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ABSTRACT 

A method is described for obtaining time sequences of stellar configurations automatically by means 
of high-speed digital computers. The time-dependent differential equations of stellar strucutre are re- 
placed by second-order difference equations. These non-linear difference equations, together with the 
boundary conditions, are solved by an iterative method which is a generalization of the Newton-Raphson 
method for obtaining roots of functions. With the UNIVAC computer of the Livermore site of the 
Lawrence Radiation Laboratory, the method has been used in connection with various previously pub- 
lished studies of stellar evolution. 

I. INTRODUCTION 

The detailed theoretical study of stellar evolution requires extensive use of modern 
high-speed electronic computers. The nature of the logical structure of the programs 
prepared for such machines requires that the methods of computation be designed to be 
as nearly automatic as possible, since the intervention of a human operator slows up 
the calculation enormously and creates a danger for the introduction of errors. 

An automatic program is greatly expedited by limiting the method of integration to 
the solution of simple difference approximations to the differential equations. Further- 
more, the inclusion of the boundary conditions from the start in the equations of condi- 
tion describing the problem tends to eliminate the need for human decisions, as is often 
needed in ^eigenvalue” methods of the integration of boundary value problems. 

Since the equations are non-linear in an essential way, any solution along these lines 
must be based on an iterative procedure. The method described in this paper has been 
used in connection with the calculations described in Henyey, LeLevier, and Levee 
(1959), hereafter referred to as “HLL,” and in Henyey, LeLevier, and Levee (1955a, b). 

The basic ideas were first worked out by two of us (Henyey and Wilets) several years 
ago. A description of the method of solution is given by Berg and Wilets (1955). Certain 
additions and modifications were developed subsequently by the other authors of this 
paper. 

II. THE BASIC DIFFERENTIAL EQUATIONS 

Since we are interested in the time variations in stellar configurations, it is convenient 
to use a Lagrangian spatial co-ordinate. A possible choice for this co-ordinate is the mass 
inclosed within a specified sphere. Actually, its variation throughout the star is such as 
to make it quite inconvenient, since in both the outer and the central regions the mass 
varies very slowly. It is preferable to use some parameter whose variation with radius 
is reasonably uniform, so that the truncation errors involved in the difference equations, 
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STELLAR EVOLUTION 629 

discussed in Section IV, are thereby made much less serious. Let j be such a suitable 
chosen parameter. Its characteristics will be precisely defined by specifying the relation- 
ship between mass, m, and 7 by means of a function m(j). 

The basic differential equations may now be written as follows: 

dP _ —áirGfn dr 

J~j= 7rV~-d]' (1) 

dT _ 3 kI d r 
dj~ - läcfwV2 ô7 ’ (2> 

dm _ r2 dr 

dl _ r2 / dE d V\ d r 
(4) 

These equations follow directly from those given by Chandrasekhar (1939) with certain 
modifications. Instead of the density, p, we use the specific volume, F, the reciprocal 
of p. Also we use Lttw and 47t/ in place of Chandrasekhar’s M(r) and L(r). The rate of 
production of thermonuclear energy per unit mass is represented by e. The second and 
third terms in equation (4) are discussed by Thomas (1931). The third term represents 
the rate of conversion of gravitational potential energy into heat and radiative flux. The 
pressure, P, the internal energy per unit mass, P, the opacity, k, and e are known func- 
tions of F, T, and the chemical composition. Their precise forms are not relevant to the 
present discussion. 

In the presence of adiabatic convective equilibrium, equation (2) must be replaced by 

d] dj 
0. (5) 

The numerical integration of the differential equations requires that they be replaced 
by suitable difference equations. Since the difference equations which we consider involve 
truncation errors of second order, they should involve differences of dependent variables 
whose variations are as nearly linear as possible. To meet this requirement, we have 
found it quite satisfactory to use the variable P/P3 instead of P in equation (1) and l/r2 

instead of l in equation (4). The final form of the differential equations we then write 
as follows: 

d_ ZZ14-_ 
V r2) \ r2) d j r2 \ 

dT 4:irGm dm 
Jj + “PP3“ TJ 

dT Rl dm 
J] ÏPM ~dj 

r2 dr dm _ 
~d]~VTJ- ’ 

dE d V\dm 
~dt~ ~dt)~dj 

(6) 

(7) 

(8) 

(9) 

For conciseness, we have made the following substitution in equation (7) : 

H = —. a c 
(10) 
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630 L. G. HENYEY ET AL. 

