
THE EMPIRICAL MASS-LUMINOSITY RELATION 

G. P. KUIPER 

ABSTRACT 
After a brief historical introduction the problem is subdivided into two main 

parts. The first, on the temperature scale and bolometric corrections, is treated in the 
preceding article. The second problem, the derivation of the empirical mass-luminosity 
refation, is treated in three sections in this article: (i) the visual binaries, (2) some 
selected spectroscopic binaries, and (3) Trumpler’s massive stars in clusters. An at- 
tempt has been made to obtain the most accurate observational data for all quantities 
entering into the discussion, including magnitudes and spectral types. 

Tables 1 and 7 giye the visual binaries used at present. Table 5 shows the derived 
quantities for the stars of Table 1, and Table 6 shows the quantities of theoretical 
interest for the stars of Table 5 for which the accuracy is sufficiently great. Visual 
binaries in the same class as those of Table 1, but for which the data are still incomplete, 
are collected in Table 8. 

The problem of the spectroscopic binaries is only partly treated in this paper. Only 
some representative objects are discussed; they are found in Table 12. Theoretical 
values of the ellipticity and reflection constants are used in the discussion of the ob- 
servations. Trumpler’s massive stars are discussed in Table 13. 

In all three sections the results of the preceding article have been used. The data 
are shown graphically in Figures 1 and 2. 

INTRODUCTION 

The discovery of the mass-luminosity relation has been of great 

importance to the progress of astronomy. The relation has been used 

in statistical astronomy and in double-star astronomy and has been 

a central problem of theoretical astrophysics. Since for most stars 

no direct determination of the mass can be made, the use of the 

mass-luminosity relation is the only method of estimating the total 

mass of the known stars per volume of space—an important dy- 

namical quantity.1 In binary-star statistics the observable Aw 

and a rough knowledge of the absolute magnitude can now be used 

in obtaining a statistically useful determination of the mass ratio, 

which is of great cosmogenetic interest.2 Investigations, such as a 

recent one on e Aurigae3 show the need of having the relation well 

established. But particularly the theoretical importance, both in ab- 

1 E.g., Oort, 6, 285, Table 34, 1932. 
2 Pub. A.S.P., 47, 17 ff-, 143 ff-, I935- 

sAp. 86, 574, 1937. 
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THE EMPIRICAL MASS-LUMINOSITY RELATION 473 

stract form and in numerical form for particular stars, is clear from 

Eddington’s work and from more recent developments.4,5 

i. Historical.—The idea that the mass and the luminosity are cor- 

related seems to have developed gradually as the knowledge of paral- 

laxes increased. Even today the knowledge of masses is to a large 

extent limited by the knowledge of accurate parallaxes. The fact 

that one of the best-known stars, Sirius B, does not follow the general 

mass-luminosity relation must have delayed the discovery of that 

relation. 

Halm was probably the first to state explicitly the existence of a 

statistical relation between intrinsic brightness and mass.6 His con- 

clusion was essentially based on the correlation of mass with spectral 

type and of spectral type with luminosity. The first relation was 

established mainly from double-line spectroscopic binaries. The re- 

sult was therefore partly accidental, because double-line spectro- 

scopic binaries are very rare among giants, so that Halm was es- 

sentially dealing with main-sequence stars only. In fact, the relation 

was not recognised in Russell’s paper of 1913,7 although in 1914 Rus- 

sell found evidence8 for a definite correlation, which was obtained 

by comparing absolute magnitudes derived from hypothetical paral- 

laxes with absolute magnitudes derived by methods of stellar sta- 

tistics. 

Hertzsprung, in 1918, gave the relation9 

log m = — o. o6(Mv — 5) , 

in fair agreement with modem data. He also gave the corresponding 

formula for the mass ratio of a binary derived from Aw, and the 

first formula for dynamical (not hypothetical) parallaxes. Van Maa- 

nen shortly afterward emphasized that the mass-luminosity relation 

is independent of spectral type.10 

4 B. Strömgren, Erg. d. exact. Naturwiss., 16, 497, 513, 1937. 
5 S. Chandrasekhar, Introduction to the Study of Stellar Structures, “Astrophysical 

Monograph,” chaps, vii and viii, 1938. (In press.) 
6 M.N., 71, 638, 19TI. 7 Observatory, 36, 327, 1913. 8 Pop. Astr., 23,340, 1914. 
9 ÆV., 208, 96, 1919. Already in 1915 Hertzspmng had given the same relation in a 

less explicit form {Ap. J., 42, 115, n. 2). 
10 Pub. A.S.P., 31, 231, 1919. 
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474 G. P. KUIPER 

Many other investigations followed, most of which have been re- 

viewed by Landmark.11 Of all these, Eddington’s results are un- 

doubtedly the best known, particularly because Eddington used the 

relation in connection with his well-known theoretical investigations. 

The most recent study of the subject is that by P. P. Parenago,12 

which was received after most of the present investigation was com- 

pleted. In some ways the two investigations run parallel: for in- 

stance, in the use of bolometric corrections derived from radiomet- 

ric observations and the estimation of weights of the individual mass 

determinations. But the present study uses several improved orbits, 

mass ratios, and Aw values and does not use spectroscopic parallaxes. 

Minor discrepancies will be found by comparing Parenago’s Table 2 

with our Tables 1 and 5. The treatment of the spectroscopic binaries 

is entirely different in the two papers : Parenago uses spectroscopic 

absolute magnitudes whereas we use the stellar temperature scale. 

A number of objects are used here which are not considered by Pa- 

renago; among these are Trumpler’s stars. 

2. The present investigation is limited to those inftividual stars for 

which the three fundamental quantities—the mass m, the radius R, 

and the luminosity L—may be obtained from the observations with 

fair precision. The derivation of the radius, in addition to the other 

two quantities, does not require any extra information, since radius 

and luminosity are simply related by the effective temperature, 

which is needed in any case before the eclipsing binaries can be used. 

In view of the fact that all three parameters are required in theoreti- 

cal work, we shall give them explicitly as the final result of the in- 

vestigation. 

Since all the emphasis is laid on accurate data for individual stars 

(as required in theoretical work), no attempt is made here to supple- 

ment the results by a statistical treatment of other data of smaller 

individual accuracy. Such a statistical treatment would be useful 

for determining the trend of the mass-luminosity relation for the 

giants and the O stars, where few data of high individual accuracy 

are available. 

A close co-operation between theory and observation will certainly 
11 Handbuch der Astrophysik, 5, Part II, 1933. 
12 AJ. Sov. Union, 14, 33, 1937. 
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THE EMPIRICAL MASS-LUMINOSITY RELATION 475 

be the quickest and least wasteful method of solving the fundamen- 

tal problems of stellar structure and evolution.5 In this connection 

it would seem that the visual binaries of Tables 1,7, and 8 deserve 

preference in double-star observations and in determinations of 

parallax and mass ratio. At least four to six determinations for each 

object will be needed in order to make the mass determinations suffi- 

ciently accurate. Photometric and spectroscopic measures of double- 

line spectroscopic binaries that are also eclipsing variables are ob- 

viously the second group of observations especially needed. Finally, 

investigations on the stellar temperature scale are required for the 

computation of luminosities from radii and vice versa. 

Many important direct or indirect contributions to the knowledge 

of stellar masses have recently become available: SchlesingerJs Cata- 

logue of Parallaxes; Boss’s General Catalogue of 33342 Stars, contain- 

ing many mass ratios for visual binaries, based on all the available 

meridian positions; many new orbits, of which we want to mention 

especially those derived with the help of photographic measures 

(Strand, van den Bos, Hertzsprung) ; and several new mass ratios by 

van de Kamp. For the discussion of the eclipsing binaries, of special 

importance is Pannekoek’s rediscussion of the temperatures of O 

and B stars, derived from maxima of spectral series. Data for very 

interesting systems, such as f Aurigae and VV Cephei, have recently 

been published. Last, but not least, Trumpler’s discovery of very 

massive stars in galactic clusters should be mentioned. These many 

advances make it promising to assemble and discuss the data now 

available. 

We have already referred to the stellar temperature scale as an 

integral part of the subject under discussion, being needed in the 

conversion of radii into luminosities and vice versa, according to the 

formula 

Before this formula can be used, the relation between MyiS and L has 

to be known. This relation is given by the bolometric correction. 

Hence, the subject falls into two parts: (1) the discussion of the 

stellar Te scale and the derivation of the bolometric corrections; and 
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476 G. P. KUIPER 

(2) the discussion of the binary systems, with suitable observational 

data, and of Trumpler’s stars. The first problem is treated in the 

preceding article; the second naturally falls into three parts: the 

visual binaries, the eclipsing binaries, and Trumpler’s massive stars. 

THE VISUAL BINARIES 

If the orbital elements and the parallax of a visual binary are 

known, Kepler’s third law 

3 log a" — 2 log P — 2> = log 2m (2) 

wdll give the total mass, 2m, of the system. If the orbit is well de- 

termined, and hence the error in (3 log a" — 2 log P) is small, the 

error in 2m will depend mainly on the error in the parallax; we 

then have 3A(log tt") = — A(log 2m). If the probable error of the 

parallax equals one-tenth of the parallax itself, the probable error 

in log 2m will be ±0.13. This value corresponds to about ±1.4 ab- 

solute magnitude in the region of the mass-luminosity relation cov- 

ered by the visual binaries of our list. The computed absolute mag- 

nitude is also affected by an error in the parallax, and a certain com- 

pensation of errors occurs when the data are used in a diagram corre- 

lating mass and luminosity; the value +1.4 mag. is then reduced to 

±1.2 mag. As true deviations from the mean mass-luminosity curve 

larger than 2 mag. are very rare indeed, it is obvious that data with 

probable errors larger than +1.2 mag. are of no individual value. 

Hence, all systems for which the probable error of the parallax ex- 

ceeds 10 per cent are excluded from our discussion.13 

The remaining binaries are collected in Table 1. It would be of 

great importance for the knowledge of stellar masses if parallax ob- 

servers would pay special attention to these objects, particularly to 

those for which the probable error of the parallax still exceeds 

+ o''oo4. Of not much less importance are the stars in Table 8, which 

may be used in the near future. 

