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592 Prof. B. V. Noumerov, lxxxiv. 8, 

Hence to first order 

X + X1 +4# cos fl ^ Q. r z^-2 + 2 fQr dr «K-2 + terms in v, 
i + cos (9 0 0 y«« 

[of which a solution was published in the Proceedings of the London 
Mathematical Society, 1923 February 8 : — 

“The solution of the equation 

d/d0[d2Xld02 + A(i + 4# cos 0)/(i + P cos 0)] = d£¡dO + 2^, 

in which E is constant, may be written in the form 

x=8(1 + +/a(i +Ecyim} 

+ <7(i + EG)X2/2E+ CH2 + EG)(i + EGY^fyde 

-G(i+ EGy^+Zi G(2 + EGy + S(I+ EG)i}dO] 

+ 28(1 + EG)/G(i + EGyz[E\3+/{(i 4*EGfrj + ES(i + EGy}dO]dO, 

in which (7= cos 0 and 8 = sin 0, and Xv X2, \3 are constants.7’] 
Lastly, in regard to v, Laplace showed that v contained no secular 

terms of the first and second orders as to perturbing masses, but the 
reference was not to small planets. 

A Method of Extrapolation of Perturbations. By B. V. Noumerov. 

{Communicated by the Secretaries.) 

I have pointed out in my previous work * the advantage which is 
to be got in the numerical integration of the equations of perturbed 
motion by the introduction of special rectangular co-ordinates. In fact, 
if we denote by x, ÿ, z the special co-ordinates connected with ordinary 
heliocentric rectangular co-ordinates by the equations 

I + 
Æ2a>2\ 
I2r3/ 

i + 
£2Q)2\. 

I2r3/ 
(O 

where k is the Gaussian constant, <d the interval of integration, and r 
the radius vector, the fundamental formula of extrapolation (for x) in 
the case of perturbed motion is 

^8 ^2(
2 °"2) d" -^2 d“ d~»^ * ‘ (2) 

* B. Noumerov, “ Méthode nouvelle de la détermination des orbites et le calcul 
des éphémérides en tenant compte àes Publications de V Observatoire 
Astrophysique Central de Russie, vol. ii., Moscou, 1923. 
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June 1924. A Method of Extrapolation of Perturbations. 593 

where a is determined by the equation 

( o- Y ¿2CÜ2 

as a function of r2 = iD2+ ÿ2 + ^2; R is the effect of a perturbing planet 
with the co-ordinates of, y\ ?! and the mass m', and is given by 

r = *w(?Y-^) . . . . (4) 

A2#2 is the second difference of R at the second moment, and finally 
/ is the correction for higher derivatives or differences beginning with 
the 6th order. 

/= - + Wtota8 + (S) 

If the interval of integration is rightly chosen, it is permissible to 
neglect the effect of these higher-order terms in formula (2). Subsidiary 
tables helping to find the interval of integration as well as for deter- 
mining o- from the equation (3) are given in the above-mentioned work. 
Computing the co-ordinates with six decimals, it is possible to carry on 
the integration with intervals of twenty to eighty days for most of the 
minor planets. As regards comets, especially those with small perihelion 
distances, it is necessary when they are near perihelion to use a much 
smaller interval. For economy in time, and in order to reduce the 
inevitable errors which accumulate during the extrapolation process, it 
is of great importance in practice to carry on the integration with a long 
interval. The question of augmenting the interval of integration can 
be solved in different ways. Firstly, one may consider the question of 
a more rational choice of special co-ordinates with which the formula (2) 
would be rigorous to the 8th or 10th order. Secondly, the problem of 
the systematic accumulation of the influence of higher orders (mainly of 
the 6th) during the extrapolation process can be solved. It is possible 
to find the systematic accumulation for any particular distant epoch by 
rejecting the quantity /, that is to say, by deliberately using a wrong 
formula. Thirdly, one can consider the question of computing the 
influence of higher orders from the co-ordinates of three epochs without 
having recourse to successive approximations. Lastly, the problem of 
the extrapolation of the perturbations themselves may be solved. It 
appears, besides, that in view of the smallness of the perturbations the 
influence of higher orders is very insignificant ; that is why it is possible 
to conduct the extrapolation of perturbations with a longer interval than 
the extrapolation of the co-ordinates themselves, with the same accuracy. 
Moreover, the calculations in this case are carried out with a smaller 
number of figures, which is of great advantage in practice. 

