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Integration of the Equations of Planetary Motion in Rectangular Coordinates 
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Matrix methods for the approximate solution of differential equations are applied to the development 
of general perturbations in rectangular coordinates. The solution is obtained directly in the form of comple- 
mentary function and particular integral. The possible role of the arbitrary constants is discussed; these 
appear unambiguously in the complementary function, the nature of which is known from the properties of 
Keplerian motion. Formulas for the application of this method to the calculation of special perturbations 
are also included. 

1. INTRODUCTION 

THE normal method of general perturbations in 
Cartesian coordinates is due to Brouwer (1944). 

He approaches the deviations from some reference 
Keplerian orbit by the method of “variation of 
constants/’ obtaining relatively simple expressions for 
the perturbations, but using relatively sophisticated 
transformations to find them. A slight modification of 
this method has been given by Gontkovskaya (1958), 
who uses the true anomaly rather than the time as the 
independent variable, and whose derivation is more 
direct. In Brouwer’s method the role of the arbitrary 
constants (introduced in the integrations) is not very 
clear, and the introduction of their numerical values 
leads to a fairly comprehensive change in the first-order 
solution. The choice of constants is equivalent to the 
choice of a mean orbit ; to take advantage of them, the 
disturbing function must be developed with respect to 
the mean orbit; but this point is not discussed by 
Brouwer. (Gontkovskaya does not consider the 
constants of integration at all.) 

The difficulty over the constants and the indirect 
derivation of the final expressions seem to follow from 
the use of the method of variation of constants. But 
there is another approach to the approximate solution 
of differential equations which involves matrices. Here 
the first variational equations of the unperturbed 
system of differential equations are solved and their 
complete, general solution is embodied in a matrix 
called the “matrizant” or “fundamental solution 
matrix.” Once this is known, the first-order solution of 
the perturbed equations can be written down immedi- 
ately, and from this, the higher-order solutions follow. 
The form of the solution is the simple one of comple- 
mentary function (involving the arbitrary constants) 
and particular integral. 

The author first became aware of the possibilities of 
this method when reading a paper by Myachin (1959) 
on the accumulation of errors in the numerical integra- 
tion of equations in celestial mechanics ; and the 
motivation for this work must be credited to him. 
Applications in numerical work are becoming popular, 
but so far as the author is aware no use has been made 
of matrix methods in the field of general perturbations. 
Since this method is relatively new in celestial mechanics 

(with references thinly scattered), and it has consider- 
able possibilities, it will be briefly developed and 
discussed from first principles. 

Consider the system of n first-order differential 
equations 

(i= 1,2,- • •,?/) (1) 

relating the n coordinates Xi and the time These 
can be written symbolically in the condensed form 

X'=f(X,¿), (la) 

where X' and f are column matrices; the prime repre- 
sents differentiation with respect to the time. If a 
solution, XR(t), is known, having initial conditions 
XÄ(/o) = Xo, then a “slightly different” solution, Xr(1) 
+ôX(/), can be found from the first variational equa- 
tions of the system (1). That is, 

ÔX^ 
dX2' 

JXn
f 

or 

dfi/dXi dfi/dX2 

df2/dXi df2/dX2 

dfi/dXn 

df2/dXn 

dfn/dX1 dfn/dX2 • • • dfn/dXn 

ôX'=AôX. 

ÔX1 

ôX2 

(2) 

(2a) 

The solution Xr(1) will be called the “reference orbit.” 
Each of the partial differential coefficients in the 
n-by-n matrix A is evaluated along the reference orbit, 
so that A is a known function of the time. The squares 
and products of the 8Xi have been neglected; so the 
solution will be accurate only to the first order of small 
quantities. 

Equations (2) are solved when any set of n linearly 
independent solutions is known. Let this consist of the 
separate columns of the matrix with elements 
Since any linear combination of these columns also 
gives a solution, the columns of 

Q — C^u(0DD^u(/o)3 1 (3) 

must all be solutions. The matrix has the property 
that at /o it is equal to the identity matrix ; this provides 
the initial conditions necessary to find it by numerical 
integration. Since it is essentially a function of h as 
well as /, it will be written as £2(¿o/). It is called the 
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288 J. M. A. D A N B Y 

“matrizant” or “fundamental solution matrix” of the 
system (2). As each of its columns satisfies (2), it must 
itself satisfy the equation 

ß' = Aß, (4) 
where 

— I* 

If the function öX(/) were to have initial conditions 
ôX(to) = ôXo, then the solution of (2) would be 

ôX(t) = £l(t0,t)ôX0. (5) 

This matrix was developed by Peano and Baker; a 
description of their methods is given by Ince (1956). 
Baker develops the matrizant as an infinite series and 
is concerned with the relation of the matrizant of (2) to 
that of the system 

dXf= (A+B)5X. 

The results are applied particularly where A is constant 
and B is periodic. This theory is of no concern here 
since the unperturbed equations of planetary motion 
give Keplerian motion, and the matrizant of the 
appropriate system (2) is known analytically. 

Consider the equation 

ôX' = AôX+g(0, (6) 

in which a “forcing function” g(¿) has been added to 
(2). Its solution can be written 

ôX = Q(to,t)ôX0+&(k,t) Í (7) 
J to 

This is the exact solution of (6), subject to the initial 
conditions ôX(to) = ôXo. No conditions about orders of 
magnitude are imposed. The product 

is seen to be the Green’s function of the system (2), 
and it is this property of matrizants that is important 
here. 

The first term on the right-hand side of (7) is the 
complementary function [abbreviated as (CF) in the 
equations that follow] and this bears the entire burden 
of the constants of integration. The second term is the 
particular integral (PI) which gives the perturbations 
from the reference orbit that are induced by g. 
Suppose Eqs. (1) to be the unperturbed equations of 
motion for some physical system, and X0 to represent 
the observed conditions at time to. If small perturbing 
forcing functions g(/) are added, then the first-order 
solution of the perturbed equations, subject to the 
observed initial conditions, is 

XR(t)+(Pl). 

But from (7) this can be written 

XR(t)-(CF)+öX, 
or 

Xm (O+c)^ 

where XmQ) represents a “mean” orbit. The mean 
orbit is slightly different from the reference orbit and 
has initial conditions Xm(/o)=:Xo—ôX0; ôXo consists of 
the n arbitrary constants of integration. The whole 
point of the mean orbit is that <$Xo should be chosen to 
make ôX in (7) as small and tractable as possible, over 
a reasonable time interval. But it is necessary to start 
to solve the problem using the observed initial condi- 
tions X0, when X# is the osculating orbit at the epoch 
to. The arbitrary constants, and therefore the mean 
orbit, cannot be chosen to any purpose until something 
is known of the first-order perturbations contained in 
the particular integral. 

