx/dx/\ dy/ '’ 

where the derivatives are calculated for xi = x/, x2 = x/. 
If we introduce these values in the Hamiltonian, we find 

H (x/_S~ • ' • > ^' + 1^+ • • •) = ■ff2 + ff3+^+ • • • \ dyi dXi / 

^fdHj dSx djh a5A (dH1dSL_dH1dS1\ 
\dy/ dXi dXi dyi)^ \dyi dx/ dx/ dy/) 

, I dH2 / dS2 — '^a d2Si dS\ \ __ dH2 / dS2 ^ ^a d2S\ dS\ \ f 

^Idyixdx/ dx/dXj dyi) dx/\dy/ dyidx/ dx/)\ 

(22) 

. ^A <A ( ! dtíE2 dSí dSx t d2H2 dSi dS\ ± d2H2 dS! dSí I 

^ ^ ( 2 dx/dXj' dyi dyj' 2 dx/dy/ dy/ dx/ 2 dy/dyj' dx/ dx/) 

d2H2 dSy dSi d2H2 dSi dSi 

l=l 3=1 

+ . . .=H/ + H/ + H/ + 
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No. 4, 1963 INTEGRALS OF MOTION 1301 

where Hk and all the derivatives are calculated for %i — #/, yi — yi, — %<l, yi — yí. 
Hence 

H2 = H2' , 

W|^7) = H/-//3=0x, 

(23) 

(24) 

and in general 

íí*/ = & = HkW - Hk+i +P* , 
oyi J 

(25) 

where Ph is a polynomial of degree Æ + 2 in x/, y/, which is known, after #2', Si,. .. 
/W, Sfc-i are defined. 

The corresponding system of equation (2vS) is 

dxi dyi dSk 

y% $iXi Qk 
(26) 

where t is an auxiliary variable. 
One solution of equation (25) is then 

S* = SQudt, (27) 

where #/, y/ in Q& have been replaced by the solutions of the system (26), namely, 

Xi —7— sin V Si(t— ti ) 
V Si 

y^ = \/2<I>i cos Vs*( / — Z*) , (28) 

where = |(5^/2 + Ji2) an(i K h are constants. 
In order to avoid the appearance of secular terms in (27), that is, terms where t is out 

of the trigonometric functions, we take Hk at every step equal to the secular part of 
(Hk+z — Pk) ; then Qk contains only trigonometric terms of the form 

sin 
(wV + ¿2)^ + const. 

cos 

where m, n are integers. In the general case where \/^i/v/^2 is irrational, the integration 
(27) gives again trigonometric terms of the same form; then by using the relations (28) 
we can write Sk as a polynomial in #/, y/ (Contopoulos 1960). 

It can be seen that Hk does not contain odd powers of \/2^>¿, because terms of this 
kind in (^+2 — Pk) do not give rise to secular terms. Therefore, Hf is a polynomial (or a 
series) in $1, $2; in particular Hz = H*>f = . . . = 0. 

If H and Hf are truncated after the terms of degree we find a new Hamiltonian 

H' = Hf($i, $2) = H(xh yi, æ2, y2) (29) 

which is expressed as a series of y», by using relations (18), convergent whenever the 
series (18) converge. This Hamiltonian coincides with the initial Hamiltonian H up to 
the terms of degree v, and has two isolating integrals 

= %(siXi2 + y/2) = $i(xy, yj) (i = 1, 2; j = 1, 2) (30) 

in the form of series of xj, yy, that converge in the same region as the series (18); in fact, 
because of the relations (13), the new variables x/, y/ are canonical, hence 

dx/ dH' dll' , dy/ dH' dH' ~ , 

di dy/ d($¿) yi ’ dt dx/ d($¿) SiXi ’ 
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and therefore 

GEORGE CONTOPOULOS Vol. 138 

=: c .x J JL_y.' élí... ^ Q 
dt dt dt 

(32) 

that is are two integrals of motion of the system with Hamiltonian H. 
The system (31) can be written 

dH j._dxi _ dyi (33) 

and its solution is_given by the formulae (28) if t is replaced by t (dH'/d<&i). Therefore 
the Hamiltonian H is separable. 

The initial Hamiltonian H may or may not be separable. The fact that it is “near” H 
does not mean that it has as many isolating integrals as H. This is the case only if the 
integrals are stable (see Sec. III). But in problems concerning actual stellar systems the 
Hamiltonian is not completely known; only the first few terms are known approximately, 
and the higher-order terms are not known at all. Therefore we may choose a separable 
Hamiltonian to represent at least a part of any stellar system around an equilibrium 
point. This Hamiltonian has convergent integrals for sufficiently small values of the 
variables, or for sufficiently small perturbations. The smallness of the variables can be 
secured if the energy is sufficiently small (being zero at the equilibrium point). For large 
values of the variables and large perturbations, the new Hamiltonian H may not have 
convergent integrals, or the difference between H and H may be great. For this reason it 
may be impossible to represent a given stellar system by a unique separable Hamiltonian. 