The first three columns of Table 1 need no explanation. The 

fourth column gives, on the international photovisual system, the 

^ We have, furthermore, excluded stars with parallaxes smaller than o''045. No at- 
tempt is made here to use averages for binaries of different spectral types—a problem 
considered recently by Professor Russell. 
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THE EMPIRICAL MASS-LUMINOSITY RELATION 477 

apparent magnitude of the combined light of the binary. Most of 

these data are based on Zinner’s catalogue (which is on the Potsdam 

TABLE 1 

Visual Binaries eor the Mass-Luminosity Relation 

Name 

HRisq..-- 
7} Cas.... 
p Eri  
03 Eri BC. 
a Aur  
a CMa.. . 
a Gem. .. 
a CMi. . . 
9 Pup.... 
£ UMa... 
7 Vir  
f UMa A. 
a Cen.. .. 
£ Boo.. .. 

44 Boo ... 
ADS 10075 . . 

f Her.... 
-8°4352  
HR 6416. . . 
HR 6426. . . 
HR 6516. . . 

26 Dra.. .. 
ji Her BC 

70 Oph  
99 Her.... 

HR 7162 . . . 
Ô Equ.... 
T Cyg.... 

Kr. 60  
85 Peg.... 

a 1900 
Oh32I?2 
0 43.0 

36.0 
10.7 
09-3 
40.7 
28.2 
34-1 
47.1 

12 36.6 
13 19-9 
14 32.8 
14 46.8 
15 00.5 
16 24.5 
16 37-5 
16 50.1 
17 II-5 
17 12.2 
17 25.2 
17 34.0 
I? 42.5 
18 00.4 
18 03.2 
18 53-3 
21 09.6 
21 10.8 
22 24.4 
23 56.9 

5 1900 

-25 19 
+57 17 
-56 42 
- 7 49 
+45 54 
-16 35 
+32 06 
+ 5 29 
-13 38 
+32 06 
- o 54 
+55 27 
- 60 25 
+19 31 
+48 03 
+18 37 
+31 47 - 8 09 
-46 32 
-34 53 - o 59 
+61 57 
+27 47 
+ 2 31 
+30 33 
+32 46 
+ 9 36 
+37 37 
+57 12 
+26 33 

AB 
5.61 
3-57 
5-21 
9-37 
0.19 

-1.52 
1- 59 
0.45 
5-27 
3- 77 
2.98 
2- 43 

-o. 20 
4- Si 
4-79 
6.82 

Spec. 

G7 Go, KS + 
Gs 

Bg, Mse 
G4, F4 
Ao, A5 
Ao, Ai 
F3, . • - 

G2 
F9, F9 
Fo, Fo 
A2, A2 
G4, Ki 
G8, K5 
Gi, G5 

K2 
Gi, ... 

M4 
Ko, ... 
Ks, • •. 

G6 
Gi, ... 

M4 Ki, K4 
Fs, ... 
Go, ... 

F6 
Fo, ... 
M4+,M6 
G2, ... 

Am 

0.3 
3-74 
0.06 
1.48 
0.15 

10.06 
0.86 

10.3 
0.7 
0.43 
0.03 
o.o± 
1.37 
i .96 

(0.82) 
O.OI 
2.80 
O. I 
2.6 
I . 2 
O.I4 
2.61 
O. I 
1.68 
3-40 
1.78 
0.0 
2.82 
1-5 
35: 

25.00 
526.0 
251 
247.9 
IO4.02¿ 
49.94 

34O 
4O.23 
23-34 
59-86 

171-37 
20.54¿ 
80.09 

149-95 
219.5 
217.1 
34-42 

1.72 
242 
42.2 
46.0 
76.06 
43.02 
87.85 
54-7 
61.8 
5-70 

49.8 
44-52 
26.46 

Ü670 
-534 
■31 
.894 
•0536 
.62 
.84 
. 26 
.69 
-5355 
.746 
.0115 
■ 593 
.884 
.609 
. 198 
-349 
.19 
•94 
83 

.06 
-55 
. 287 
.558 
•13 
-24 
. 26 
■94 
.362 
.82 

Ref., Q 
2, A 
Z'Br 4, C 
i, AB 
i, A 
i, A 
i,B 
i, A 
i, A 
3, A 

¡:í 
i, AB 
i, A 
6, AB 
7, BC 
i, A 
i, A 
8, B 
i, A 
3, A 
g,A 

10, A 
4, A 

11, A 
i, A 
4, AB 

(Trig.) 
'?o72± 6 

. 182+ 5 
• i6i± 7 
.202 ±3 
.0632 
• 376± 2.6 
•073±3 
.291 ±4 
.061 ±4 
-i38±6 
-o89± 7 
•045 
• 756±7 
-147+6 
•o79±5 
.o59±6 
• iio± 5 
-I48±4 
• i32±6 
.147 ± 6 
.oso±4 
-o66± 5 
. io9± 6 
-196+4 
•049+5 
.058+5 
.060 + 4 
-046+4 
-256+4 

1.090+ 6 

EXPLANATION OF NINTH COLUMN (REF.) 
1. W. S. Finsen, “Catalogue of Visual Binary Star Orbits,” Circ. Union Obs., 91, 24, 1934. In most 

cases the same orbit is given in R. G. Aitken’s recent book, The Binary Stars, p. 284, Table 1. This last 
table is complete to September, 1933. Baize’s catalogue (Bull. Astr., 10, 273, 1937) was received after 
this section was written. 

2. W. H. van den Bos, Circ. Union Obs., No. 98, 1938. 
3. K. A. Strand, Annals Leiden Obs., 18, Part II, 1937. 
4. W. J. Luyten, “Investigations of Binary Stars,” Pub. Minnesota, 2, Part I, 1934. 
5. E. Hertzspnmg, B.A.N., 7, 330, 1936. 
6. G. P. Kuiper, unpublished. The orbit is nearly circular in appearance; i = 0°, e = 0.04. 
7. H. N. Russell, A./., 45,95,1936; also W. S. Finsen, CzVc. Union Obs., No. q$, 230,1936. Finsen’s orbit 

is a parabola: n = 0.0707; q = 2T175. Russell’s orbit represents the measures better than does Finsen’s. 
In computing the mass, Russell’s orbit has been given double weight. 

8. P. Rudnick, A.J., 43, 164, 1934. 
9. W. J Luyten and E. Ebbighausen, ibid., 45, 54, 1936. 
10. R. C. Buffer, Ap. J., 80, 270, 1934. 
11. W. J. Luyten and E. Ebbighausen, A.J., 44, 119, 1935. 

system),14 corrected by the amount —0U22 + o.nC.IS Other mag- 

nitude data were first reduced to the PD system with the aid of Zin- 
14 Verojf. Bamberg, 2, 1926. 
15 F. W. Scares, Trans. I.A.U., 4, 142, 1932; C. Payne Gaposchkin, Harvard Ann., 

89, 105-107, 1935. 
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478 G. P. KUIPER 

ner’s tables, and then to the IPv system.16 The magnitudes of o2 Eri- 

dani BC, BD —8°4352, and Krüger 60 are my own determinations. 

For ¡ji Hercuhs BC, the reduced Harvard magnitude is 9.79 mag., 

and my own measures give 9.82 mag. 

For convenience, the correction IPv — PD = —0.22 +0.11C, 

which seems to be well established, is tabulated against spectral type 

in Table 2. The color index C is defined as IPg — IPv, which 

makes C = 1.08 for gKo if C = o for Ao. 

TABLE 2 

o.. 
Bo. 
B8. 
Ao. 
A2. 
As. 
Fo. 
FS- 

Spec. IPv-PD 

— O.24 
.24 
•23 
.22 
. 21 
. 20 
. 20 

— O.18 

Spec. IPv—PD 

dGo 
Gs 
Ko 
K2 
Ks 

— O.I7 
. l6 
.14 
.12 
.09 

dMo —0.05 

Spec. IPv-PD 

g Go 
Gs 
Ko 
K2 
Ks 

gMo 

-0.15 
•13 
. 10 
.09 
•05 

— 0.03 

The fifth column of Table 1 gives the spectral type either of the 

two components separately or of the combined light. For A stars 

the HD classes were used, and for most of the other stars spectral 

types were obtained by Dr. Morgan or the writer.17 In particular, 

the writer wishes to acknowledge Dr. Morgan’s classification of the 

spectra of the components of Capella. Three-prism spectrograms 

were used which were compared with similar spectrograms of other 

F and G giants. Dr. Morgan estimates Aw(pg) = 0.0, which is in 

good agreement with the small visual difference found interfero- 

metrically. 

For a Centauri B the published spectral type is K5; but since 

this value led to an abnormally large radius for this star, the writer 

has asked Dr. Shapley’s permission to compare the Harvard spectra 

of this star with those of 61 Cygni (dKs), e and 40 Eridani (dK2), 

16 The valuable compilation by C. Payne Gaposchkin {Harvard Obs. Mimeograms, 
3, 1938), was received after this paper was practically completed. It was used for 
Table 8 (except y CrA, which seems to be in error). 

17 Cf. pp. 451 and 463 of the preceding article. 
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THE EMPIRICAL MASS-LUMINOSITY RELATION 479 

and r Ceti and £ Bootis (dG8). The result, Ki, is quite well deter- 

mined and makes the star a normal dwarf.18 The writer wishes to 

thank Dr. Shapley and Miss Hoffleit for their kind co-operation. 

The sixth column of Table 1 contains the magnitude differences 

between the components. The majority of the determinations are 

my own, but ten Harvard values were available and these were in- 

cluded. 

The seventh, eighth, and ninth columns give the relevant orbital 

data, including the references explained at the bottom of the table, 

and the quality Q of the orbit. Q = A indicates an orbit as good or 

nearly as good as may be obtained for the pair in question; B means 

a more uncertain orbit, usually due to the fact that the measures 

cover the orbit only partly; and C means that the orbit is quite un- 

certain. 

The list of references illustrates the activity in orbital determina- 

tions since the appearance of the “Catalogue of Orbits,” by Finsen 

in 1934. Of particular interest is Strand’s publication on six classi- 

cal binaries (five of which are used here), in which many photo- 

graphic measures are incorporated. 