The solution (7) can be verified by direct substitution 
into (6); it can also be recovered by varying the 
arbitrary “constants” öX0. This might be called the 
method of “variation of initial conditions.” If other 
constants are to be varied, then the full paraphernalia 
of coordinate transformations become necessary. 

If a-1 is required, it can be found without inverting 
the matrix, since the inverse itself is the solution of the 
set of equations 

dY/dt=-YA, 

where Y is equal to the identity matrix at time /0; this 
is called the adjoint equation of (4). Also if the particu- 
lar integral is required numerically, it can be found 
most simply by solving Eqs. (6) subject to the initial 
conditions ôX(/o) = 0. 

Now suppose that in setting up Eqs. (1) we had 
chosen to ignore certain small terms g(X,¿) involving a 
small coefficient a. To the first order (neglecting a2), 
we can calculate their effects by evaluating the terms 
along the reference (or osculating) orbit, when they 
become known functions of the time: g[XÄ(/),/]. We 
then have equations like (6), the solution of which can 
be written down. From this first-order solution a 
mean orbit ought to be found, but for the present the 
discussion will be continued with the osculating orbit 
for reference. 

To find a more accurate solution, involving a2, 
proceed as follows. Let it be 

X(t) = XR(t)+ôX(t)+ô*X(t). 

If this is substituted into the equations of motion 

X/(t)=MX,t)+gi(X,t) (*= 1,2, • • •,»), (8) 

and all terms of order a3 are ignored, the ith equation 
becomes 
XeJ+ôXZ+Ô^X/ 

¿(—) ( 
j=i \dXj/ R 

(dXj+^Xj 

Inn/ d2fi \ 
+-HZÍ ) 

2 j=i k—i xdXjdXbf 
bXjbXk 

jOJ^k/ R 

+££Xb(/),/]+¿ (■ 
?=1 V dxj 

bXi. 
i' R 

(9) 
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PLANETARY EQUATIONS IN RECTANGULAR COORDINATES 289 

The partial differential coefficients are all evaluated 
along the reference orbit. From their definitions, the 
terms of zero and first order cancel and we are left with 
the second-order terms : 

y=i 

Apart from o2X all the terms in (10) are known functions 
of the time, so that the form of (10) when all n equa- 
tions are combined is identical with that of (6), and 
the solution can be written down. Apparently there 
are another n constants of integration ô2X0 available; 
but in the final solution these will simply be added to 
the ôXo in the complementary function £2 (ôXo+ô2X0). 
So no degrees of freedom are added to the solution, al- 
though the mean orbit can be made more sophisticated. 

The equations for the solutions ônX, of any order, 
will always be of the same form as (6), although the 
“forcing functions” become more complicated. To 
find the /zth-order solution, all the lower-order solutions 
must be known. 

The theory given above applies to any system of 
first-order differential equations. The situation is 
simpler where planetary motion is concerned. Then 
the equations of motion are contained in the vector 
equation 

r" = Vi?, (11) 

where r is the vector with components (^,y,s), or the 
column matrix transQrys], and R is the force function, 
involving the dominant inverse-square attraction and 
the disturbing function R\. Equations (11) can be 
written in the form 

X2' = x5, 

x/=x6, 

X^dR/dXh 

Xb' = dR/dX2, 

X¿ = dR/dXh 

(Ha) 

when the theory described above can be applied directly. 
But it is simpler to work from the second-order 
equations. 

The first variational equations of (11) can be written 
as 

where 
ôr" = Aôr, 

A= 
'd2R/ d%2 

d2R/ dydx 
j2R/dzdx 

d2R/ dxdy 
d2R/dy2 

d2R/dzdy 

d2R/dxdz 
d2R/ dydz 
d2R/dz2 . 

(12) 

evaluated along a reference orbit. To solve (12) 
introduce two 3-by-3 matrices U(¿0,0 and V(¿o,0> where 

U"=AU, U(Mo) = I, U'M = 0; 

V"=AV, V(/o,/o) = 0, V'(Vo) = I. (13 

U and V are called the first and second fundamental 
solution matrices, respectively; their six columns are 
six linearly independent solutions of (12). Let ôr0 and 
èW be the initial increments in position and velocity 
to be applied to the reference orbit at time to. Then 

dr= U (/o,0^o+V (to,t)ÔTor (14) 

at any time 2. ôr is a solution of (12). Furthermore, the 
components of 5r0 and (W can be interpreted to be six 
independent, arbitrary constants; so it is clear that 
(14) is the general solution of (12). 

Given analytical expressions for U and V, we can 
consider them to be functions of the two variables to 
and t. Then the “initial” conditions (13) apply when- 
ever the two are equal. Now consider the integral 

f r(r,/)'/r. 
J h 

It satisfies the differential equation for V, and also the 
initial conditions for V ; so it must be equal to V. 
Hence 

\J(to,t)=-(d/dto)V(to,t). (15) 

If Eq. (14) is differentiated with respect to t, it becomes 

dU(/0,/) dV(¿o,¿) 
8r' = <$r0d ôro'. (16) 

dt dt 

Therefore considering (14) and (16) together, and 
applying (15) we see that the matrizant of (11a) is 

r av 

dto 

d2W 

V 

dV ’ 

I dtdto dt J 

(17) 

Given analytical expressions for the components of V, 
the inverse of £2 could be found simply by exchanging 
to and ¿. It could also be found from the adjoint equa- 
tions of the first variational equations of (11a), when 
it is seen that £2-1 is of the form 

where 

r aw ) 
— w 

dt 

a2W aw ’ 

l dtdto dto J 

(18) 

W" = WA, W(Vo) = 0, W'(Vo)=-I. 
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290 J. M. A. DANE Y 

Let WT denote the transpose of W. Since A is sym- 
metrical, (W")r= AW7’, so that, from the initial 
conditions for W it is seen that 

Then 
W=-Vr. 

V (/o,/) = — transV (/,Z0). 

(19) 

(20) 

Also we can find dX/dt in (17) by taking the transpose 
of —dX/dto and exchanging t0 and t. 