Passing over the first three methods, which are sufficiently dealt 
with in my other papers now ready for publication, I will describe in 
this paper a method of extrapolating the perturbations of the special 
co-ordinates, in the main similar to the method of En eke. 

Simultaneously with the perturbed motion let us consider the 
unperturbed, and let us mark all the quantities of the unperturbed 
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Prof. B. V. Noumerov, 594 LXXXIV. 8, 

motion with the subscript o. It results from the formula (2) that 
the second difference of the co-ordinate x will he 

A2it* = - ax + R + + f . . . (6) 

and similarly for the unperturbed motion 

A2x= “00^+^ .... (6*) 

If we denote by rj, % the perturbations of the special co-ordinates 

x — x0 — £ 

z - ¿0 = £ 

we find from (6) and (6*) 

Denoting 

we have 

A2f = - (or« - (T0x0) + R + Jj-A 2R + (f-fo) 

ctq — <r = Act . 

A2£ = - o-¿ + E. + AvXq + + (/-/o) 

(7) 

(8) 

(9) 

If we compare the last formula with (6), we can see that the second 
difference of the perturbations is similar to the second difference of the 
perturbed co-ordinate x. The formula (9) differs from the formula (6) 
by the supplementary term Ao-x^ ; moreover (and this is of great import- 
ance), the formula (9) is influenced only by the difference of the higher- 
order terms in the perturbed and unperturbed motion. Supposing the 
perturbations to be small and, therefore, that the elements of the 
osculating ellipse and initial ellipse do not differ much from each other, 
we see that the difference (/-/0) will be small and that the formula (9) 
thus admits a wider interval of integration. This will be of special 
importance for comets near perihelion, when the perturbations are, 
generally speaking, very small, but when the extrapolation of the 
co-ordinates themselves would have to be conducted with very short 
intervals. 

The unperturbed co-ordinates ^0, ÿQy z0 and the quantities r0, <r0 are 
known from the unperturbed elements of a definite epoch of osculation, 
r0 and cr0 being here defined by the formulæ 

2¡0 = í’o(I +tV0 ^2 
h = —- 

h r 2 
(10) 

The fundamental formula of extrapolation (9) may be transformed 
into 

£3 ” ¿2(2 ~ ^2) — £1 -^2 "b tV^2-^2 (/“/o) • Í11) 

in which Xq refers to the unperturbed co-ordinate of the second epoch. 
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June 1924. A Method of Extrapolation of Perturbations. 595 

! 

It is now necessary to compute the quantity Act. From formula (3) 
applied to the perturbed and unperturbed motions we obtain 

Æ0, ÿ0> z0; from (13) we find tt, and from (14) Ar:r0, and lastly from 
(12) we find Act when o-0 is known. 

In consideration of the smallness of the perturbations and the conse- 
quent smallness of the quantities tt and Act, instead of a precise solution 
by the formulæ (12) and (14), we can make use of a development in 
series. Indeed, we can write 

arguments or0 and tt. Having computed Act by the formula (15), we find 
the perturbed value of 0- by (8), and thus the fundamental formula of 
extrapolation (11) allows us to find from the given perturbations of two 
epochs the perturbation for the third one. 

For the computation of the combined effect E from the planets by 
{4) it is necessary to transform the perturbed special co-ordinates into 
the ordinary ones, which is done by the formula 

The difference Ar = r - r0 is connected with the quantity 

77 “ + è?) + v(Vo + -kv) + «¿0 + è?)] • • (13 ) ri) 
by the relation 

Thus we have the perturbations f, tJ, J for any moment and also 

Act — SovK1 +^) • (IS) 

where p is a small quantity depending on o-0 = 4T and tt 

2? = a + ßir + yir2 + Stt3 + . . . 