The last column gives the trigonometric parallax, in all but a few 

cases the same as in Schlesinger’s Catalogue of 1935. The few more 

recent determinations available were included. 

The data on mass ratios for the binaries of Table 1 are collected 

in Table 3. A most important source of information is the new Boss 

General Catalogue, which contains the mass ratios that can be derived 

from meridian observations. In addition, van de Kamp has recently 

determined several mass ratios photographically, each based on at 

least fifty plates. 

One word should be said about mass ratios determined for binaries 

that are not separated on the plates used, or, if observed visually, 

are not resolved in the meridian circle. These binaries are f Herculis, 

99 Herculis, HR 7162, r Cygni, and 85 Pegasi. The result of the 

finite size of the image (caused by imperfect seeing and optical ef- 

fects) will be that in such cases not the brighter star is observed but 

the center of fight. The position of this center may be computed if 
18 The result is in agreement with that just published by Miss Hoffleit {Harvard 

Ann., 105, 57, 1937). 
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480 G. P. KUIPER 

TABLE 3 

Star 

7] Cas.. . 

02 Eri BC 
a Aur.. 
a CMa. 

a Gem. 
a CMi. 
7 Vir. . 
r UMa 
a Cen.. 
^ Boo.. 

44 Boo . 

Æm- 

O.405 
.3B5 
•SI 
•443 + 
. 282 
.326 
.64 
•235 
.508 
•Soi 
.446 
.461 
.791 

Authority 

Boss GC 
Strand 
Van den Bos 
Reese, Sanford 
Boss GC 
Van de Kamp 
Boss GC 
Boss GC 
Boss GC 
Hadley 
Boss GC 
Boss GC 
Boss GC 

Ref. Star 

r Her. 

26 Dra. 
70 Oph. 

99 Her. 
HR 7162 

r Cyg. 
Kr. 60. 
85 Peg. 

372 
382 
38 
478 
416 
427 
265: 
45 
328 
359 
52 
51 

Authority 

Boss GC 
Van de Kamp 
Boss GC 
Boss GC 
Comstock 
Strand 
Boss GC 
Van de Kamp 
Van de Kamp 
Van de Kamp 
Boss GC 
Van de Kamp 

Ref. 

i 
7 
i 
i 
8 
9 
i 

10 
11 
12 
i 

13 

EXPLANATION OF FOURTH COLUMN (REF.) 

1. B. Boss, General Catalogue of 33342 Stars, 1, Appen. II, 1937. f Her: B (observed) 
= 0.313; Am = 3.00; B (corrected) = 0.372. 26 Dra: since the separation reaches 
i 7, the meridian positions must refer to the primary, and B needs no correction. 99 
Her: B (obs.) = 0.223:; Am = 3.40; B (corr.) = 0.265:. According to a personal com- 
munifcation by Dr. Jenkins, the weight of this determination is small. 85 Peg: B (obs.) 
= 0.48; Aw = 3.5; £ (corr.) = 0.52. 

2. Ann. Leiden Obs., 18, Part II, 75, 1937; the probable error ifc ±0.019. 
3. B.A.N., 3, 132, 1926. 
4. Lick Obs. Bull., i, 35, 1901; Pub. A.S.P., 34, 179, 1922. Value is approximate. 
5. A.J., 45, 124, 1936; 59 plates were used, dating from 1920 to 1933. 
6. Pub. Michigan Obs., 2, 101, 1915. 
7. A.J., 44, 83, 1935. From 50 plates between 1919 and 1934, B = 0.323+ 0.015 

was found, which, corrected for Am = 3.00, gives 0.382. 
8. Ibid., 32, 157, 1920. Based on relative micrometer positions of three field stars, 

separated by the present writer from Comstock’s values obtained from meridian 
positions. The probable error is ±0.025. 

9. Ann. Leiden Obs., 18, Part II, 135, 1937. Value derived from radial-velocity 
observations published by Berman. The probable error is ± 0.028. 

10. A.J., 46, 36, 1937. From 54 plates between 1919 and 1936, B (obs.) = 0.288 ± 
0.045 was found, which, corrected for Am = 1.78, gives B = 0.45. 

11. Ibid., 45,121, 1936. From 53 plates between 1916 and 1935, B (obs.) = 0.257 ± 
0.024. Corrected for Am = 2.82, B = 0.328. 

12. Ibid., 47, i, 1938. From 57 plates between 1916 and 1936, B = 0.359 ± 0.0,07. 
(The difference between the x- and y-solutions suggests a somewhat larger uncertainty.) 

13. Personal communication. From measures in the ^-direction £ (obs.) = 0.476 ± 
0.012; from the y-direction £ (obs.) = 0.A19 ± 0.034, weighted mean £ (obs.) = 
0.470 ± 0.012; Am = 3.5; £ (corr.) = 0.51. 
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THE EMPIRICAL MASS-LUMINOSITY RELATION 481 

the magnitude difference, Am, is known. The center will be on the 

line connecting the components, at a distance [i2/(L1 + L^)]s from 

the brighter star, where Lx and L2 are the luminosities of the com- 

ponents, measured in the wave length considered, and 5 is their sepa- 

ration. It follows that the observed (or apparent) values oí B = 

tfu/(m! + m2) will have to be increased by i2/(Lx + Z2), in order 

to give the true values of 5.19 This correction has been applied in 

Table 3, with the details given in the footnotes. In Table 4 the cor- 

rection (B — Bohs) is tabulated against Am. It appears that Am, 

except if larger than 3 mag., must be known quite accurately in 

order that significant mass ratios may be obtained. If Am is well 

TABLE 4 

0.0. 
0.5 
i .0, 
1-5 
2.0. 

Aw B —Bohn 

O.500 
■387 
.285 
. 201 

O.I37 

Aw 

2- 5 
3- 0 
3-5 
4.0, 
5-0. 

B —.Bobs 

O.091 
•059 
.038 
.025 

0.010 

determined, there is no difficulty in obtaining mass ratios even for 

close pairs with small Am. 

We have not attempted to include in Table 3 all mass ratios that 

have been published, but only those that seemed most reliable. Sev- 

eral extensive investigations based on meridian positions have now 

been replaced by the GC mass ratios. Particularly when the whole 

orbit has not yet been observed, as in the case of 7] Cassiopeiae, 

a Geminorum, 7 Virginis, and £ Bootis, the meridian observations 

should give a more reliable determination of the mass ratio than 

even the best photographic measures extended over a period of less 

than twenty years. This is obvious from the fact that in such cases 

the accuracy involves the square of the time interval used. 

The binaries for which the mass ratios are known yield two abso- 

lute mass determinations each, free from assumptions. The deter- 

mination of mass ratios is therefore most important. 

19 Cf. E. Silbernagel, A.N., 233, 168, 1928; P. van de Kamp, AJ., 46, 37, 1937. 
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If the mass ratio is not known, and the components have nearly 

equal magnitudes, we shall assign half the total mass to the average 

of the two magnitudes. This has been done for nine pairs in Table 1. 

In these cases each binary yields only one absolute mass determina- 

tion. 

Only two pairs, HR 6416 and 6426, are left for which Aw is not 

small, and no mass ratio is available from observations. Here we 

shall use the mass ratio corresponding to the observed Aw, adopting 

the slope of the mass-luminosity relation found in this paper. We 

shall use the primaries of these two systems only. 

For the systems in Table 3 with more than one determination of 

the mass ratio, relative weights must be assigned to these determina- 

tions. The weights of the two values of 77 Cassiopeiae are probably 

in ratio about 1:2; hence, B = 0.392 has been adopted. For Sirius, 

van de Kamp’s photographic determination extends over thirteen 

years near apastron, where the curvature of the relative orbit is 

slightly over 1". The size of the whole orbit, 14", is covered by the 

meridian observations (for simphcity, the comparison is made in the 

relative orbit). The value B = 0.295 has been adopted, which gives 

weight 0.7 to the GC determination. 

For f Herculis the agreement is better than could be expected. In 

time the photographic determination will be very accurate. 

Three determinations are available for 70 Ophiuchi, with approxi- 

mate weights 2:1:1, making the average 0.450; this value is very 

well established. 

Table 3 contains two anomalous values: for 44 Bootis and 85 Pe- 

gas!. Taking the duplicity of the companion into account, the slope 

of the mass-luminosity relation would give B = 0.61 for 44 Bootis. 

In view of the relatively small part of the orbit covered by the ob- 

servations, the observed value of B can probably not be considered 

contradictory to the value B = 0.61. 

The case of 85 Pegasi is perhaps more puzzling. The GC value of 

the mass ratio is based on 0.400 from the ^-direction (weight 0.71) 

and 0.669 from the y-direction (weight 0.29). Van de Kamp’s de- 

termination was described in note 13 of Table 3, and is of high 

weight. The observations as they stand would indicate that the pri- 

mary is of abnormally low mass and the secondary of abnormally 
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high mass; but if the parallax of the system should be too large by 

twice its probable error, the primary would be nearly normal and 

the large mass of the secondary might be explained by assuming it 

to be double. 

The data of interest in connection with the mass-luminosity rela- 

tion are found in Table 5. Explanation of the columns is given be- 

neath the table. 

We have not attempted to give numerical estimates of the un- 

certainties of the mass ratios used. Qualitative data are given of 

pages 480 and 482. The weights in column 8 will be upper limits for 

the masses in the tenth column; the secondaries will be of lower 

relative accuracy than the primaries unless the components are near- 

ly equal. For the nine objects where the average component is used 

in column 10, the weight remains identically the same as given in 

column 8, of course. 

Table 6 gives the quantities of theoretical interest for the stars 

of Table 5 having weight 3 or more; a Geminorum and £ Ursae Ma- 

joris are omitted because the components are spectroscopic binaries, 

and HR 6426 is omitted because the spectral type refers to a blend of 

the two components. Furthermore, faint and close companions, such 

as that of Procyon, cannot be used because no spectral type is 

known, whereas for Krüger 60 B no reliable estimate of Te can be 

made. 70 Ophiuchi has occasionally been suspected to be a triple 

system, but the evidence has never been entirely convincing, and 

Strand’s discussion of accurate photographic measures gives no in- 

dication of the presence of a third body. 