Now let a forcing function 

h« = 
Jlx 

be added to (11). The addition to (11a) would be the 
column matrix g= trans[0 0 Ohx hv Ä J. It can be verified 
(most simply by direct substitution) that the solution 
of the resulting equations is 

^r_U(Zo,Z)ôro+V(Zo,Z)ôro'+ / V(r,i)h(T)dr. (21) 

Furthermore, this must be the general solution. 
At first sight, (21) does not appear to resemble (7) 

to any great degree. But if (7) is written in the expanded 
form 

ÔI 

5r' 

X(t0,t) 
d\ 

dio 

d2x ax 

atato at 

5r0 

Ôro' 

+ 

av 

ato 

a2X 

atato 

V(Zo,0 

at J 

aw 

dr 

a2W 

. dtodr 

W (Z0,r) 

aw 

ato . 
h(r) 

dr. 

the first three components are seen to be solution for perturbed Keplerian motion in the form 

av 
St= óro+Vóro' 
ato 

r=r0+ 

+/J- 

dV(/0,0 

d/o 
■W (/o,r)+V (/o,0 

dW(/0,r)- 

d/0 

h(r)^r, 

and since this must be identical with (21) for all h, we 
have the identity 

dW(/o,r) 
V(r,/)— W (/o,r)+V (/o,/) . 

d/o d/o 

This is contained in the important identity 

(22) 

rtd\(T,t) 
r/ = rK/+ / h(T)dr. (24) 

Jto dt 

Here Tk' is the velocity in the osculating Keplerian 
orbit at t0, and V is the second fundamental solution 
matrix considered above. For a fixed /0 (24) gives a 
first-order solution of the kind considered above, and 
the second equation could be immediately written 
down using formulas given by Myachin. An alternative 
formula, more useful when the velocity is not required, 
is 

r=rK+f V(t,/)1i(t)Jt. (25) 
J to 

If the matrizant and its inverse are to be found 
numerically, the equations can be solved subject to 
appropriate initial conditions at some convenient epoch 
to. Then (22) enables the matrizant relating any two 
times to be found. 

If we can solve the equation 

5r"+B<5r'+Aôr=0 (23) 

by finding first and second fundamental solution 
matrices U and V, where each satisfies (23) and obeys 
the initial conditions of (13), then the solution, if a 
forcing function h(¿) is added, is given by (21). Equa- 
tion (23) would arise if, for instance, the reference 
orbit were to have a uniform rotation. 

In a recent paper Alexeev (1961) has considered the 

The application of these formulas in numerical work 
is limited by the inability of an osculating orbit to 
provide an adequate approximation of perturbed 
motion for many revolutions. But this nee^ not be 
serious if t0 is revised periodically. Given a reasonably 
simple method for calculating V (or dV/dt) numerically, 
(25) or (24) would furnish a method for special per- 
turbations that might be promising in some circum- 
stances. A quicker method than that given by Alexeev 
for calculating the matrices is given in Sec. 9 at the 
end of this paper. 

2. FORMAL SOLUTION OF THE PLANETARY EQUATIONS 

If Eq. (11) involves only inverse-square attraction, 
with force function Ro, then the motion is Keplerian 
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PLANETARY EQUATIONS IN RECTANGULAR COORDINATES 291 

and the components of V are known analytically. This 
paper is concerned with motion that is nearly elliptic, 
so the reference orbits will be Keplerian ellipses. For a 
start Tr(í) will be the osculating ellipse at to. The 
equations for the first-order solution are 

ör" = AÄör+[vi?i]ß, (26) 
or 

taken of the relatively small ôr. Certainly the terms of 
zero order in (28) cancel. But the terms of first order 
do not; for the first-order equation is (26a) in which 
the partial differential coefficients are evaluated along 
the osculating orbit. 

Let the complementary function, which by (27b) is 
equal to rÄ—have components (£,)?,f). Let the 
particular integral have components (k,ix,v). All of 
these quantities are likely to contain purely secular 
terms. Equation (26a) can be written : 

with similar equations for y and z. The solution is 
given by (21) and is separated as before into the 
complementary function (CF) and particular integral 
(PI). Since the reference orbit is osculating at h the 
complementary function is zero, and to the first order 
we have 

r=r#+ (PI). (27) 

The particular integral will contain purely secular 
terms which are objectionable. To cope with this 
situation the complementary function, with six appro- 
priate constants of integration, is introduced to define 
a mean orbit Im such that 

r=rM+5r, (27a) 
where 

Ir — (CF) (27b) 
and, from (21), 

ôr= (CF)+ (PI). (27c) 

The constants in the complementary function are 
chosen to make ôr as tractable as possible. The reason 
for this is, obviously, to make the solution as accurate 
as possible; but this requires that the terms that are 
neglected shall be as small as possible. The expressions 
given by (27) and (27a) are equally accurate, and 
juggling the arbitrary constants between them cannot 
possibly increase the accuracy of that solution. The 
adequacy of the solution can only be tested by examin- 
ing the second-order equations. 

Let the second-order solution be 

to the second order. If this is subtracted from (28), 
we are left with the equation for the second-order 
quantities : 

a—x,y,z \dxda/M 

1 
H— 

2 
E 

/ d^Ro \ 
T, ( ) Sa8ß 

\dxdadß/ m 

+ z (“) \dxdß/ 
) w, 
M 

since X = £, etc. Therefore, regardless of the choice 
of mean orbit, the forcing function in the second-order 
differential equation will contain purely secular terms, 
so that the second-order solution will contain terms in ft. 

The cure for this difficulty is to solve for the first- 
order perturbations again, once the mean orbit has 
been chosen. This means that the disturbing function, 
and its derivatives, must be developed along the mean 
orbit. Then 

r= rM+ôr+ô2r. 

Substitution of this into the equation of motion results 
in the following equation for # : 

Xm' f ^àx'f -\rb‘ixn 
fdRo\ /d2R0 \ 
( ) + Z ( ) (&x+02a) 
\ dx /m «=^.2/.2 \dxda/m 

+- ZZ ( 
2 a,ß=x,y,z \ 

/ d*R0 \ 

dxdadß/m 
öaöß 

ôr"=Ajifôr+ (29) 

The difference between this and (26) is of the second 
order, and should apparently make no difference to the 
accuracy of the first-order solution. But it relieves the 
pressure in the second-order equation, for (28) now 
becomes 

/d2Ro \ 1 
ôV'= E —) z>2cc+- 

ot=x,y,z \dxda/ M 2 a,ß=x,y,z 

d*Ro \ 
  ) baÖß 
dxdadß/m 

+ + z (28) 

Here the partial differential coefficients are evaluated The 8a and öß occurring in (30) are components of ôr 
along the mean orbit in order that advantage can be of (27c), in which there should, at least, be no secular 
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292 J. M. A. DAN B Y 

terms. Therefore we can now, and only now, reap the 
benefit of the choice of a mean orbit. This applies 
whether the second-order equations are to be solved 
or not. 