In addition to these equations of stellar structure, we must consider the equations 
describing the time variation in the chemical composition. For simplicity, we limit our- 
selves to a discussion of the conversion of hydrogen into helium. 

At a point in radiative equilibrium we have 

<9 Y 
-ÆppX

2-I?cnXYcn, di) 

where Xpp and Xcn are the reaction rates for the proton-proton and carbon-nitrogen 
processes, each defined for unit concentrations by mass of hydrogen, X, and the carbon- 
nitrogen isotopes, Xcn. These reaction rates are known functions of T and V whose 
precise forms are not relevant in this paper. 

Throughout a convective region it is necessary to consider the composition as homo- 
geneous. Since the mass, m*, inclosed by the convective region can vary with time, the 
time rate of change of the hydrogen within it is given by 

~Jt~~ 'm*Jü 
{Rpp X +í?cnXXcn) dm+ (X -X)-^ . U2) 

In this expression X' is the value of X immediately outside the boundary if dm*/dt is 
positive and is equal to X otherwise. Thus the second term, which represents the ex- 
change of hydrogen between the homogeneous core and its immediate environment, is 
zero when the core interface is not advancing. 

In all cases the helium concentration, F, is computed from 

X+F=l—Z = Constant . (i3) 

III. THE DIEPERENCE EQUATIONS 

In order to accomplish the integration of the differential equations, we must consider 
the evaluation of the various parameters at a discrete set of points or shells in the stellar 
configuration. In the scheme we have adopted for the difference equations, which replace 
the differential equations, the set consists of two subsets: the first of these contains 
points labeled by integral values oij running from zero at the center to J at the surface; 
the second contains points labeled by half-odd integral values of j and located inter- 
mediately between the points in the first set. The first set consists of the points at which 
r and l are evaluated, and the second of those at which T, F, and the chemical composi- 
tion parameters are evaluated. 

While the specific choice of the points is somewhat arbitrary, we require that the rela- 
tionship between m and j be represented by a smooth function. Furthermore, the rela- 
tionship between r and7 should be reasonably uniform. Unfortunately, it is not possible 
to maintain a linear relationship between r and j because the evolutionary changes pro- 
duce non-uniform variations in the positions of the points. In practice, a rational ex- 
pression in j can be designed to define the march of m and specifically dm/dj over the 
sequence of points in the combined set and to have the desired properties. An example 
is given graphically in HLL. 

Equations (6), (7), and (5) are replaced by the finite difference approximations, 

(P/T3) j+1/2+ (P/P)y-1/2 

Pi+1/2 + Pi-1/2 
(pi+1/2 — Pi-1/2) 

rHT +T. A i V i+l/2 1 Î-1/2' 
= 0, 

(14) 

Pi+l/2 — Pi-1/2 
^f-i + l/2 T" Hi —1/2 IjMj   Q 

(Pm/¡+p^"i^ ~ 
(15) 
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STELLAR EVOLUTION 

Ej+1/2 —Ej-1/2 + è (Pj+1/2 + A-1/2) ( Py+1/2— Vj-1/2) — 0 , 

631 

(16) 

where m' is dm/dj. 
These conditions are considered as being applied at integral values of 7. The deriva- 

tives are accordingly evaluated as the slope of the cords joining values at 7 + ^ and, 
7 — J. The quantities needed at 7, which are normally evaluated at 7 + must be 
evaluated by averaging. In this averaging process it is important that one operate on 
quantities whose variations are expected to be roughly linear. 

A similar point of view is used for the finite difference approximations to equations 
(8) and (9). They are considered as being applied at points labeled 7 + è: 

i (Lrfi+ rj)2 (rj+i - fj) - Vj+ihM'j+ih = 0 , U?) 

+ 2 {1/ r2) i+i+ (l/r*) 
( rj+1 - rj) 

4 OTÍ+1/2 
ry+i+ry 

X Ie,+l/2 ~ ¿[£y+l/2 i (P^+1/2 +^+1/2) ( ] [ = 0 • 

(18) 

In the equations (14), (15), (16), (17), and (18) all quantities are to be regarded as 
being evaluated at the advanced epoch, ¿n+1 = /n + At, except quantities labeled with 
superscript n, which are evaluated at the earlier epoch, tn. The manner in which the time 
differences are represented is in accordance with requirements of stability. A discussion 
of this method of differencing in connection with the solution of the simple heat equation 
is given by Richtmyer (1957). His example 3, from Table I (p. 93) illustrates the method. 