The masses of Table 6 are taken directly from Table 5; the lumi- 

nosities follow from the bolometric magnitudes of Table 5, in con- 

nection with the bolometric magnitude of the sun, 4.62.20 The value 

A log Te = log Te/ O follows from the temperature scale of the pre- 

ceding article,21 except for dwarfs later than M2, for which no radio- 

metric measures are available. For these stars we shall adopt the 

temperature scale for the giants, on the basis of the following con- 

siderations. 

As we have seen, the heat indices (or bolometric corrections) are 

nearly the same for gM2 and dM2; the color indices are also nearly 
20 Cf. p. 438 of the preceding paper. 21 Table 13, p. 464. 
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486 G. P. KUIPER 

the same.22 Hence, the effective temperatures are probably nearly 

the same, as we have assumed in the preceding paper. 

When a spectrum (extending from 4000 A to 6600 A) of BD 

— 8°43 s 2 (dM4) was compared with spectra of M4 giants, it was found 

that although the red TiO bands correspond (as they should, since 

the classification is based on them), the TiO bands in the yellow, 

green, and blue are considerably weaker. Dr. Morgan has found the 

TABLE 6 

Star log log L A log Te log R log p log g E 
km/sec 

r} Cas 

02 

a 

Eri 

Aur 

CMa 

a CMi _ 
T UMa A 
a Cen A 

£ Boo 

THer 
-8°4352 

ß Her 
70 Oph 

Kr. 60 

B.. 
A. . 
B. . 
A.. 
AB 
BC 
A. . 
B. . 
A.. 

—o. 14 
- -33 
- -35 
- .70 
+ . 62 
+ -52 
+ -37 
- .01 
+ -17 
+ -4i 
+ -04 
- .06 
- .06 
- . 12 
- .02 
- -45 
- -35 
- -05 
- -13 
- 0.60 

—0.09 
— i. 16 
— 2.26 
— i .96: 
+ 2.08 
+ 1.90 
+ 1-59 
-2-59 
+0.76 
+ 1.48 
+0.10 
-0.43 
—0.32 
-0.83 
+0.59 
— 1.40 
-1-37 
-0.38 
-0.86 
-1.77 

+0.021 
— . 166 
+ -303 
— .305 
— .082 
+ .066 
+ .273 
+ -175 
+ .077 
+ .229 
— .018 
— .078 
— .051 
“ -157 
+ .010 
— . 290 
— . 290 
— .078 
— .136 
—0.298 

—0.09 
-0.25 
-1.74 
-0-37 
+ 1.20 
+0.82 
+0.25 
-1.65 
+0.23 
+0.28 
+0.09 
—0.06 
— 0.06 
—o. 10 
+0.29 
— O. 12 
— O. IO 
— O.O3 
—o. 16 
—0.29 

+0.27 
+0.56 
+5-01 
+0.56 
— 2.84 
-1.79 
—0.23 
+5 -oS 
-0.36 
—0.28 
—0.07 
+0.27 
+0.25 
+0.34 
-0.74 
+0.06 
+0.12 
+0.20 
+0.49 
+0.42 

4-47 
4.60 
7-56 
4.48 
2.65 
3- 32 
4- 31 
7.72 
4.16 
4.29 
4-30 
4-50 
4-49 
4-52 
3- 84 
4- 23 
4-30 
4.46 
4.62 
4.42 

0.56 
0-53 

15-5 
0.30 
0.17 
0.32 
0.84 

27-5 
0.56 
0.86 
0.57 
o. 64 
0.63 
0.61 
0.31 
0.30 
0.36 
o. 61 
0.68 
0.31 

Sun 0.00 0.00 0.000 0.00 +0.15 4-44 o. 64 

same phenomenon even more strikingly in Barnard’s star (dM6), 

as compared with M5-M6 giants. Another difference between the 

spectra of giants and dwarfs of type M is, of course, the broad ab- 

sorption feature near 6^4227, present in dwarfs but absent in 

giants. If the effective temperatures of M giants and M dwarfs 

were about the same, the spectral differences mentioned would tend 

to give the dwarfs the larger color index (for two reasons) but the 

smaller bolometric correction. The bolometric corrections are not 

known for the later M dwarfs, but the color indices are, approxi- 
22 Scares, Pub. Nat. Acad. Sei., 5, 232, 1919. 
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mately, from Seares’s determination for Barnard's star23 (dM6, 

C = 1.76) and from the approximate value for Wolf 359 (dM8, 

C = 2.0).24 The M giants are known to become slightly bluer (as 

measured by the ordinary color index) with advancing type.22 The 

color difference is, therefore, in the direction to be expected from 

the appearance of the spectra.25 Whether or not the full difference 

would be accounted for (which would mean that the effective tem- 

peratures of giants and dwarfs are equal) would be difficult to de- 

termine. Another approach to the temperatures of the M dwarfs 

would be to estimate the distortion of the color index of Barnard’s 

star by the TiO absorption. Dr. Morgan estimates that the cor- 

rected value may be about 2.0 mag., with a considerable uncertainty. 

With this (uncertain) value, the effective temperature in our sys- 

tem may be computed if color indices for two other spectral types 

are adopted. We take C = 0.00 for Ao, and 1.22 for dKs-)- (being 

the mean of Seares’s average for the components of 61 Cygni, 1.1822, 

and W. Becker’s photoelectric color index reduced to the interna- 

tional system, 1.25). With the aid of Table 1321 we then find c2/T = 

5.19, which happens to be very near to the value 5.22 for gM6 given 

by Table 13. Much significance cannot be attached to this result; 

only radiometric observations of Barnard’s star will solve the prob- 

lem of the effective temperatures of the later M dwarfs. 

Since the temperatures for giants and dwarfs seem to be nearly 

the same for M6 as well as for M2, the temperature scale of the giants 

will be used also for the dwarfs. 

The mean densities, p, and the values of the surface gravity, g, 

given in Table 6 are in c.g.s. units. The variation of g along the 

main sequence is seen to be quite small. The mean densities vary 

from 0.5 to 0.6 for Mizar A and Sirius A to about 3 for K and M 

dwarfs. 

The last column gives the Einstein gravitational red shift. It ap- 
23 Scares, Pub. A.S.P., 28, 281, 1916. 
24 Contr. Mt. W. Obs., No. 356, 3, 1928. 
25 For the reasons given, the treatment of the M dwarfs in papers by öpik and 

Gabovits, who assume equal TiO absorption in the visual region for giants and dwarfs, 
and who adopt a constant difference between the color indices (0.3 mag., the dwarfs 
being bluer), ife not correct, although the errors in the two assumptions tend to com- 
pensate. Cf. Pub. Tartu, 28, Nos. 3 and 5, 1935-1936; 30, No. 1, 1938. 
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488 G. P. KUIPER 

pears to diminish slightly along the main sequence. Only for the 

white dwarfs is the red shift appreciable, although in statistical 

studies dealing with the F, G, and K stars it should not be over- 

looked that the standard radial velocity system is corrected by an 

amount of 0.64 km/sec, the red shift of the sun, in order that the 

sun would show zero radial velocity. The giants of these spectral 

types should, therefore, show a small negative K term. 

The two white dwarfs of Table 6 will be discussed, together with 

similar objects, in a forthcoming paper. 

A theoretical discussion of the masses, radii, and luminosities de- 

rived here will not be given, since Drs. Chandrasekhar and Ström- 

TABLE 7 

ADS Ifpv Sp. Afbol log L A log Tt log R log Wt. 

3264. 
3483. 
3I35 ■ 
3169. 
3475. 
3210. 

3.02 
3.66 
4.48 
4.52 
4- 59 
5- 65 

Fo 
PS 
F6 
F8 
F7 
G5 

+0.69 
+ .4° 
+ .07 
-|- .06 
+ -03 
-0.37 

+0.118 
+ -054 
+ .046 
+ -032 
+ .039 
— 0.028 

+0. ii 
+ .09 
— .06 
— -03 
— .06 
-0.13 

+0.07 
+ -04 
- -IQS 
- .21 
- .19 
-0.44 

ii 

gren intend to undertake such a discussion with the methods they 

have developed. 

The values themselves are shown graphically in Figures 1 and 2. 

Figure i contains also objects of lower weight, taken from Table 5, 

and the binaries in the Hyades, given in Table 7. The latter table 

is a revision of a table published previously;26 for ADS 3135 a new or- 

bit was published by van den Bos,27 who used measures up to date. 

As mentioned in the previous paper, the mean of the six objects in 

the Hyades should give a reliable determination of the hydrogen 

content, but deviations from the mean are not considered signifi- 

cant. In due time the pair 68 Tauri (TfpV = +14, Tfboi = +0.9); 

discovered recently by the writer,28 will be valuable in settling the 

question of possible variations of composition with absolute magni- 

tude. 

The companion to Procyon was entered in Figure 1 as a probable 
26 Ap. J., 86, 176, Tables 4 and 5, 1937. 
27 Circ. Union Obs., No. 98, 1937. ^ Pub. A.S.P., 49, 341, 1937. 
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490 G. P. KUIPER 

white dwarf for the following reason. Observations show that the 

correlation between absolute visual magnitude and spectral type is 

close for the lower part of the main sequence. The deviation of 

Procyon B from the empirical mass-luminosity relation may there- 

fore be computed under the assumption that the star is a normal 

dwarf. The deviation is in that case 2 mag., or over 0.4 in log m. 

Until other large deviations are found in this region of the mass- 

luminosity diagram, we may conclude that Procyon B is probably 

not a normal red dwarf. 

The dots in Figure 1 define an average empirical mass-luminosity 

relation which is useful in the discussion of such problems as that 

presented by e Aurigae. Since, however, different selection factors 

operate for the different groups of stars used, it is doubtful whether 

this mean empirical relation has any definite physical significance; 

no interpolation-curve was therefore drawn. Some stars, such as the 

Hyades and f Herculis, are seen to be brighter than the average star 

of the same mass; these differences are considered real. Other dif- 

ferences, particularly among the stars of low accuracy, are probably 

spurious. The conclusion, therefore, is that we are not dealing with 

only one mass-luminosity relation but with many such relations, in- 

volving still a parameter different from the mass. Strömgren has 

identified this parameter with the hydrogen (or hydrogen and he- 

lium) content. This conclusion is based on another result, by Ström- 

gren and Chandrasekhar, that the stars of mass smaller than five to 

ten times the sun are built essentially on the same model, so that 

changes in model cannot be held responsible for the differences in 

luminosity for stars of the same mass. For the more massive stars, 

however, Chandrasekhar has found very striking differences in mod- 

el; which must be largely responsible for the scatter in the mass- 

luminosity relation in that region. 