Formal equations for third-order perturbations can 
be written down easily. If six (second-order) constants 
are chosen in the solution of (30) to lead to a new mean 
orbit, the formulas become more complicated if ad- 
vantage is to be taken of any reduction in the magnitude 
of ô2r. But scarcely any terms would need to be con- 
sidered anyway, and decisions on this matter would 
depend on the problem in hand. Therefore third-order 
perturbations will not be discussed here. 

3. COMPONENTS OF U AND V IN ELLIPTIC MOTION 

The components of U and V can be found most 
directly by considering the meaning of Eq. (14). That 
is, we take a reference orbit, and start a neighboring 
orbit at time to with residuals (with respect to the 
reference) 5r0 and hxo. Then we follow the history of 
the residuals at future times. In order to do this it is 
convenient to group together the formulas necessary 
to find r and r', at time t, given r0 and To' at time /0; 
then increments are applied to everything visible 
except the time. This has been done by Bower (1932) 
as the basis of a method for the differential correction 
of orbits. The expressions for U and V are not given 
explicitly, but intermediate formulas are used to pro- 
ceed from to to t. The formulas leading to the calcula- 
tion of U and V are given in Sec. 9 at the end of this 
paper; but although Bower’s method is probably the 
best one for numerical work involving Eq. (25), it 
does not result in analytical expressions appropriate 
to general perturbations. 

Since it is analytical expressions that are important, 
it is only necessary to find the components Vi3- of V. 
These are found by introducing errors into the velocity 
at time to and finding their effect on position at time t. 
Let axes be chosen such that the a; axis points toward 
perihelion and the y axis points toward that point in 
the orbit for which the true anomaly is 90°. The Vij 
with respect to these axes can be found fairly easily. 
For instance, if a velocity increment is introduced, 
the other coordinates at to remaining unaltered, then 
the resulting increments in semimajor axis, eccentricity, 
eccentric anomaly at /o, true anomaly at to, and eccentric 
anomaly at ¿, are given respectively by 

8a= — (2a/ nr0)So8xo, 

8e=—[_(\. — e2)/nro~\SoCo8xo, 

8Eo= (1/enro)[_2 — 2eCo— (l — e2)Co2y>Xo, 

= [ ( 1 — e1) V enr o][_2 — eCo—C0
2] W, 

f3a a(\ — e2) 
8E= (t-to)So SoCo(S-So) 

I rro nrro 

H—--[2 —2cC0— (l-^2)Co2] 
ern J 

(Here S, C, So, and Co denote sinL, cos£, sinEo, and 
cos£o, respectively.) 

The position in the reference orbit at time t is 

x = a(C—e), y = a(l — e2)^S. 

To find the displaced position, a, e, and L are varied, 
and the axes are rotated through ôvo. The displacement 
in x is given by 

ôx = ôa(C—e) — a8e—aS8E+a(l — e2)*S5i'o. 

Noting that, in this instance, 8x = vndxo', we can find 
the value of vn by substitution. And so on for the 
other Vij. Because of the choice of axes, v¿j is zero if 
one of the subscripts is equal to three, and z'33 is simply 
the “g” of the / and g series (but expressed in closed 
form). 

The values for the Vij given below were taken from 
the paper by Myachin. He apparently found them by 
solving the differential equation V" = AV, and he states 
laconically that “the justice of the equalities is estab- 
lished by means of the direct substitution of their 
right-hand parts into the recorded equations, and by 
the verification of the corresponding initial conditions.” 
The present author found it more expeditious to check 
the results independently, using the methods described 
above. The expressions are : 

vn= (a2/nrro){Z(l — e2)SC+eS^Cd2 

+ (l-e%-C2-eC+2/\C0So 
+ Z(e-e*)SC+2(l + e2)S2Co 
+ []—eC2—2(l+e2)C+5e]5V 

+ [-2(l-ß2)NC-5^]-35No(L-Lo)}, 

^12 = [02 ( 1 — e2) {[C2+^C—2]Co2 

+ [SC+eS']SoCo+t-eC2+2C-e/\Co 
+ [-eSC+2S^So 

+tC2+eC-2'l+3SCo(E-Eo)}, 
(31) 

^2i=C^2(l —e2)V^o]{[—C2+eC—1]C0
2 

“b G—'S’CT'tfN^S’oCoff'O——2C—e~]Co 
+ [-eSC-2N]No 

+ [2C2+^C+2]+3CNo(E-£0)}, 

^22 = (a2/nrro) {[SC — eS]C0
2 

+ [-C2+(H-£3)C-1]SoCo 
+ [-(e+63)SC+2S]Co+[eC2-2C+c]S0 

+ [SC—¿S]—3(1 —e2)CC0(L—£0)}, 

^33= (l/^){SCo-(-[—C+e]So—eS}. 

An alternative expression for V, which separates it 
into two matrices, one a function of /0 and one a 
function of t, can be written down using (22). Let T be 
a time of perihelion passage, then 

a(/o)/)=^(r)/)^(/o,r), 
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PLANETARY EQUATIONS IN RECTANGULAR COORDINATES 293 

since Q~1(T,to) = Q(to,T). Hence 

V(/0,/) 
[ 

d\(T,t) 

dT 

"V(/0,r) ^ 

dV(/0,r) . 

dT 

(32) 

Remembering that £ = 0 at time T, the submatrices 
can be easily found. 

The matrix U is needed only in the complementary 
function. The full expressions for the components will 
not be given here, since it is intended to make out a 
case for putting t$=T in the complementary function, 
when 

U(r,/)=-dV(r,/)/dr. (33) 

If a general choice of axes is to be considered, it is 
necessary to find the rotation matrix that transforms 
the special axes considered above into any other set. 
This is the usual matrix 

S = 
Px Qx Rx 
Py Qy Ry 

iPz Qz Rz 

Then the new U and V are found from the expressions 
above, and 

susr, svsr, 

where ST is the transpose of S. 
For work in general perturbations the axes would be 

fixed firmly in the mean orbit. But for special perturba- 
tions, if rectification were necessary, it would probably 
be better to use fixed axes, when the formulas of this 
section could be used. In this case N would have to be 
found, and rectified; this need not be necessary in 
Bower’s method, and the latter is probably preferable. 