The difference approximation to equation (11), which represents the conversion of 
hydrogen into helium, is 

—-+1//-2 A-——— = — j [RpP X2 -¡-RcnXXcn -hXpp (Xn) 2 +í?cnA^Xcn] y+i/2. (i9) 
At 

The subscript occurring after the bracket on the right-hand side of equation (19) indi- 
cates that all quantities within the brackets are evaluated at 7 + The form of this 
expression is based on the trapezoidal rule. If T and V are known at the advanced time, 
¿n+1, the reaction rates are also known, and hence this quadratic equation may be solved 
for Xy+i/2. 

The corresponding difference approximation to equation (12) can be written in a 
form similar to equation (19) if we replace the reaction rates by mean values computed 
as follows: 

X (i^pp) j+i/2AOTy+1/2 vZ U ) 
/z? X __!!!!  
v^pp/ 

where Am^1/2 is equal to Wy+1/2 for zones completely within the convective core and is 
the appropriate fraction of Wy+i/2 for the transition zone. A similar average is used for 
<i?CN>- The expression then becomes 

Xj+\/2 — X1j + i/2 
At (21) 

- [<i?pp>X2+<i?CN>XXCN+<iC> U”) 2+<i?CN>XnXcN] i+1/2 , 
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632 L. G. HENYEY ET AL. 

when the last term of equation (12) can be neglected. In the machine program which we 
have used in our investigations we have made provision for handling this term by means 
of a very complex subroutine. However, we omit discussion of it here, since the core 
was increasing in mass only when the star was homogeneous. After inhomogeneities 
occurred, dm*/dt was negative, as described in HLL. 

IV. THE SOLUTION OE THE DIEEERENCE EQUATIONS 

The basis of the present method is the simultaneous solution of the complete system 
of difference equations and boundary conditions. Since the equations are non-linear, it is 
necessary to resort to an iterative procedure. We adopt a form of the Newton-Raphson 
technique. 

Equations (14), (15), (17), and (18) may be written in the following concise functional 
forms: 

Qj(Tj~i/2y Fy-i/2, Ty+1/2, Vj+1/2) 

Q'/ (Tj-1/2, Vj-1/2 , fj, h, Tj+1/2, Vj+1/2) 

Qj+1/2 ( fy, Fi+1/2, rj+1) 

Qj+i/2(rj, Ijj Tj+1/2, Vj+1/2, fj+i, lj+i) 

where it is assumed that P, 2?, H, and e are known functions of T and V. The occurrence 
of T and V in the last equation refers only to the advanced epoch, since their values at 
the earlier epoch are presumed known. 

The Newton-Raphson method as applied to a system 

f k (.%!, %2, • • • , ^k) ^ N (23) 

= 0, 

= 0 , 

= 0, 

= 0 , 

proceeds by considering an approximate set of values for xi, %2, ... , which are corrected 
on the basis of changes ôxi, ô#, . . . , determined by 

K 
djk 
dxi 

ôxi = 0 (24) 

where the /Fs are not in general zero because the variables do not satisfy the equations 
of condition (22). When reasonably good approximations are available, the method 
converges rapidly. 

Fortunately, equations (22) involve values of the unknown variables only at three 
consecutive points, provided that we consider the integral and half-add integral points 
as following each other consecutively. Thus the number of terms in the application of 
equation (24) is very greatly limited. In fact, at most, six derivatives times their cor- 
responding increments occur in any one variational equation.1 

Let Qj and Qj+1/2 represent the following number pairs: 

en 

er 

Qj+1/2 
fQ'j+1/2' 

W+1/2, 

(25) 

These may be regarded as vectors in an abstract two-dimensional space. Similar two- 
vectors are conveniently defined thus: 

W, =(dri) \Sli ) ' 
W j+1/2 

/ bTj+1/2 \ 
F j+1/2) 

(26) 

1 This technique has been known and used for some time but apparently without any formal pub- 
lished account. A description has only recently been given by Richtmyer (1957). 
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STELLAR EVOLUTION 633 