II. QUASI-ISOLATING AND ERGODIC INTEGRALS 

Sometimes the term “quasi-isolating integral” has been used rather loosely. We will 
give the following definition for it. 

An integral of the form of equation (5) is called ‘‘quasi-isolating” if it is non-isolating 
in that part Í2' of the phase space that is defined by the values of the known integrals, 
but does not go through the neighborhood of every point of O'; that is, if equation 
(5) is solved for some variable, say Xi, it gives eventually an infinite number of solutions 
that have accumulation points in O'; however, these solutions are not densely distributed 
everywhere in O'. 

Finally, we call an integral /¿(x*, y¡) = ck “ergodic” in O' if it represents a hypersur- 
face that goes through the neighborhood of every point of O'. 

The results of Kolmogoroff, Arnold, and Moser show that the quasi-isolating integrals 
are quite common. In fact, if there is no invariant torus between two given tori around a 
periodic orbit, an orbit whose initial point is between these two tori does not lie on an 
isolating integral surface; but the orbit cannot go outside the tube defined by the two 
tori, that is, it is not ergodic on the whole energy-hypersurface of three dimensions (which 
is the only isolating integral that is known to exist in this case). 

The quasi-isolating integrals give a set of isolating integral surfaces whose measure is 
slightly smaller than the total available measure. Therefore, these quasi-isolating inte- 
grals do not differ very much from isolating ones. 

The foregoing results, however, have been found only for orbits near periodic orbits. 
They do not give information for a system at large. On the other hand, there are many 
cases where numerical calculations indicate the existence of isolating integrals, or at 
least quasi-isolating integrals, that are very nearly isolating for very long times (Contop- 
oulos 1958, 1960, 1963; Torgârd and Ollongren 1960; Ollongren 1962; Barbanis 1962). 
In fact, in these cases no appreciable change of the empirically found integral hyper- 
surfaces is apparent for astronomically important times, of the order of 1010 years. 
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No 4, 1963 INTEGRALS OF MOTION 1303 

III. STABILITY 

We come now to a distinction between “stable,” “quasi-stable,” and “unstable” inte- 
grals. 

An isolating integral is said to be stable if it remains isolating after a perturbation is 
applied. If it becomes quasi-isolating it is called quasi-stable, and if it becomes ergodic 
in the part of the phase space defined by the values of the other isolating integrals, it is 
called unstable. Similarly a quasi-isolating integral is called unstable if it becomes 
ergodic after a perturbation is applied. 

It is well known that a time-independent perturbation of a potential field leaves the 
energy integral isolating. This is because the perturbation A# is of the same form as H 
itself, that is, analytic and single-valued in a certain region of the phase space. We say 
that the energy integral is stable against perturbations of this kind (time-independent, 
etc.). 

On the other hand if an axially symmetric potential field becomes slightly asymmetric, 
the angular momentum with respect to the previous axis of symmetry is not conserved. 
Figure 1 represents an orbit in the slightly asymmetric field 

u = + y2) - 2^/], (34) 

with A = 0.1, b = 0.05 and initial conditions xQ = 0.27659, y0 = 0, X0 = ¿o = 0, F0 = 
ÿo = 0.08746. The initial conditions correspond to a circular orbit in the unperturbed 
field (6 = 0). The value of the last term of U is of the order of 1/10 of the main term. 

Equation (34) represents the field on the plane of symmetry of a galaxy that is also 
symmetric with respect to the xs-plane but not with respect to the 2-axis. If A is given in 
(107 years)"2, b in (107 years)"2 kpc"1, in kpc and Fo in kpc (107 years)-1, then the peri- 
od of one revolution is about 20 X 107 years. 

The motion is initially almost periodic for a few revolutions. The orbit is like a circle 
slightly compressed in the left; however, it becomes gradually more and more elongated 
until it becomes almost a straight line when t 420 X 107 years. Then the motion re- 
verses its direction of rotation and at about t — 800 X 107 years it describes approxi- 
mately the initial part of the orbit, but in the opposite direction. When t 1220 X 107 

years the orbit becomes again almost rectilinear, and when t 1600 X 107 years it 
describes again approximately the initial nearly circular orbit in the same direction. 

Therefore, the angular momentum changes completely, taking all the values between 
the initial value C and approximately —C, in a period of 16 X 109 years. This period is 
longer if the perturbation b is smaller. A more detailed description of this and similar 
cases will be given in another paper. 