4. FIRST-ORDER SOLUTION AND THE CONSTANTS 
OF INTEGRATION 

The general approach to the integration of the first- 
order equations is fairly clear. Suppose that the 
disturbing function and its derivatives are expressed in 
terms of the mean anomalies of the planets concerned. 
The components of V can be expanded in series based 
on the mean anomaly, using the standard expansions 
of elliptic motion. The form given in (32) would be 
most suitable for this purpose. But two multiplications, 
and many additions of series would be necessary before 
the particular integral could be expressed as a Fourier 
series in the mean anomaly. 

Alternatively, the disturbing forces can be expressed 
in terms of the eccentric anomaly of the disturbed 
planet. The argument of a typical term is (pM+qMi), 
where M and Mi are the mean anomalies of the per- 
turbed and perturbing planets. Let n and tii be their 
mean motions, then this argument can be written 
(p+qni/n)M-\-const, and, using Kepler’s equation, 
this is 

(p-\-qni/n)(E~e sinE)+const. 

The sine or cosine of this can easily be expanded into 
Fourier series by the use of Bessel functions. A strong 
case can be made out for such a development, for then 
the particular integral can be written down almost at 
once, without any series multiplication. 

Although V can be expressed in terms of the true 
anomaly, there does not seem to be any reason for 
doing this. 

Not the least important consideration in finding the 
first-order solution is that of allotting values to the six 
arbitrary constants. And we reiterate that, according 
to the results of Sec. 2, no purpose whatever is served 
by giving the constants nonzero values unless the first- 
order perturbations are to be reworked, with the dis- 
turbing forces evaluated along the mean orbit. Although 
accuracy in the final solution ought to be the main 
consideration, expediency is also important. There can 
be no perfect set of values for the constants. Their 
choice will be preceded and followed by elaborate 
calculations, and the more elaborate these may be, 
the better must be our reasons for the choice. 

In order to see what can and what cannot be done 
with the constants of integration, we will consider the 
nature of the various terms in the complementary 
function and the particular integral. 

The complementary function describes the difference 
between two “nearly equal” Keplerian orbits. It con- 
tains periodic terms, but only of short period (i.e., the 
period of the perturbed planet). It contains secular 
terms that arise solely because the two orbits have 
different mean motions (or semimajor axes). The 
expression for dz contains only periodic terms. The 
expressions for ôx and 8y contain mixed terms (i.e., 
trigonometric functions with coefficients proportional 
to the time), but these would vanish if the mean 
motions were the same. 

It is normal to determine the arbitrary constants by 
considering the perturbation in true or mean longitude. 
The perturbation in true longitude is given by 

r2ôd=xôy—y8x, 

and that part due to the complementary function is 

r286i= cl— {-eSC+^+Se-e^S-ZE^Xv 
(1 —e)2 

+—{-eC2+2C-l-e+e2}ôy0 
1 — e 

+ —{-eC2+2C-2+e}8xQ
r 

n 

+a-{-2eNC+(4+3c+e2)N-3(l+e)F;}0yo/. (34) 
n 

Here, for simplicity, Eq has been taken to be zero; no 
essential ingredient is added if a nonzero value is 
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included. The result can be very easily expressed in 
terms of the mean anomaly. 

The value of when jE=£0 = O is a(l —^)5y0. The 
corresponding quantity in the particular integral is 
zero. Now the secular part of (34), and possibly the S 
and C terms can be matched with corresponding terms 
in the particular integral, but there seems to be no 
purpose in taking a nonzero initial value for the 
perturbation in longitude, since it is hard to see how 
it can ever make the perturbations smaller. Therefore 
the degree of freedom in allotting the initial value of 
the longitude in the mean orbit is of no use. There are 
effectively three useful degrees of freedom in (34), and 
we might as well put ôy0=0. (This applies to the case 
£o = 0; in general, xo^yo—yoôx0=0.) 

The particular integral contains a greater variety of 
terms. Short-period terms will normally involve the 
anomalies of both planets. The interesting ones, from 
the point of view of finding the constants, are those 
that involve only the perturbed planet, because only 
they can be compared with terms in the complementary 
function. Parts of these terms arise in the x and y 
coordinates because the osculating orbit has eccentricity 
and line of apsides slightly different from those of the 
“best” mean orbit at ¿o; and in the z coordinate because 
the orientation of the plane of the osculating orbit is 
not quite the same as that of the mean orbit. There- 
fore the reduction of these terms (actually just those 
in sin£ and cosE, or sinM and cosM) will take us to 
the mean orbit insofar as orientation and shape are 
concerned. But the best mean orbit at some epoch will 
not be the same as that for another epoch because all 
the elements are slowly, secularly varying. This will 
show in the mixed secular terms which cannot be paired 
with anything in the complementary function. There- 
fore if the secular change in any element is at all rapid, 
then the short-period terms will become swamped, 
and any attempt to remove terms in S and C would be 
like playing King Canute. This situation might be 
relieved if the reference orbit were to rotate in space, 
a possibility that is discussed later in this paper. 

The long-period terms appear only in the particular 
integral, and no choice of constants can relieve them. 
But a possible way of dealing with them is suggested 
later in this paper. 

Purely secular terms arise because the mean motion 
in the osculating orbit is not the same as the average 
sidereal motion in the actual orbit. If the sidereal 
period of the perturbed planet remains fairly steady 
(this precludes near-resonance) then the adjustment 
from the osculating to the mean orbit can be made 
simply by changing the size of the osculating orbit. 
This adjustment must always be made, for it is the 
secular terms that hurt most in the second-order 
equations. 

In all the expressions ¿o, or E0, will be involved in 
moderately unpleasant ways. Clearly the choice of ¿o 
represents a degree of freedom, but it is apparently 

not one that can be used constructively. The constants 
that lead from the osculating to the mean orbit will 
vary with /0, but the mean orbit itself should not be a 
function of ¿o, at any rate over a few revolutions. For 
some ¿o the constants might have minimum values, but 
this would not improve the mean orbit. The advantage 
of a good choice of /o would occur only when no re- 
valuation of the first-order perturbations with respect 
to a mean orbit were to take place. But it is difficult to 
see how this good ¿o could be chosen without a first- 
order solution being to hand. Therefore there seems to 
be complete justification for choosing h arbitrarily, 
and in particular it can be given its most convenient 
value. Almost certainly this is a time of perihelion 
passage, whenEo=0. 