For the stars with masses smaller than 0.6 O the slope of the mass- 

luminosity relation changes;29 the exact slope will depend, of course, 

on the bolometric corrections used, but there is no doubt that the 

change is real. The explanation may be simply that the stars Krüger 

60 and o2 Eridani C have a small hydrogen content, as would follow 
29 The change found now is better determined than in Fig. 1 of Ap. J., 86,194, 1937; 

cf. also Parenago, loc. cit., Gabovits, Pub. Tartu, 30, No. 1, 1938 (see n. 25). 
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492 G. P. KUIPER 

from an extrapolation of Strömgren’s tables. A more detailed theo- 

retical investigation of these low-temperature stars will be needed 

before this conclusion can be accepted. If it holds, it may be expect- 

ed that stars will be found which deviate strongly from the mean re- 

lation in Figure 1, toward the fainter side. It is of great interest that 

the white dwarf o2 Eridani B (also) has a very small hydrogen con- 

tent, which follows from the data in Table 6 and Chandrasekhar’s 

theoretical relations. Castor C, connected with the A-type star Cas- 

tor AB, has probably a fairly high hydrogen content. Furthermore, 

the brighter component of ¡j, Herculis (A) lies well above the main 

sequence and may therefore be expected to be relatively poor in 

hydrogen. It would, therefore, not be surprising to find BC some- 

what bright for its mass. It is also noteworthy that both components 

of 7] Cassiopeiae deviate in the same sense from the mean relation of 

Figure i. 

These remarks are all of a provisional nature, but they indicate 

the direction in which future research may be continued. The accu- 

racy of the observations (parallaxes, temperatures) will set the limits 

to which discussion is profitable. 

In conclusion, in Table 8 the visual binaries are collected which 

promise to be of future interest in the study of the empirical mass- 

luminosity relation. They are of special importance in parallax and 

double-star observations. Spectral types marked with an asterisk 

are my own determinations. Of particular importance is Wolf 424, 

which will provide a significant extension of the mass-luminosity re- 

lation beyond Krüger 60 B. The value of the spectral parallax of this 

star has been unusually uncertain because of the great steepness of 

the main sequence in this region. A change of M8 to M7 corresponds 

to a change of 1.7 in Mv or a factor 2.2 in the spectral parallax. That 

means that even estimates of spectral type with a probable error of 

only one-half of one-tenth will still give quite uncertain results for 

types later than dM6.3° 

The limits set in the compilation of Table 8 are necessarily arbi- 

trary. If the evidence available indicated that the parallax is (or 

may be) in excess of 0^050, the pair was included, provided the pro- 

jected separation between the components did not exceed about 

3° Ap. J., 87, 593, Fig. I, 1938. 
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sixty times the parallax (this limit will already include many pairs 

of periods over five hundred years). For stars of very large parallax, 

the limit was taken somewhat wider, since a much greater relative 

accuracy may be obtained for such pairs (on account of the larger 

angular scale of the orbit and the applicability of the photographic 

method of observation; further, mass ratios may be determined for 

such pairs from relatively short arcs). Boundary-line cases are en- 

tered in parentheses. 

The magnitudes, mAB, are reduced to the IPv system wherever 

possible; values depending on estimates are indicated by a colon. 

Of the magnitude differences, Aw, however, many values depend on 

estimates. Two systems, ADS 1322 and 9476, were excluded as prob- 

ably optical, the spectral parallaxes derived by the author being very 

much smaller than the computed dynamical parallaxes. 

Not mentioned in the table is Ross 614, found by Reuyl to have a 

variable motion; if the pair can be resolved at maximum separation, 

it would be a most interesting addition to Table 8. Other stars of 

particular interest are ADS 9655 and 16644. AH these objects de- 

serve a prominent place in parallax and double-star observations. 

Other objects not mentioned are those for which interferometer 

observations could be combined with the spectrographic observa- 

tions. They will be few in number but of great importance individu- 

ally (luminous stars). 

Finally, Ross 49231 and a pair announced by Luyten,32 may appear 

to have parallaxes in excess of o'(o5o. 

SOME SELECTED SPECTROSCOPIC BINARIES 

i. After a discussion of the visual binaries it is natural to collect 

all the data on spectroscopic binaries which have a bearing on the 

problem of the mass-luminosity relation. These data fall into two 

groups: (1) double-line spectroscopic binaries that are also eclipsing 

variables (for these objects the masses and radii may be found and 

the luminosities computed by means of the stellar temperature 

scale) ; (2) double-line spectroscopic binaries for which the mass ra- 

tio may be measured and the magnitude difference found from 

photometry in the spectrum. 

^ Pub. A.S.P., 47, 282, 1935. v Harvard Bull., No. 906, 1937. 
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TABLE 8* 

Star R.A. Decl. VAB Am Spec. 
iooo Parallax 

Ir. dy. sp. 

Source 
7r(d) 

ADS 48  
(ADS 61).... 
PASP 47,282, 
ADS 433  
ADS 490.... 
-69°44  
-30052Q AB 
 AB, C 
ADS 1733 - • 
ADS 1865.. 

a For... 
+68°278 BC, 
(ADS 2995). 

68 Tau.. 
ADS 3248.. 
ADS 3321 CD 
HR 1504  
104 Tau. ... 

a Aur Hh. 
(ADS 3900)... 

-51 1540  
BDS 3112 AB 
 AB, C . . 

HR 2162.... 
—4603046  
ADS 6487  
HR 3430  

ADS 7067  
tUMa BC. 

A, BC. .. 
10 UMa. 
(02 UMa) 

(ADS 7251)- 
ADS 7284.. 

^ Arg... 
ri LMi.. 

—6o°29ii... 
Wolf 424... 

78 UMa. 
42 Com.. 

(ADS 8841). 
ADS 8887.. 
ADS 9031.. 
ADS 9090.. 

(ADS 9446). 
ADS 9544.. 

77 CrB.. 
ADS 9716.. 

\p Ser... 

0^00 Ifl4 
o 01.0 
o 07.7 
o 26.0 
0 30.1 
1 il .6 

i 30.4 

+45° 16' 
+57 53 
+68 47 
+66 42 
- 4 09 
— 69 21 

-30 25 
2 il. i 
2 22.5 

3 07. 
3 38. 
4 00. 
4 IQ- 
4 23. 
4 30.2 
4 38.6 
5 01.5 
5 10-0 
5 I4-1 

5 31.2 
5 56.6 
6 02.2 
7 14-6 
7 52.9 
8 34-8 
8 46.0 
8 52.4 

8 54-2 
9 01.6 
9 07.7 
9 12 
9 26.8 
9 29.7 

11 20.3 
12 28.4 
12 56.4 
13 05 
13 il 
13 18.9 
13 44-5 
13 58.5 
14 51-6 
15 08.8 
15 19.i 
15 32.5 
15 39-0 

8.1 
6.0 

12.2: 
10.2 
5-2 
7.4: 
7.2 

— 18 42 
+ 3 59 
-29 23 
+68 21 
+37 49 
+17 42 
+15 56 
+16 19 
-59 08 
+18 31 
+45 44 
— 3 il 
— 51 08 
-31 03 

7-8 
8.6: 
4.2 

10.8 
7.1 
4.4 
6.6 

il.2: 
6.4 
5.1 

10. i 
7.9- 
9.3: 
7.6 

-48 27 
-46 49 

- o 33 
— 22 19 
+71 il 
+48 26 

+42 il 
+67 .32 
+53 07 
+29 00 
—40 02 

+36 16 
—61 06 
+ 9 34 
+56 54 
+18 04 

+17 34 
+29 45 
+27 29 
+46 49 
— 20 58 
— o 58 
+30 39 
+40 08 
+ 2 50 

6-5 
7.6: 

8.3: 
5-1 
8.6 

10.2 
3-2 
4.0 
4.9 
7.2 
7.2 
3- 7 
5-4 
7.4: 

il.9 
5-0 
4- 7 
6.4 
8.9 
7.0 
9-3 
5- 4 

o. i 
0.8 
0.3 
1.9 
0.6 
0.6 
0.2 
4.9 
i .0 
0.2 

3-5 
0.0 
1-3 
4.0 
i .0 
2.4 
0.2 
0.0 
3-5 
2.8 
0.2 
0.4 
o. i 
0. 4 
1. i 
5.0 
1.8 
O. 2 
0.0 
7.1 
2.0 
3-3 
0.0 
0. 0 
1. 2 

7-5 
i. 2 
0.0 
2.4 
0.0 
2.7 
0.4 
0.4 
O. I 

o 
0.3 
0-3 
6-3 

*K6, K6 
G3 *Ms 

M3 
F7 05 
05 

*K3 *K6 

F5 
*M2 + 
*K2 

A2 
F8 

* K6 
Go 
Gi 

*Mi + 
* K4 

Ko 
*K5 + 

g5 Ko 

G6 
* K6, K6 
Mi 
A5 

F 2 
f4 *K6, K6 

*K3 Fo 
Ko 
Ks 

*M7(+) 
Fo 
F4 
k3 *K6 
K6, K6 

*Mi, Mi 
Ks,M2 
G8 
F9 

*k3 
Gs 

< i 
2 
2 

106. 

7- 
128. 

89+ 5 
I4±8 
56±7 

103 ±7 
52±8 

4.6 36±9 

25- 

40. 

72±5 
54± 9 
30± 6 

Hyad 
Hyad 
Hyad 

2 ± ? 58±8 
73+3 
66± 5 

53+11 

73 + 9 

35 + 

62+6 
93 + 4 
66± 6 

34- 
35- 

234- 

156. 