Another example of an unstable integral is the integral (8) for rational values of q. 
This is isolating, but a small change of q that makes it irrational transforms the integral 
(8) into an ergodic one. 

The third integral in an axially symmetric field (Contopoulos 1960) and the two 
integrals besides the energy in asymmetric systems that are “near” a three-axial homo- 
geneous ellipsoid (Contopoulos 1963) seem to be stable, or at least quasi-stable; a small 
perturbation in the form of an additional term in the potential function does not make 
the integrals ergodic. 

In this connection it must be noted that the perturbation technique used in the 
earlier papers to derive new integrals in the form of power series is applicable only if the 
corresponding isolating integrals of the unperturbed case are stable (or at least quasi- 
stable) for long time intervals. 

The stability or instability of an integral can be considered only with respect to a 
particular perturbation or to particular types of perturbations. For example angular 
momentum is stable with respect to every perturbation that preserves axial symmetry. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 
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But energy and presumably the other two integrals of the asymmetric systems above 
have a much more general kind of stability. However, energy ceases to be an integral in 
the case of a time-dependent perturbation. 

Lynden-Bell (1962a, b) has given isolating integrals of the form I[xí} yi, f (X)] where f 
is an arbitrary function of a given function X = X(x¿), corresponding to a class of poten- 
tial functions U[xi, f(X)]. Such integrals he called “local,” and he gave a list of them in 
the axially symmetric case in a Euclidean space of three dimensions. He also studied 
potentials with two arbitrary functions f (X) and r)(p) that admit further isolating inte- 
grals besides the energy. 

In our terminology these integrals are stable with respect to perturbations that do not 
change the form of the potential function U[xi, f(X)] or U[xí, f (X), r)(p)], although f and 
7] change. However, as we have seen, there is a much more general class of potential 
functions that has isolating integrals; these are “near” any potential function given in the 
form of a series. The stability of these integrals is not yet known; but the numerical 

Fig. 1.—An orbit in the potential field. U = —0.05 [x2 + y2 — xy2] kpc2/(107 years)2 with initial 
conditions æo = 0.27659 kpc, y0 = 0, Xo = ¿o = 0, Y0 = y0 = 0.08746 kpc/107 years. The dashed line 
represents the curve of zero velocity. It is evident that the orbit does not fill the whole space inside the 
curve of zero velocity. This indicates the possible existence of another isolating (or quasi-isolating) 
integral. 
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evidence available indicates that these are stable or at least quasi-stable for very long 
times. On the other hand, the stability of the local integrals with respect to a change of 
f and r] does not mean that a stellar system has the same number of local integrals as it 
evolves gradually; because the change of U is not due necessarily only to a change of 
f and rj. 

If we consider the potential function of a stellar system to be of the form 

¿7 = yi Aijkxiy’z*, (35) 
t, 2, k 

a smooth evolution of the system will only change the coefficients Aijk gradually. There- 
fore, a system that has initially three isolating or quasi-isolating integrals will have the 
same number of isolating or quasi-isolating integrals as it gradually evolves, during times 
of the order of 1010 years at least. 

A special case is worth mentioning in this connection. The third integral in the case of 
an axially symmetric field given previously (Contopoulos 1960), which is the same as the 
second integral, besides the energy, in a two-dimensional field, ceases to be valid when- 
ever the ratio of the frequencies \/P/V6 of the unperturbed oscillations along the two 
axes becomes rational. However, as it will be shown in another paper, one can find an 
integral in the form of a formal series expansion even in the rational cases. Its form is not 
very different from that of the general irrational case, if \ZP/\/Q is not equal to 1/1 or 
2/1. When \/P/\/Q = 1/1 or 2/1 the form of the integral changes considerably, but 
there is a gradual transition to these “resonance” cases as \^P/\/Q tends to 1/1 or 2/1. 
It seems that in all these cases the integrals are isolating or at least quasi-isolating. The 
numerical evidence shows that they are very nearly isolating for very long times, at least 
of the order of some 1010 years (see, e.g., Fig. 1). 

If the perturbations applied to a Hamiltonian are large enough, the isolating integrals 
may become quasi-isolating or even ergodic. Such cases have been discussed by Hénon 
(private communication). Other cases where such a behavior is observed have been 
considered lately by Contopoulos and Woltjer and will be discussed in another paper. 

I want to thank Dr. S. Chandrasekhar for reading the manuscript and making useful 
suggestions. 

The research reported in this paper has in part been supported by the Office of Naval 
Research under contract Nonr-2121(24) to the University of Chicago. 
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