A possible procedure for the first-order solution 
might be as follows. Find an orbit from observation, 
and choose a time of perihelion passage as the epoch ¿o. 
Using this orbit, find the disturbing forces. Solve the 
first-order integral to find those parts of the particular 
integral that are secular and those that contain sinE 
and cosE. Choose the constants so that these terms in 
the expressions for the true longitude and bz vanish. 
From these constants determine a mean orbit. Find 
the disturbing forces for this mean orbit. Calculate 
again the first-order perturbations, remembering that 
the constants in the complementary function are minus 
those found before (for they go from the mean orbit, 
instead of to it). 

Other ways of finding a mean orbit are possible. 
Obviously, observation over a sufficiently long time 
would provide information about the average sidereal 
period, shape, and orientation of an orbit. This would 
be the procedure for a major planet. Alternatively, a 
numerical integration over several revolutions using 
Encke’s method, or the variation of elements (rather 
than Cowell’s method, which would suffer from round- 
off errors) could be used as a substitute for observation. 

The use of the constants of integration to simplify 
the expression for the perturbation in longitude has 
obvious advantages when the equations of motion are 
integrated in polar coordinates. The same method has 
been applied when rectangular coordinates were used, 
but arguments in its favor lean heavily on esthetics. 
For the kind of term removed from the longitude will 
still appear in bx and by, and in a form that may be 
none the better for the choice of constants. 

The most important criterion for the mean orbit is 
that there should be no secular perturbations with 
respect to it. If simplicity is the second criterion, then 
the mean orbit could have the same shape and orienta- 
tion as the osculating orbit, but different size. Then 
no reorientation of axes, or change of eccentricity 
would be necessary, so that the redevelopment of the 
disturbing forces along the mean orbit would be 
relatively simple. If n is the mean motion in the 
osculating orbit and n+bn the perturbed mean motion, 
then the constants in the plane of the orbit would be 
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given by 
ôa;o= — %Xo(bn/n), 

fyü=—ly^n/n), 

bxQ =\xq¡ (bn/n), 

fyor = \y/(bn/n). 

(35) 

The complementary function takes the simple form 
(for any /0) : 

bx=—%a (bn/ n) [C—e+f (a/ r)n(t—/o)^] 

by= —%a(bn/n)\_S—%(a/r)n(t—t/)C~], 
(36) 

There is an interesting interpretation of (37). From 
the equations for the variation of the elements we have 

dn 3 rcfRi dxo dR\ dyo 

dE$ naA-dxo dEo dyo dEo- 
(38) 

Therefore, apart from some multiplying factor, (37) 
becomes 

E dn fE 

(E—Eo) dEo= —no(E—Eo)-\- / ndEo 
Eq dEo J E0 

in which the secular terms should cancel similar terms 
in the particular integral. The constants bzo and bzo' 
would be zero. 

As was mentioned above, if the disturbing forces are 
known in terms of the eccentric anomaly of the per- 
turbed body, then the first-order solution can be 
written down fairly easily. For consider a term, cospE 
in dRi/dx, say; we can follow through its contribution 
to bx and by using nothing more than elementary 
trigonometry. This appears to be the best approach, 
but it is possible that some regrouping of the equations 
or some further substitutions will lead to greater 
simplicity. An example of a rearrangement concerns 
the terms involving (E—Eo) in the Vij. We shall con- 
sider the contribution to bx of these terms alone. It 
comes from 

- / - —SSSo +3(l-e2)lS’Co  \(E-Eo)dto, 
nr J t0 rol- dxo dyo J 

where the variables in the integrand are the quantities 
with zero subscripts. If we put 

/ dx\ i {dy\ na 

— aSo= ( — ), a(\ — e2)^Co=[ — ), and —d^dEo, 
\dE/o \dE/o ro 

then it becomes 

3S rE rdR! dxo dy0 “I 
— / + \(E-Eo)dEo. (37) 
n2r Jeq Ldxo dE0 dyo dE0J 

This integral also occurs in the expression for by. The 
term in square brackets in (37) could be found during 
the development of the disturbing function, when it is 
still expressed in terms of the separate anomalies of the 
perturbed and perturbing planets; for then the term 
is dRi/dEo. Once this is found, the integral can be 
worked out quite simply. If this is not done, more 
calculation is required in the solution, and this calcu- 
lation will include the subtraction of terms in E2 that 
should be equal. 

where no is the value of n at to. The integral on the 
right-hand side can be written 

dn 
 dEodEo 
dEo 

when it at once becomes familiar as the type of double 
integral that can occur as a result of the removal of 
secular terms in the differential equations of perturba- 
tions. This is of no importance here, since the double 
integral, as such, would not be evaluated ; but it shows 
that the integral can be introduced if it is wanted. 
n has no secular perturbation, so that no integral above 
contains terms in (E—Eo)2. But the separate expressions 

rE dRi dxo rE dRi dyo 
/ (E-Eo)dEo and / (E-Eo)dE{} 

Jeq dxo dEo JEo dyo dEo 
(39) 

do contain such terms, although they must cancel in 
the sum. 

In most perturbation theories a substitution is made 
in order that secular terms disappear from the differen- 
tial equations. The reason for this is that the equations 
themselves cry out for some such change, and the 
substitution is a manipulation in the calculus that 
slightly changes the meaning of a variable. To get 
back to the variable that is physically more useful, 
the double integral appears. That there is nothing 
sacrosanct about the duplicity of the integral has been 
well demonstrated by Herrick (1951), who compared 
two methods for calculating the perturbed mean 
anomaly, one with a double integral, and one without. 

This point is being labored because the method of 
the present paper must at first be suspect because 
traditional devices are not used. In fact the double 
integral can be introduced, if enough ingenuity is used 
in the algebra, but it is not needed. If the same basic 
equations are solved by different methods and the 
answers cast in the same form, then those answers 
should be the same. Therefore, double integral or no, 
a first-order solution obtained by the method of this 
paper should agree with one found by Brouwer’s 
method (barring differences of the second order). But 
it does seem that some devices, such as the evaluation 
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of the integral (37) rather than the separate integrals 
of (39), might be worthwhile. 