! ± ? 
42. 
57- 

120 
53 

930 
930, 91 

(Si) 
52 
56 
59 
74 
61 

55 
'SS' 
’28' 

(42) 

930 
98 

91 
93 

930 
98 

93 
930 

■98’ 

50 
46 

Intf. =63 
no 58 

93 

no 
79 
51 
52 
14 
81 
36 
90 

91 
72 + 6 
53 + 6 

i62±3 
60+8 
70+9 

95+5 
67+13 

(220) 
UMa(?) 
57+7 
68+7 
67+11 
6o± 9 
79+ 6 

172 + 4 
60 ± 4 
68±8 
46+9 
46 ± 10 

40 
(240) 

57 
61 

104 

(200) 

(57) 
47 
89 

(78) 

(69) 
76 
66 
30 
63 
66 
50 

(152) 
48 
55 
91 

930 

93 
93 
93 
93 
93 

485 
93 

930 
930 

91 
930 

930, 91 
930, 91 

(320) 
24 
43 
79 
46 
66 

, 95 

(174) 
42 
44 
54 
52 

91 
t 

BAN 305 
930, 91 

930 
930 î 

91 
93 

930 
§ 

485 

* Spectral types marked by an asterisk (*) are my own determinations. The last column gives the ref- 
erences for the dynamical parallaxes; 930=^./., No. 930; 91, 93, 95, and 98 are the numbers of the 
Union Observatory Circulars; 451 and 485 are the numbers of the Lick Observatory Bulletins. 

t Two good spectra available for this star give M7+ and M7, respectively. The star is, therefore, defi- 
nitely somewhat earlier than Wolf 359. 

îThe spectral parallax is about 0T06. It seems unlikely that the parallax should be much less than 
0T05 or 0T04, as the dynamical parallax would indicate. The value of the latter was confirmed by the in- 
clusion of recent measures. Hence, the orbital inclination must be high (in which case the binary should 
soon close in rapidly), or the mass of the binary is unusually small. Additional trigonometric determinations 
will be valuable v 

§ Derived from Pitman’s orbit, Pub. A.S.P., 46,196, 1934. 
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TABLE 8—Continued 

Star R.A. Decl. 'AB Aw Spec. 
iooo Parallax 

tr. dy. sp 
Source 

+45 2505... 
36 Oph.. 

ADS 11632. 
T CrA.. 

17 Lyr C 
Ross 165... 
ADS 12889. 
HR 7703.. 

+4°45io... . 
Fur un 54. . . 

(61 Cyg) 
-S807893.. 

(/* Cyg) 
HR 8501. 

171109032 
17 09.2 
18 41.7 
18 59-7 
19 03.6 

IQ 41-7 
19 41.8 
20 04.6 
20 34.6 
20 56.2 
21 02.4 
21 39.4 
21 39.7 
22 ii.7 

+45° 5o' 
— 26 27 
+59 29 
-37 12 
+32 21 
+26 55 
+33 22 
-36 21 
+ 4 37 
+39 41 
+38 15 
— 58 08 
+ 28 17 
-54 06 

9.4 0.4 
0.0 
0.8 
0.0 
0.4 
0.9 
0.2 
5-4 
I 
1.9 
0.7 
0.1 
1.4 
5 

*M3 + 
Ki, K3 

*m4, m4 F7, F7 
*m5 

*m5+ 
*k3 k4 *k5 *M2 + 

*Ks, K6 
Ma 
F6, F3 Go 

< i 
4 

16 

26 

< i 
3 

119. 

6.8 

143 ±6 
i79±5 282 ± 4 

52 
(240) 

62 
123 + 6 
n6± ii 
48+ 5 

177 + 9 
57±4 
97 ± 8 

299Í 3 
49 i 5 
46 ± 8 
8o± 7 

US 
174 

(282) 
51 

57 

(360) 
54 
66 

44 
191 

87 
87 

(276) 

44 

93II 
930 

91 

930 If 

930 
95 

930 ** 

II Another case (n. Î, above) where the dynamic parallax is much too small. 
If Strand (B.A .N., 8, 206, 1937) has computed a provisional orbit for this star and found the dynamical 

parallax o'ii7. It is almost certain that this value is too large, probably as a result of the fact that the orbi- 
tal inclination found by Strand is too close to 90o. The trigonometric parallax, the Mount Wilson spectro- 
scopic parallax, and my spectral parallax (o'o5o) agree very well. Also Strand’s doubt whether this binary 
is physically connected with 17 Cygni seems unjustified. Proper motion, radial velocity, and parallax sug- 
gest that the connection is real. 

The nature of this case is apparently the opposite of cases Î and ||, above. 
** The secondary was classified at Mount Wilson earlier than the primary. 

The first group gives fundamental data for the problem of stellar 

structure, and the second group is useful in a study of the scatter 

of the mass-luminosity relation33 and in giving data that may be 

used statistically in a determination of the mean position of the 

mass-luminosity relation (the mean absolute magnitude may be de- 

termined from the spectral types; the mean mass, by substitution of 

the mean value of sin3 i into the mean value of m • sin3 i). 

A review of the available data showed that for many close pairs 

contradictions seem to be present;34 it was clear that for many ob- 

jects new observations would be required in order to find the inter- 

pretation of such discrepancies. Particularly close pairs with very 

unequal components are likely to present apparent anomalies; the 

systems with nearly identical components, however, are more easily 

interpreted. In the present paper we shall discuss only a few objects 

of the latter class ; the discussion of additional spectroscopic binaries 

will be made later by Dr. Morgan and the present writer. 

33 Cf. Pub. A .S.P., 47,144, 1935; the scatter found in this manner will be a minimum 
value, since the components of binaries seem, at least statistically, to have common 
properties (hydrogen content). Cf. Harvard Bull., No. 903, 1936. 

34 E.g., Wyse, Bull. Lick Obs., No. 464, 1934. 
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2. It is well known that in many classes of light-curves the ratio 

of the radii cannot be found with any great precision. It is therefore 

necessary to determine the ratio of the total brightnesses from the 

relative strength of the two superimposed spectra; in combination 

with the ratio of the surface brightnesses determined from the light- 

curve the ratio of the radii is found. All our discussions of the radii 

will be made in this manner. Fortunately, the only cases which are 

of interest here are binaries which show two spectra. 

3. A second question in connection with the determination of the 

radii arises when the pair is very close, so that the components are 

ellipsoidal in shape. We have a good theoretical evidence that the 

stars possess strong central concentrations; only certain classes of 

very massive stars may be exceptions to this rule.35 Hence the 

Roche, or point-mass, model should give a close approximation in 

the determination of the equipotential surfaces; the boundaries of 

the components will, in general, be two of these surfaces. Since for 

the present we shall limit ourselves to pairs of nearly identical stars, 

the model considered will have two equal components with envelopes 

of negligible mass, in which the periods of rotation are equal to the 

orbital period. In this case the equipotential surfaces are given by 

the formula36 

= — GM - + - + - /*! r2 a3 
+ ÿ 

]■ 
(3) 

The symbols have the following meaning: £2 is the potential for 

which a constant value is adopted; G is the gravitational constant; 

and M is the mass of each component. The orbit is supposed to be 

circular, with radius a; the xy-plane is assumed to coincide with the 

orbital plane, and x = y = o with the center of gravity; rx and r2 

are the distances of any point (x, y, z) from the centers of the two 

stars; x, y, z refer to a rotating co-ordinate system. 

With the aid of this formula the writer has computed a family of 

curves, £2 = C, both for the xy-plane and for a plane parallel to the 

ys-plane through the center of one of the components. The results 

were plotted on large-scale diagrams from which the ratio of the 

35 Chandrasekhar, op. cit., chap. viii. 

36 E.g., Jeans, Problems of Cosmogony, p. 162, 1919. 
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axes, al7 &!, and were read off for a given aja (if a is the distance 

between the components). A certain amount of rounding-off was ap- 

plied to the pointed sides of the stars facing each other, since theo- 

retically the intensity of these points (apart from reflection effects) 

should be low. We are interested in knowing the mean stellar radius, 

R = 's/aJbiC^ whereas the light-curve gives or and h. We 

shall therefore tabulate R/ax against ¿u/a, so that the former quan- 

tity may be found from the latter, which is observed. The quantity 

b1/a1 to be expected from the Roche model is also given, since this 

TABLE 9 

di/a 

o. 10 
•15 
. 20, 
•25 

0.30. 

R/a1 

I .OO 
0-995 
O.99 
0.98 
0.965 

U/di 

i .00 
0-995 
0.99 
0.98 
0.96 

dz/d 

0.35- 
•40. 
•45- 

0.48. 

R/d1 

0.945 
•915 
.885 

0.88 

bz/di 

0.935 
•90 
.86 

0.855 

ratio may be obtained observationally. Table 9 contains the results, 

rounded off to the nearest half of 0.01. It should be noted that for 

¿u/a = 0.43, the two components just touch each other; for larger 
values of ¿u/a there will be a bridge between them, which, as men- 

tioned above, may be expected to have a low intensity (apart from 

reflection effects), so that in the photometric solution the compo- 

nents will still appear separated. 

Before applying the tabular values to actual stars, we may 

consider the results of Wesselink’s discussion of SZ Camelopar- 

dalis.37 From an unusually accurate light-curve he finds bja^ = 

0.9323+ .0020 (m.e.) in the uniform solution, for which ¿u/a = 0.38, 

a2/a = 0.27, and Aw = 1.0. The mean value of a¿/a (weighed ac- 

cording to intensity) is 0.35. For the darkened solution he found 

fri/<U = 0.9579 + .0013. The theoretical darkening coefficient for 
this star is about 0.1, and we may adopt the empirical value bjcir = 

0.935 ± •002 (ni.e.). This happens to agree precisely with the tabu- 

lar value. (Wesselink had already pointed out this agreement with 

the Roche model.) 

37 Dissertation, Leiden, 1938. 
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498 G. P. KUIPER 

4. Finally, the reflection eflect should be taken into account in the 

determination of the masses. Since the centers of light on the two 

disks do not project themselves precisely on the centers of mass, but 

are displaced toward the center of gravity, the amplitudes measured 

are found too small even if the components are of similar brightness. 