It is also convenient to define the following second-order matrices: 

B 

C,= 

Aj+i/i 

Bj+1/2 — 

d'y-f 1/2 

ST j+1/2 

dgy 
dT j+1/2 

d& 
dTj-1/2 

dQ'/ 

dQ'j 
d V y+1/2 

dQ'/ 
d V y+1/2 

d Vy-1/2 

dQ'/ 
dT j-1/2 dVj-1/2 

M 
dry 

dQl 
dry 

dei+1/2 
d ry+1 

dei'liA 

0 

del 
d/y 

l d r y+i 

r dQj+1/2 
drj 

dQj+1/2 
d Ti 

0 

dQ'Ai/z 
dlj+i 

0 

^01+1/2 
dlj 

dQA 1/2 ' 
d Fi+1/2 

^Qj+1/2 ^Qj+1/2 
^Fy+1/2 ^Fy+1/2^ 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

The occurrence of zero elements in these matrices arises from the absence of certain 
variables in equations (22). 

Using standard matrix notation, the variational equations derived from equation (22) 
in accordance with the scheme given in equation (24) may be written in the following 
concise form: 

0y + A dUy+i/2 A-BjWy-1/2 + C,4Fy - 0 , (33) 

öi + l/2 + A i + l/2fFi + i+5i + i/2fFj + Cj + i/AVj + 1/2 = 0 . (34) 

In the case when convective equilibrium must be considered, the second equation in 
(22) must be equation (16). Formally, however, there is no change in the structure of 
the derived matrix elements. 
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634 L. G. HENYEY ET AL. 

The difference equations must be supplemented by suitable boundary conditions at 
the center: 

TEo = 0 . (35) 

Therefore, we may solve the matrix equation (34) with 7 = 0 for the vector TE1/2 in the 
form 

IE" 1/2 = K1/2 T1/2IE1 • G6"* 
Clearly, 

K1/2 — — (C1/2) 1Ql/2 j 

Ll/2 = (Cl/2) A1/2 . 
(37) 

Consider next the case^ = 1 with respect to equation (33). The values for TE1/2 given 
in equation (36), may be substituted to give the expression involving TE3/2 and TEi. This 
may now be solved for JEi in terms of known quantities and TE3/2. Similarly, TEi, thus 
obtained, may be eliminated from equation (34), for 7 = 1, and the resultant expression 
solved for TE3/2 in terms of known quantities and TC2. 

Evidently this procedure of elimination of the vector with the lowest subscript in 
equation (33) or (34) may be accomplished and a solution for the vector of next higher 
subscript be obtained in one or the other of the following forms: 

fEy+1/2 = i^i+1/2 “ Lj+i/<$V. 
(38) 

The appropriate recurrence equations may be obtained by substituting these in the 
variational equations (33) and (34). It will then be found that 

-£¿+1/2 =: {Cj+1/2 — Bj+i/2Lj) ~~lAj+i/2 , 

Æy+1/2 = (Cj+i/2—Bj+i/2Lj) ~1 (Qj+i/2~{~Bj+i/2Kj) , 
(39) 

Ty+1/2 = (6y+i Bj-\-\Lj+1/2) ^Aj-\-\ , 

i£y+i = — (Ci+i—Bj+iLj+1/2) -1 (Çy+i+£y+i^y+i/2) • 

The cyclic application of these relations enables the calculation of all exhibited quantities 
to be carried out systematically after ^4, B, and C have been evaluated as given in equa- 
tions (27)-(32). This process is carried out in the sense of increasing 7 until the surface 
is reached where Aj, Bj, and Cj are undefined. This deficiency must, of course, be met 
by the use of certain suitable surface-boundary conditions. We have used the following 
crude representation of a model atmosphere. 