2r 

■ • (16) 

Table I. gives the quantity p to five decimals as a function of the two 

43 
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596 Prof. B. T7. Noiinierov, LXXXlV. 8, 

Table I. 

Values o/p according to Arguments tt and <r0 in Units of $th Decimal. 

o'o6. o'oj. o*o8. 

+ 3634 +3816 +3999 

+ 

-1319 -1156 

O'OQ. O 

+ 4183 +4 

3913 4 
3643 
3875 
310S 
2843 

2579 
2316 
2054 

1794 
1534 
1277 
1020 
764 
510 

257 

+ 5 + 
- 246 - 

- 495 - 
- 744 “ 
- 991 - 

On the other hand, it is also possible to find the perturbations of the 
ordinary co-ordinates from the perturbations of special ones : 

£= J + T^(A<râo-°'?) (18) 

which formula can also be employed for computing the initial value of 
I from £ by making use of successive approximations. 

The initial values of the perturbations for the first two moments are 
to be found from a development in powers of the time. If we denote 
by íc0 the unperturbed co-ordinate and by x = x0 + £ the perturbed 
co-ordinate, we can write the fundamental equation of Encke’s method 

 rT-0) + R= -(o-^-tr^ + R . (19) I' s ) n / 

or, after a transformation, similar to (7) and (9), we have 

ü>2^f = R — erf + ActcDq = F dt2 (l9*) 

Let us represent the perturbation £ near the osculation epoch t0 in 
the form of a series 

£ = a0 + a1í + a2í
2-i-a3í

3 + a^4 + a5¿5+ . . . (20) 
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597 June 1924. A Method of Extrapolation of Perturbations. 

It follows from the definition of the epoch of osculation that at 

we must have ¿ = ^=0, that is to say, from (20) we obtain two 
at 

equations : 
+ + + . . . =0 

al + + 3a3¿0
2 + + . = o 

Eliminating the coefficients a0 and a1 by means of these last equa- 
tions, the formula (20) may be written thus: 

è=(i-toY{a2 + a3W + 2h) + ai(ti + 2th + ltài) • • • } • (2I) 

Suppose that we know the right-hand side of the equation (19), 
namely, Ej, E2, F3 for three moments of time tv ¿2, near the oscula- 
tion epoch. In that case we have from (20) 

2a2 + 6a + 12a4¿1
2 =: Ea 

2a2 + 6a + 12a ff- + F2 

2a2 + 6afz + i2a4¿3
2 = -^F3 

(22) 

Should we choose the moments at equal intervals w and suppose 
for the sake of simplicity t^ — o, ^ = - <0 and ¿3 = a>, = wr, by use of 
the formula (22) the equation (21) can be transformed into the follow- 
ing final form : 

f = (lz^oIaÆ + + 2g + Fl+.Is 2l2(¿2 + 2tta + 3^2)1 (23) 

(O2 l 2 12(0 24.(0^ ) 240^ 

Applying the last formula for three moments t^ ¿2, we find : 

^l = ®’1(l, l) + I’2(I) 2) + F3(l, 3)' 

Î2 = Fl(2> I)+F2(2. 2) + F8(
2> 3) 

is = Fi(3, l) + F2(3. 2) + F8(3, 3)v 

where the coefficients are expressed in terms of 

. _ ^0 ^2 
CO 

(2+) 

(2S) 

by the formulae 

(1. i) = (3. 3) = ^ _T^2 

8 

(2, I)= 7t(3t2 - 4T) 
24 

(3, 1)= (i-t)!í(i+2t-3t2) 

(I; :.)_(i+t)2(5 + 2t-3tí!) :,)_(l-T)2(5-2T-3r2) 

(2> 2) = ^-(2-t2) 
4 

(2- 3) = t-(3t2 + 4t) 24 

(i, 3)= _(! 4-r)2(l — 2T - 3t2) 
24 

(26) 
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598 Pro/. B. V. Noumerov, lxxxiv. 8, 

Table II. gives the coefficients (i, i), (2, 1) . . . (3, 3) as functions 
of the argument r. 