The reflection effect will increase the bolometric brightness on cer- 

tain areas of the stars; in order to find the photographic increase of 

TABLE 10 

Correction of Masses for Reflection Effect 

o. 10 
.15 
. 20 
.25 

0.30 

ai/a A log m 

0.000 
.001 
.003 
.007 

0.013 

0.35- 
.40. 
•45- 

(° ■ 5°) 

a-i/a A log m 

0.021 
.032 
.046 

(o. 066) 

TABLE 11 

Factor to Apply to the Correction of Table 10 

Spec. 

07- 
Bo. 
Bs 
Ao. 
As- 

Factor Spec. 

Fo. 
dF5. 
dGo. 
dKo. 
dK6. 

Factor 

0.95 
IIS 
1.4 
1- 5 
2- 5 

intensity, the ratio of photographic increase to bolometric increase 

has to be known, which will depend on the spectral type. The sim- 

plest procedure is to tabulate the correction to log m as a function 

of aja for bolometric intensities; this correction will then have to 

be multiplied by a factor giving the rate of increase of photographic 

intensity for a given increase of bolometric intensity. This factor is 

readily found from Table 3, or from Tables 9 and 13, of the preced- 

ing paper, and a table of color indices ; the result is found in Table 11. 

The correction to log m for bolometric intensities is given in Table 

10; Eddington’s formula for the reflection effect38 was used. 

38 The Internal Constitution of the Stars, p. 212, formula 144.3, 1926. 
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The reflection has, of course, also its effect on the determination 

of a sin and hence on R (involving a) and L (involving a2), as well 

as on m (involving a3). The corrections are of less importance than 

those for the masses, but may be taken from the same tables (10 

and 11), after multiplication by 1/3 for log R, and by 2/3 for log L. 

After these preparations, some close binaries with nearly equal 

components will be discussed. 

5. Castor C.—From the discussion in the preceding article39 we 

have log R = —0.198. The ratio of the radii follows from the ratio 

of the intensities of the two spectra, 5:4, and the equality of the 

surface brightnesses. We find log i^i = —0.18 and log Æ2 = —0.22. 

The direct determination of the effective temperature gave 

log Te = 3.550 + 0.014;39 from the spectral type K6+ and the 

stellar temperature scale40 we have log Te = 3.562. We adopt the 

mean, 3.556. Hence,41 log it = —1.16, logL2 = —1.24; Mboi(i) = 

+7.53, Mho\{2) = +7.73. With i = 86?o the masses are given by42 

log mT = —0.204; log m2 = —0.250. With R/a = 0.16, the correc- 

tion for the reflection effect is about +0.003, making log m = 

— 0.201 and —0.247, respectively. 

6. ß Aurigas.—The photographic magnitudes are nearly equal,43 

and also the surface brightnesses.44 Hence, the radii are nearly equal: 

log Ri = log R2 = 0.431.45 The direct determination of Te gave 

log Te = 3.99 ± 0.04; from the spectral type Ai we have log Te = 

4.01; we adopt 4.00. Then log Lx = log L2 = 1.83; = 

+0.04. 

With cos i = 0.22345 and Baker’s orbit the masses are found: 

log m = 0.376 and 0.370, respectively. The reflection effect found 

from aja = 0.15 adds less than 0.001 to log m. 

7. jit! S cor pii.—From our former discussion46 we take log Rz — 

log R2 = 0.73. The direct determination of Te was log Te = 

4.20 + 0.05. From the spectral type B3 of the average component 

39 P. 458. 
4° Table 13, p. 34, of the preceding paper. 
41 Formula 1, p. 475. 
42 Joy and Sanford, Ap. J., 68, 253, 1926. Computed from K, P, and i. 
43 Baker, Pub. Allegheny Obs., 1, 173, 1910. 4S p. 442 of the preceding paper. 
44 Stebbins, Ap. /., 34, 126, 1911. 46 p. 443 0f the preceding paper. 
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we have log Te = 4.27. We adopt 4.23. Hence log L = 3.35 and 

Afboi = —3-76; this value applies to the average of the components. 

Since the mass ratio for this binary is not known, we shall use the 

average mass of the components in connection with the average 

log L. With i = 62?o, the average uncorrected mass is log m = 

1.082; the correction for reflection (aja = 0.370) is 0.012, and 

log m = 1.094. 

8. V Puppis.—The mass ratio is not known; therefore we shall 

use the average component. The strength of the companion is about 

0.7 of that of the primary.47 Roberts’ photometric observations be- 

ing visual, the amount of darkening toward the limb must be negli- 

gible; hence Shapley’s uniform solution48 will be used. Then Jb/Jf = 

1.27 = 1/0.79. This value in connection with the ratio of the total 

brightnesses indicates substantially equal radii, as Shapley has re- 

marked. Shapley finds the mean of di/a to be 0.438, and bi/di = 

0.813. The Roche model gives bi/di = 0.87. Since the light-curve 

near the minimum depends much more on bi than on we shall 

use the value of (3&¿ + a¿)/4 as found by Shapley, and compute R 

by means of the Roche model. The result is R/d = 0.373. With 

Shapley’s value of cos i (0.219) and Maury’s value of d sin i we find 

log R = 0.821. The mean spectral type being B2 (Maury), log Te = 

4.31, and the mean log L is 3.85. From P, K, ey and we further 

find log m = 1.249. From the computed value di/d = 0.409 we find 

A log m = 0.016 and A log L = 0.011 ; the corrected values for the 

mean component are log m = 1.265, l°g ^ = an(l l°g ^ = 3*86 

(Afboi - — S-°4)- 

9. Y Cygni.—As Redman49 and Dugan50 have pointed out, the 

observations for this binary are not all satisfactorily explained (pos- 

sibility of a third body, etc.), so that some caution should be exer- 

cised in using the results. Yet it is doubtful whether the chief quan- 

tities, R and m, are much affected by these difficulties. 

The spectra are of nearly equal intensity (Plaskett, Redman) and 

the minima are of equal depth (Dugan) ; hence the radii are nearly 

47 A. C. Maury, Harvard Ann., 84, 173, 1920. 

** Princeton Pub., No. 3, 1915. 
*9M.N., 90, 754, 1930; Pub. Dom. Ap. Obs. Victoria, 4, 341, 1931. 
50 Pub. Princeton Obs., No. 12, 1931. 
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equal. Dugan found i?! = R2 = 0.206a = 5.86O (uniform solution, 

which will be used since the darkening must be small). The elliptic- 

ity effect is negligible because the width of the minimum determines 

bi, which is nearly equal to Riî R/a < 0.25. 

The writer is under obligation to Dr. Morgan, who obtained an 

accurate spectral class for the star from the plates available at the 

Yerkes Observatory. This was of importance, in view of the dis- 

cordant values published: B2 in the Henry Draper Catalogue, B2 by 

J. S. Plaskett,51 O9.5 by Pearce, and O9 in the Victoria catalogue of 

radial velocities of 0 and B stars. Dr. Morgan finds the type to be 

certainly as early as O9, but probably not much earlier than O9. 

He suggests the value O9 as the best obtainable from the data at 

hand. 

From Dugan’s dimensions we now have: logi£ = 0.768; log I,! = 

log L2 = 4.51; Mboi(i,2) =: —6.6. The masses are 17.1 and 17.3 

(Dugan, Redman), log m = 1.233 and 1.238; the correction for re- 

flection to log m is only +0.002. 

10. AO Cassiopeiae.—Pearce has made four photometric solu- 

tions, corresponding to Am = 0.25, 0.50, 0.80, and 1.11 mag.52 He 

estimates the ratio of the intensities from the spectrum to be 2.6:1, 

but this may perhaps be an upper limit and we shall adopt the solu- 

tion for Am = 0.80 mag. The mean value of ai/a is then 0.500; of 

bi/a, 0.478. This is not possible for completely separated stars built 

on the Roche model, for which bi/a < 0.38. If the photometric solu- 

tion is correct, it is probable that the components have a common 

envelope; and since the stars are not identical, it is then further prob- 

able that the system is not in equilibrium. This possibility should 

be borne in mind if comparisons with other stars are made. 

It is in this case uncertain what values for the radii should be 

used; since, according to Table 9, bi and R are never very different, 

we shall use the values of Ri/a = 0.549 and R2/a = 0.406. 

In the case of unequal components, the effect of reflection on the 

constants of the system is slightly more complicated than in the 

case of identical components. With the ratio of the radii given and 

with equal surface temperatures (both spectra are 08.5), Am is 
51 Pub. Dom. Ap. Obs. Victoria, 1, 213, 1920. 
$2 Ibid., 3, 297, 1926. Cf. also: M. Güssow, A.N., 207, 321, 1930. 
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found to be 0.65. In order to make Aw(pg) = 0.80, we shall have 

to make the temperatures slightly different: A log Te = 0.03, which 

makes Aw(bol) = 1.0. 

The reflection effect on the amplitudes, K, is one-third of that on 

the masses, which is found from Tables 10 and 11. For equal com- 

ponents and di/a = 0.50, the effect on log K is |(o.o66) • (0.45) = 

0.010. With the intensity ratio 2^:1, the effect on log Kx will be 

about 0.4 X 0.010 = 0.004, and on log K2, 2§X 0.010 = 0.025. 

Applying these corrections to the observed values, we have Kx = 

220; K2 = 248; m2/mx = 0.887; l°g aQ/ — I-Ö25; log Rx = 1.365; 

log R2 = 1.234; log Lx = 5.97, log L2 = 5.58; ikfboKi) = -10.3, 

Mboi(2) = -9-3; log mx = 1.634, log m2 = 1.582; m1 = 43.0O; 
m2 = 38.2O. 

In allowing for the reflection effect we have increased the masses 

by a fair amount and have made them more unequal, which is 

more favorable to the difference in dimensions found for the two 

components (since they are probably in contact) and in better agree- 

ment with the difference in brightness. 

However, perhaps the main uncertainty about this system is the 

value of the inclination, which enters seriously in the determination 

of the masses. This is particularly evident if a comparison is made 

with the ellipsoidal systems, tt5 Orionis, b Persei, and f Andromedae, 

discovered by Stebbins. A smaller inclination would obviously in- 

crease the derived ellipticity of the components, which is now found 

to be smaller than is possible for two stars which are just in contact. 

