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ON THE EFFECTS OF THE SUN AND THE MOON
UPON THE MOTION OF A CLOSE EARTH SATELLITE

by

Yoshihide Kozai *
Astrophysical Observatory, Smithsonian Institution

In the present paper I will treat the lunar and solar perturbations of a close earth satellite
whose radius is very small compared with that of the moon.

Since the disturbing functions of the sun and the moon both have similar forms, only the
method of deriving the perturbation for the moon will be described here.

-
If we denote the geocentric radius vector of the satellite and of the moon by .x? and ',

respectively, and expand the disturbing function R into a power series of r/r', a small quantity,
we obtain the expression,
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where G is the constant of gravity, m' is the mass ratio of the moon with respect to the earth,
and 8, is the Legendre polynomial of the i-th order; that is,
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We can omit the first term, which does not depend on the orbital elements of the
satellite. We cannot expect any secular contributions from the odd-order terms, so I will derive
the perturbation produced from the second-order term,

Adopting geocentric coordinates, with x-axis directed towards the equinox and z-axis
towards the north pole, we have the following three components of r (by using the conventional
orbital elements):

X = cos (L+()) + 2 sin® -'é- sin L sin 0,

2 - y s
-:_/— =sin (L+£)) - 2 sin -%— sin L cos {1, (3)
% =sinignl,

where L is the argument of latitude. We derive similar expressions for the moon, using primed
letters to represent elements referred to the equator. Then, & has the following expression:
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g = Xxltyy'+z'

ﬂ'
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cos (L+0-L'-L01) - 2 sin? ?;. sin L sin (L'+ ¥ -0))

- 25in® L sin L' sin (L+0-1)) (4)

+ 4 alin2 %- sin2 ‘i—z' sin L gin L' cos ({1-())

+ sin i sin i' sin L sin L'.

It is convenient to express the disturbing function by mean longitudes, A and A\', and other
orbital elements. Dropping all terms depending on the mean longitude of the satellite, which
have little effect on the satellite's motion, we have as the principal terms of the disturbing function:

-

R=n°m az[{1+3e' cos (M - -f).’)} {-(1+%e2)A+—1-8§ eZBk

- 4e' sin (' -w' -()") {(1+% ez) A'+-1-85- eZB'}] , (5)

where
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(1 -%— sin? i) (1 -% sin2 i')

+ %5- sin 2i sin 2i' cos ((1-N)')

+ % sin® i sin ' cos 2((L-(1)

, 2

+ -;- sin vu-%mz i) cos 2(\' -(1)
3 5in cos4r Leos 2(\' -())
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%fsin 2i sin i'cos2 12'- cos (2\' -1-[)Y)

+ -g- sin? i sin? 1;— cos 2(\' -2+

+ 3 sin 2i sin i’ sin® lz'— cos (2A'+02-3(1),
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+ % sin2 i sin2 i' cos 2(\' -.Q‘-w)
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+ sin i cos? -‘? sin 1' cos® -iz- cos (2\'-()'-2w-(])

- é— sin i cos® -if sin 2i' cos (2w+f1-L))

+ i— sin4 'iZ' sin2 i' cos 2¢qw-01+0)")

+ -51- sin i sin2 -2‘- sin 2i' cos (2w-f1+(0')

+ sin i sin® % sin i' cos® ii'- cos (2\'+2Ww-0-")

- sin i cos® zl sin i sin® lz'- cos (2\'+2W+(1-3()")

+ sin i sin2 -;- sin i' sin’ -;-'- cos (2\'-3()' -2w+Q) .

By selecting all terms depending on \' and by replacing cos by sin, we can also derive
expressions for A' and B', from A and B, respectively.
The variations of e and i are obtained from the equations

de _ _ 21‘-9-2 OR
dac dw’

na e

di cos i 2R 1

dat nc\zjll--e‘Iz sih i OW nad VI-eg sin i
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e}

(6)
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By using the variations Qe and i , 8(0 and Sﬂ can be derived from the formulae

(dw_ . esi 3R, 1 2r
dt na? 1-e2 sin i i naze de
dg do §;
< T Qe Be + di 3. @
| &y Rew e
na 1-e“ sin i oi de !

where

I A . 2
A 4-
W= 211 Ssmi’
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. A
ﬂ=-—22-ncosi.
P

It is remarkable that these disturbing functions do not affect the semimajor axis. In the right-
hand sides of the equations, i', the inclination of the lunar path to the equator, is changing

gradually, but we may regard it as constant during one year or so.

As for the secular terms of {) and W, we have

2 .
%: - %n_;-m' —cos 1 12 (1+-:- e2) (1--% sin2 iy,
Vl-e ..
2
%t@. = %-’Lm' S (2-%sin2 i+%ez) (1--—;-sin2 i'y, (8)

n Vl-ez

where

sin2 i= 2¢ cc’s2

)

Njm

sin? J(1+cos® €) + sin
1 . - 1 .2 2
+ = sin 2€ sin 2] cosN-ism J sin” € cos 2N,

Here J and N are the lunar inclination and the longitud;of the ascending node referred to the
ecliptic, and € is the obliquity. We can find the values of J, N and \' in the American
Ephemeris.

If weset m'=1 and J =0, we can derive the solar perturbations from the same equations .
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