5. SECOND-ORDER SOLUTION 

The basic equations for the second-order solution 
have already been given. The main problem is the 
formation of the appropriate forcing function, involving 
the multiplication of three series; but this seems to be 
a complaint of any second-order approximation. 
Usually, short-period terms do not appear in second- 
order solutions. These terms can be removed before 
the series multiplication takes place. They can be 
avoided in the integration by putting where 
k is an integer ; then the particular integral is 

í V(Eo,2¿7r)f¿£o, 
7 o 

where f is the forcing function. In this form V is much 
simpler. After integration, Ikir can be replaced by the 
eccentric (or true) anomaly. 

6. IMPROVEMENT OF THE SOLUTION 

In this section we discuss the possibility of finding, 
by numerical means, corrections to be applied to 
expressions of general perturbations. The problem can 
be stated as follows. “We have a system of differential 
equations that can be written down rigorously. We 
also have an analytical expression that nearly satisfies 
the equations. How can this be corrected?” It would 
be possible to set up higher-order perturbation equa- 
tions and to solve them numerically instead of analytic- 
ally; but it is the setting up of these equations and not 
their solution that is so tedious. It is better to take the 
approximate solution at its face value, and not to 
inquire how it was found. Then, since the corrections 
to be applied are small, it is possible to go back to 
first-order theory. 

The exact equations of motion are 

t"=vR. (40) 

Let ro(¿) be the approximate analytical solution, and 
let <5r be the correction to be applied to it, such that 
[To(/)+<5r] satisfies Eq. (40). (Owing to a shortage of 
symbols for small quantities the notation in this section 
differs in detail from that of the others.) Ignoring the 
square of 5r, we find 

¿2r0 d2bt 
 1 = [v2U|o+Aoôr 
df df 

or 
d2br [ cñrol 
 = Aoôr+I [V-Æ]o 1. (41) 
df { dt2\ 

Here Ao is the matrix occurring in Sec. 1, Eq. (12), 
et seq. It is evaluated along the orbit r0(¿). We can 
write Ao = A+B, where A is the same matrix evaluated 
along the mean orbit, and the components of B are 
much smaller than those of A. Then since <5r will be 
very small, we are apparently justified in neglecting B. 

The term in curly brackets on the right-hand side of 
(41) represents failure to solve Eq. (40) correctly. It is 
found by substitution, and is therefore a known function 
of the time. But this means that it can be treated as a 
forcing function to the homogeneous system 

d2br/dt2 = Abr, 
so that 

<$r= f V(r,/)9i(r)ifr, (42) 
J to 

where 
dt(t) = [yR]o-d2ro/dt2, 

is the remainder when the approximate solution is 
substituted into the equations of motion. Then br can 
be found by the evaluation of a definite single integral 
in each of the three coordinates. Constants of integra- 
tion can be introduced if corrections to the initial 
conditions are necessary. If 9Î (/) were to be calculated 
over several revolutions, inspection of <5r would show 
if any essential terms had been omitted from r0(/), 
and these terms could then be empirically added to 
the solution. 

The presentation given above is weak for two main 
reasons. We are finding perturbations from a mean 
orbit, but the expressions for these perturbations will 
contain more decimal places than the mean orbit. 
This is the great strength of the method of differential 
corrections, and follows from the fact that the numbers 
of significant figures in ro and br are essentially the 
same. In fact it may require several revolutions before 
the errors in the solution become noticeable in Eq. (40). 
Even so, a spurious 9í(¿) will appear, due to random 
roundoff errors in the calculation of position in the 
mean orbit. Therefore an alternative approach will be 
described; this is based on Encke’s method of special 
perturbations. 

Suppose the analytical correction to the mean orbit 
to be Ar, so that 

ro — r.i/+Ar. 

The correct solution is 

r=r0+ôr 

= rM+Ar+ôr (43) 

where 9 rigorously satisfies Encke’s equations : 

Q"=WrM3){qf(9+rM)-Q)+\Ri, (44) 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



19
62

A
J 

 6
7 

. .
 2

87
D

 

PLANETARY EQUATIONS IN RECTANGULAR COORDINATES 297 

where 

and 
q= ip2} 

ç/=l-(l+2ç)-'. 

By substituting Ar into (44) we could form the 
remainder 9t(¿) equal to the right-hand side minus the 
left-hand side. Now let ^=Ar+ôr be substituted into 
(44). The magnitude of ôr is small compared with that 
of Ar, and if the square of ôr is ignored it is possible to 
show that an equation of the form 

ôr"= (A+C)ôr+9î(/) 

results. Here A is the matrix referred to above, evalu- 
ated along the mean orbit, and the components of C, 
while extremely involved, are much smaller than those 
of A. Therefore we are justified, with a high degree of 
accuracy, in substituting Ar into Encke’s equations, 
and using the remainder in Eq. (42) to find the 
correction to Ar. 

7. REDUCTION OF LONG-PERIOD AND MIXED 
SECULAR TERMS 

Long-period terms affect the longitude most violently, 
and their effects might be mitigated by perturbing the 
time. Consider such a term with period 27r/ß; ß is small 
and ß2 will be neglected. Let 

t-\-a cosßt=T, (45) 

so that, neglecting ß2, 

and 

Therefore 

t=r—a cosßr 

dt = dr(\-\-aß sinßr). 

d2r dh d2r 
— = 2aß sinßr . 
dt2 dr2 dr2 

to the particular integral. This term can be integrated 
without much trouble. It contains a term in cosßr, 
and with a suitable choice of a, this can be made to 
cancel the offending long-period term. This is the 
principle behind the method. 

The introduction of the perturbed time will modify 
the disturbing function. To see the effect of this, 
consider a term cos (ÿ/+ç). This becomes 

cos(^r—_/>o! cosßr+#), 

which can be expanded in a Fourier series, using Bessel 
functions. So the perturbing forces become more com- 
plicated, but the parts producing the long-period term 
are not affected, and the additional terms will not lead 
to further long-period terms. 

No trouble is passed on to the second-order equations, 
of the kind that followed the use of the osculating 
instead of the mean orbit, considered in Sec. 2. But 
the second-order equations are unpleasant, partly be- 
cause of the confusion in orders of magnitude between 
the perturbing mass and ß. But if a second-order 
solution were going to be carried out, the suggestion 
just made would be pointless, for its aim is to improve 
the first-order expressions. 