It will remain for a new photometric study of this system to settle 

this question. 

The extremely high luminosity of this system is noteworthy (a 

smaller value of the inclination would even increase the luminosity). 

With the provisional values of the constants, it lies well above the 

mean empirical mass-luminosity relation; even a somewhat de- 

creased inchnation would not change that feature. This fact was 

interpreted by Chandrasekhar35 to be a result of strong mass con- 

centration, contrary to the massive stars found by Trumpler and 

even stars like V Puppis, which are less centrally condensed than 

Eddington’s standard model. In that respect AO Cassiopeiae seems 

to resemble the stars of lower mass, whereas Trumpler’s stars are 
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really the stars that deviate from a theoretical mass-luminosity re- 

lation based on the standard model. It will be of interest to dis- 

cover which of the two classes of massive stars is the most frequent 

in nature. 

On account of the uncertainties mentioned in connection with 

AO Cassiopeiae, it is very fortunate that a second system is known 

with similar properties. This system is 29 Canis Majoris. 

ii. 2Q Canis Majoris.—Spectroscopic orbits have been published 

by Harper,53 Pearce,54 and Luyten and Ebbighausen.55 Pearce has 

measured both components and finds the spectral types both O7; 

the secondary is very faint. Furthermore, i£i = 217 ± 5 km/sec; 

K2 = 288 + 7 km/sec; P = 4.3935^; and e = 0.156 + 0.017. Luy- 

ten and Ebbighausen found a smaller value of e, 0.077 i o.oig. 

The star was found to be an eclipsing variable by S. Gaposchkin,56 

who derived photometric elements from a light-curve based on pho- 

tographic estimates. Recently Elvey and Rudnick have observed 

the star photoelectrically at the McDonald Observatory. They have 

very kindly made their provisional results available to the writer. 

Two solutions were made, of which one, with k = 0.8, fitted the 

observations best. This solution, in which the orbital eccentricity 

was neglected, is 

a sin i = 3.01 X 107 

nii sin3 i = 3 2.2 O 

m2 sin3 i = 24.3O 
k = 0.8 
i = 64o 

= 2 2.7 o 

a2 = 18. iO 
bz = 16.60 

62 = 13- 20 
bi/ai = 0.73 

mi = 44-3O 
m2 = 33-40 

It is seen that GaposchkhTs elements are in good general agree- 

ment with those derived by Elvey and Rudnick. The range being 

0.4 mag., the star is photometrically a much better case than AO 

Cassiopeiae. 

Dr. Morgan has very kindly examined the Yerkes plates of this 

star which were measured and discussed by Luyten and Ebbig- 

hausen, and he confirms the presence of the extremely faint com- 

^ Pub. Dom. Obs. Ottawa, 4, 115, 1917. 
s* Pub. Dom. Ap. Obs. Victoria, 6, 50, 1932. 
55 Ap. J., 83, 246, 1935. 5* Bull. Harvard Obs., No. 902, 1936. 
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panion but finds the spectral class of the primary later than S Mono- 

cerotis ( = 07 or O7.5) and perhaps a trace earlier than 9 Camelo- 

pardalis (O9). Morgan classifies it as O9-O8. In the Victoria cata- 

logue of 0 and B stars, this star is given as O9; Pearce classifies it as 

O7. We shall adopt 08.5. 

From Elvey and Rudnick’s figures we find a = 0.471, a2/a = 

0.376. The average of ai/a is 0.424; if we average according to 

brightness, we find 0.441. The theoretical values of are, then, 

0.877 and °-863, respectively, compared with the empirical 0.73. 

We shall, as before, adjust the photometric solution by leaving 

(3Ô1 + ¿0/4 the same and by using the theoretical ellipticity con- 
stant. We then find aj/a = 0.400 and a2/a = 0.319. Gaposchkin 

found aja = 0.44 and aja = 0.35; his ellipticity constant 0.9 is 

equal to the theoretical value. In view of the fact that Elvey and 

Rudnick’s results are still provisional, we shall adopt the average 

values: aja = 0.415 and a2/a = 0.33. For the inclination Gaposch- 

kin finds 68?3; Elvey and Rudnick, 64o. We adopt 65o. 

We have not yet used the condition that the total brightnesses of 

the components should correspond to the relative intensities of the 

spectra. It would seem that Am(pg) is about 1.0 mag. Taking the 

small difference in surface brightness into account, we find that the 

ratio a2/a! should be about 2/3. Leaving a1 + a2 unchanged, so 

that the representation of the light-curve will be little affected, we 

find aja = 0.45; a2/a = 0.30; hence Rja = 0.42 and R2/a = 0.28. 

Following the procedure of applying the correction for reflection 

used for AO Cassiopeiae, we have: correction to log 0.002, to 

log K2, o.oio; Kx — 218; K2 = 294; log a/O = 1.686; log Rx = 

1.309, log R2 = 1.133; furthermore, allowing for the small differ- 

ence in surface brightness, log Lx = 5.84, log L2 — 5.39; Mb0i(i; = 

-10.0; Mboi(2) = -8.9; log m1 = 1.66, log m2 = 1.53; m1 = 

45*70, = 33-90. 
The striking similarity between 29 Canis Majoris and AO Cassio- 

peiae has been already pointed out by Gaposchkin. But in 29 Canis 

Majoris the components appear to be separated; this fact and the 

deeper minima make this star of greater importance for the mass- 

luminosity relation. 
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In conclusion, the data on spectroscopic binaries thus far dis- 

cussed are collected in Table 12. 

The data are included in the mass-luminosity diagram (Fig. 1) 

and the mass-radius diagram (Fig. 2). The two binaries AO Cassi- 

opeiae and 29 Canis Majoris stand out by their great luminosity; 

Y Cygni appears to be an intermediate case. 

TABLE 12 

Some Selected Spectroscopic Binaries 

Star log log L log R Mbo\ 

Castor Ci 
C2 

ß Aur A... 
B_.. 

Mi SCO AB . . 
V Pup ÄB. 
Y Cyg A... 

B... 
AO Cas A. 

B.. 
29 CMa A.. 

B.. 

—0.201 
-0.247 
+0.378 
+0.370 
+1.094 
+1.265 
+1.240 
+1-235 
+ 1.634 
+ 1.582 
+ 1.66 
+ 1-53 

— i. 16 
-1.24 
+ 1.83 
+ 1.83 
+3-35 
+3-86 
+4-51 
+4-51 
+5-97 
+5-58 
+5-84 
+5-39 

— 0.18 
— o. 22 
+0.43 
+0.43 
+0.73 
+0.83 
+0.77 
+0.77 
+ 1.36 
+ 1-23 
+ 1 •3I 

+ 1.13 

+ 7-53 
+ 7-73 
+ 0.04 
+ 0.04 
-3-76 
- 5-04 
- 6.6 
- 6.6 
-10.3 
- 9-3 
—10.0 
- 8.9 

trumpler’s massive stars 

The method, used by Trumpler, of determining the masses of the 

very luminous 0 and B stars in galactic clusters from the Einstein 

gravitational red shift has, at least for main-sequence stars, extended 

the study of stellar masses to near the upper limit. For the most lu- 

minous of these objects are not appreciably exceeded in brightness 

(and probably not in mass) by any other known stars of classes 0 

and B.' Trumpler’s method is, of course, capable of being extended 

to visual binaries, although the fact that only one comparison star 

can be used will be a disadvantage. 

Table 13 gives the observational data for seven stars taken from 

Trumpler’s paper.57 The spectrum of the third star is classed O7 by 

Trumpler, O7 at Victoria, and O7.5 by E. G. Williams. We have 

used the average value. The temperatures and bolometric correc- 

^ Pub. A.S.P., 37, 249, 1935. 
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tions are taken from Table 3 of the preceding paper; the color index 

C was supposed to be —0.2 for all the stars. Log L follows from Mhoi 

and Mbol(sun) = 4.62; log R from log L, log Te, and log T^sun) = 

3.757. It is seen that log m is roughly twice as large as log R; this 

shows that the surface gravity is about the same as that of the sun, 

as was supposed in adopting the temperature scale for log g = 4.4. 

The last column gives the order of reliability of the measured red 

shifts, according to a private communication by Dr. Trumpler. 

TABLE 13 

Trumpler’s Stars 

Star log Pg Sp. log T B.C.-C ^bol log L log R log m 

NGC 2244, 

NGC 2264, 
NGC 2362, 
NGC 6871, 

NGC 7380, 

i. 10 
i-13 
1.36 
1.19 
1.17 
1.38 
0.93 

■4.4 
4-1 
4- 7 
6.4 
5- 7 
5-4 

■4.6 

06 
O9 
07(+) 
O8.5 
O9W 
Bo 
O9 

— Q.l 9 
7 
8 
9 
8 
7 
7.6 

0.66: 
0.86 
0. 82 
1. 28 
1.18 
i. 22 
0.96 

i. 76: 
1.99 
2.18 
2.47 
2-35 
2.60 
i .89 

The data of the last columns are shown graphically in Figures 1 

and 2. The general position of Trumpler’s stars in these diagrams 

is explained by the observational selection for large values of m/R, 

in connection with an intrinsic scatter of the 0 and B stars in these 

diagrams. 

The spectroscopic binaries Plaskett’s star and HD 698, studied by 

Pearce, for which m1 sin3 ¿ = 76 O and 113O, respectively, are 

probably objects similar to Trumpler’s cluster stars, whereas AO 

Cas and 29 CM a are very luminous but of only medium large mass. 

The latter stars form a continuation of the less massive stars, both 

in stellar model (Chandrasekhar) and in the mass-luminosity rela- 

tion, which for these stars is approximately 

L = m3* (I <m <40) . (4) 

Considering the smaller masses only, the relation 

L = m4* (§<m<2§) (5) 
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fits the data considerably better. This conclusion is consistent with 

the theoretical mass-luminosity relation 

k0 R* (6) 

in connection with the theoretical result ß = i, with the theoretical 

variation of k0 and the empirical variation of i?, if we assume /jl to 

be constant. 

Formula (4) is only roughly correct, and its interpretation is less 

direct since the decrease of ß with increasing m has also to be taken 

into account. 

Yerkes Observatory 
June 1938 
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