Using equations (1), (2), and (10), we obtain 

dP = 

dT 

Assuming an opacity law of the form 

H = 
IT 

TXV 

(40) 

(41) 

and using the perfect gas equation of state, it follows that, at the center of the last zone, 

3 2irG MjPj-1/2 
(TU-1/2) X + 5 H/-1/2U 

(42) 
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STELLAR EVOLUTION 635 

where the very small variations of m and l in the last half-zone have been neglected. 
The photospheric pressure, Pj, is approximately 

Pj = 
^irGnij 

~rJT 
(43) 

Here k is the atmospheric opacity evaluated at the photospheric pressure and the photo- 
spheric temperature: 

Tj = (44) 

It therefore follows that this opacity may be expressed as a function of mj/rj and lj/rj. 
We have succeeded in representing the calculations given by Vitense (1951), modified 
for X = 0.68 and Z = 0.01, by the following interpolation formula: 

/ \ 1/3 

[ 
1.9X 10- 47 ih/rî) 

9X10-22 (L/r2)2+l 
1.5 X 10 

1 
(45) 

where all quantities are expressed in cgs units. The last term approximately represents 
the effect of the contribution of free electrons by the metals at low temperatures. 

If we assume that Hw'/T3 is constant from J — \ to /, equation (7) can be dif- 
ferenced afid reduced to the following form: 

7W2 _---0 (46) 

The surface temperature and the variation in l are considered negligible, and the 
average of the radius is reckoned &X, J — j. 

As indicated previously, the iterative procedure described by equations (39) termi- 
nates with the calculation of Lj_i/2 and X/_i/2. Were Wj available, equations (38) could 
be used to evaluate successively WITj-i, IEj_3/2, . . . , IT’i, 

Equations (42), (43), (45), and (46) involve the basic variables r/_i, rt/_i/2, rj_i/2, rj, 
lj, as well as several subsidiary quantities therein defined. These subsidiary quantities, 
Pj and k, may be eliminated, leaving two independent conditions on the basic variables. 
Corresponding to these equations, one can derive variational equations by equation 
(24) involving the increments ôrj-i, ôT,/_i/2, ôFj_i/2, ôrj, and ôlj linearly. These, in turn, 
may be solved in conjunction with the four equations (38), evaluated at7 = / — 1, for 
these five variations and dlj-i. Thus Wj-i is determined, and equation (38) may be used 
to evaluate all remaining variations. 

The increments thus determined are added to the values of the corresponding vari- 
ables, in order to provide improved values of r, Z, T, and V throughout the configuration. 
With the new values of r and V we may now compute improved reaction rates and there- 
fore improved values of the chemical composition parameters. 

In the event that a convective core exists, the parameter is determined after im- 
proved values of r, /, T, and V are available but before the chemical composition is cor- 
rected. The value of is determined by interpolating between the appropriate two 
successive values of mj, where the condition for marginal stability is achieved in passing 
radially outward through the configuration. This condition is 

ill rap (dE/dT) / (dP/dV) 1 _ 
167rGP3mLaP (dE/dV)+P J 
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636 L. G. HENYEY ET AL. 

All the new improved values may in turn be used to improve the Q’s as given by 
equation (25) and their partial derivatives as given by equations (27) to (32) inclusive. 
This process is repeated until the increments are sufficiently small in terms of some pre- 
assigned tolerance. In general, satisfactory values are achieved after two or three itera- 
tions. 

After the iterative procedure has yielded sufficiently precise values of the variables, 
we proceed to the next epoch. It then becomes necessary to estimate provisional values, 
in order to start a new iterative cycle. These are determined by extrapolating linearly 
from the two previous epochs. In practice it was found that, in general, an extrapolation 
of 80 per cent was better than 100 per cent and in exceptional cases avoided dangers 
involved in obtaining provisional values outside the region of convergence of the itera- 
tive technique. 

At the end of calculation for a given epoch the timewise changes in the specific 
volume and chemical composition are scrutinized by the computer in order to determine 
whether the time interval should be changed in accordance with preassigned tolerances 
for the maximum changes in these variables. 

The values at the initial epoch are determined as described in HLL. 

V. CaNCLUDING REMARKS 

Although the method described in the preceding section has proved basically to be 
extremely efficient for automatically following an evolving sequence of stellar configura- 
tions, there exist certain details which lead to awkward complications in connection 
with the boundary of a convective region and the surface boundary conditions. These 
may be avoided to a certain extent by evaluating all quantities at the same points. The 
relaxation of the equations of condition then becomes slightly more complex, although 
the total computing time remains approximately the same. An investigation of this re- 
vised method is under way. 

The development and testing of the methods herein described was made possible by 
the availability of the UNIVAC computer of the Livermore site of the Lawrence Radia- 
tion Laboratory of the University of California. We wish therefore to acknowledge grate- 
fully our debt to the Atomic Energy Commission and the staff of the Laboratory. 
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