Mixed terms that arise from secular perturbations 
in the elements fí, f, and co, can be removed if the 
reference orbit rotates in a suitable way. The equation 
of motion with respect to axes rotating with angular 
velocity (o is 

d2x dx x 
 hoX—ho)X(o)Xr)+M-=V^i. 
dt2 dt r3 

The matrizant of the first variational equations, with 
Ri ignored, can be found fairly easily from first princi- 
ples. Alternatively co2 can be neglected, and the equation 
written 

d2x x dx 
 l-M-^ Vi?i-wX—, (47) 
dt2 r3 dt 

The equation of motion becomes 

d2x x d2x 
 V-#i+2oß sinßr—. 
dr2 r3 dr2 

Since ß is small, the term d2x/dr2 on the right-hand 
side can be put equal to d2x/dt2, evaluated along the 
mean orbit ; then the equation of motion becomes 

d2x x r 
 vRi— 2/zoß sinßr-. (46) 
dr2 r3 r3 

where dx/dt on the right-hand side is evaluated along 
the mean orbit. This term gives rise to an addition to 
the particular integral that is readily calculated ; it 
includes mixed secular terms, and the three numerical 
components of o> must be chosen so that these terms 
cancel, as much as possible, with similar terms in the 
remainder of the particular integral. 

The dilemma here concerns the expression of the 
disturbing forces with respect to the rotating co- 
ordinates. This presents no difficulty in some problems 
of satellite motion, but may not be practicable in 
planetary theory. 

The extra term in the forcing function results in the 
addition of 

rE sinßr 
— 2fjLaß I  VxdEo 

J Eq T3 

8. CALCULATION OF UNKNOWN FORCES 

Comments have already been made on the use of 
Eq. (21) in work on special perturbations. It can also 
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be used for the inverse problem. Suppose that some 
motion is observed so completely that three co- 
ordinates can be plotted against the time. The force 
F causing this motion can be calculated by the following 
formula, given by Deberdeev (1960) : 

r(/) = ro+rt/^—/o)+ Í (/—r)F(r)ifr. (48) 
J t0 

Deberdeev shows how (48) can be treated as a set of 
integral equations and solved numerically. 

This formula is based on perturbations from motion 
in a straight line with constant speed. The matrix V is 
simply I(/—¿o), and U is the identity matrix. If motion 
is subject to a dominant inverse-square-law field of 
force, then residuals from a mean orbit can be measured, 
and the appropriate equation for the perturbing force 
<>F would be 

r0 = a(l—e cosEo), 

F = a(l — cosAE), 

f=l-F/ro, 

fQ=l~F/r, 

G=údsinAE, 

H=ah sinE, 

Ho = ah sinEo, 

J=a*AE—aG, 

g=T~J, 

L=(l/r)(3J+2FH+Gr0), 

Lo= (l/ro)(-3/+2i'ff0-Gy), 

(2M)=(a/r0)(GL-2F), 

or (7) = U<5r0+V<5r( 

E 
V(r,/)ôF(r)ifr. (49) 

(2N) = a(-3J+FL), 

(3) = FG/rr0, 

Deberdeev’s equation is a zero-order expression that is 
used to calculate first-order quantities; it is better to 
work entirely in the first order. 

If a reference orbit were calculated subject to a 
dominant inverse-square-law field of force and to small 
perturbing forces, then residuals from this reference 
orbit could be used in Eq. (49) to find additional 
perturbing forces. Furthermore, the matrices for 
Keplerian motion could be used, since the additions 
for the perturbed motion would be relatively small. 
Equation (49) can also be used to predict effects of 
neglected forces, and of uncertainties in physical 
parameters. 

9. FORMULAS FOR THE NUMERICAL CALCULATION 
OF THE MATRICES 

Formulas are given here for the calculation of the 
matrices V, U==—dV/d/o, and W=dY/dt. £W is the 
matrix that Alexeev (1961) calls A.] Notation here is 
based on that of Bower (1932), and the procedure is 
substantially his. 

a, e, the two times t and /0, and the mean (or eccentric) 
anomaly at some epoch are all assumed known; hence 
the eccentric anomalies at t and ¿o can be found. It is 
assumed that Cartesian coordinates for any time can 
be calculated, either from a knowledge of the rotation 
matrix S (see Sec. 3) or from position and velocity at 
some epoch, by use of the / and g functions. The 
order of calculation would be derived from the following 
formulas (depending on what was required) : 

T—k(t ¿o) j 

AE=E-E0, 

r = a(l — e cosE), 

(2)=(2AOAoH-(3), 

(1) = (lAo3)CCVoA+(2M)+E]r 

(4) = EVr, 

(2M)o= (a/r)( — GLo—2F)j 

(2N)o=a(3J+FL0), 

(2) o=(2AOoA3-(3), 

(l)o= (1A3)C^Ao+(2M)0+E]t 

(4)0=E2Ao, 

y y' 
s z' 

<I>o = 
Xo #0 
yo yo 
Zo Zo' 

<I>'r= the transpose of <I>, 

f(l) (3) 
U = /I+«I»0 

V=gl-l-'to 

w=/„I+o 

1(2) (4) 

f(3) (2M)7 
* 

(4) (2A0, 

(Do (2V 

l-(3) (4)o. 

The matrix W, and also dU/dt, can be found alterna- 
tively by selecting the formulas necessary to calculate 
U and V and differentiating them with respect to t. 
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It is possible to write down series expansions in 
powers of the time. For instance 

V(M=v(/o,/0) 

/dV\ /a2V\ 
+ (¿ —/o)(   ) +é(¿—¿o)2(  ) +•••. 

\dt/t=t0 \dt2Jt=to 

But from the equation for V, and the initial conditions, 
we find 

V (tojo) — 0, 

(-) ">• \ dt2 / í=í0 

For integration with respect to h this series is not 
suitable; but V(/o,0 can be expanded in a Taylor series 
about time /, if it is remembered that 

/aVv a2V 
V (/,/) = 0, ( — ) =—I, and  =VA. 

\dtJtQ=t a/o2 

The series is 

1 
V(/o,¿)=-I(¿o-/) A(/o—/)3 

3! 

1 1 
 2A'{to /)4 (SA^+AA) {to—/)5+ • • •. 

4! 5! 
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3! 

1 1 
d—2Ao/ (t—/0)4H— (3Ao//+A0Ao) (t—to)5 
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