Table II. 

Coefficients for computing the Perturbations of Initial Moments in Function 
of the Argument r in Units of $th Decimal. 

T+ve. 
O'OOO 

0*025 

0*050 

0*075 

0*100 

0*125 

0*150 

0*175 

0*200 

0*225 

0-250 

0*275 

0*300 

0*325 

0*350 

o*375 
0*400 

0*425 

0*450 

0*475 

0*500 
r+ve. 

(1, i) = (3> 3)- 
+I25OO 

12484 

12438 

I2360 

I2251 

+I2II2 

II944 

11746 

II52O 

II266 

+IO986 

IO681 

IO35I 

9999 
9625 

+ 9232 
8820 

8392 

7950 

7496 

+ 7031 
(1, i)=(3i 3)- 

(i> 2). 
+ 41667 

44197 
46787 

49433 

5213* 

+ 54877 
57666 

6O496 

63360 

66254 

+ 69173 

72112 

75064 
78025 

8O987 

+ 83946 

86893 

89824 

92729 

956O3 

+ 98438 
(3, 2). 

(1, 3>- 
-4167 

415O 
4IOO 

4OI2 

3882 

-3708 

3485 
32II 

2880 

2493 

- 2034 
I5II 

QIS 
- 242 

+ 512 

+ I354 
2287 

3316 

4446 

5683 

+ 703I 
(3, !)• 

(2, l). 
O 

O 

- 2 

7 
16 

- 30 

50 

78 

113 
158 

- 212 

275 

349 

433 
527 

- 632 

747 
872 

1006 

1150 

-1302 
(2, 3). 

(2, 2). 
+ 0 

31 
125 

280 

498 

+ 775 
m2 

1508 

i960 

2467 

+ 3027 

3638 

4298 
5002 

5750 

+ 6537 
7360 

8216 

9100 

10008 

+ 10938 
(2, 2). 

(2, 3>- 
+ O 

O 

2 

8 

18 

+ 36 
62 

I0I 

153 
222 

+ 309 

418 

SSI 
712 

902 

+ II26 

I387 
16S7 

203I 

2422 

+ 2864 
(2, 1). 

(3, O- 
-4167 

4152 
4IO8 

404O 

3949 

-3838 
3710 

3568 

3413 

3249 

-3076 

2898 

2716 

2531 
2346 

- 2162 

1980 

1802 

1629 

1462 

(3,2)- 
+ 41667 

39198 

36796 

34461 
32198 

+30007 

27892 

25853 

23893 
22014 

+ 20215 

18498 

16864 

15313 
13846 

+12461 

U160 

9941 

8804 

7748 

-1302 + 6771 
(1, 3)- (L 2). 

So far as it is possible to neglect the indirect terms in the formula (19) 
owing to the smallness of perturbations, the function F will be equal to R. 

We suppose the perturbations of the special co-ordinates equal to 
the perturbations of the ordinary ones and compute the value of F by 
formula (19*). With the help of the corrected value of F we find, 
using (24), more approximate values of perturbations £ 7;, £, and lastly, 
by means of (18) we determine the perturbations of the special co- 
ordinates. 

This method will now be illustrated by an example of the motion 
of the planet Erato (62) taken from the work of Oppolzer.* 

In Table III. we give the special unperturbed co-ordinates of the 
planet, ÿ0, £0, to five decimals, computed from the elements. 

* Th. R. v. Oppolzer, Lehrbuch zur Bahnbestimmung der Kometen und Planeten, 
B. ii., pp. 105 et seq. 
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June 1924. A Method of Extrapolation of Perturbations. 

N. 

1875 ii. 24 I 

i. 15 2 

1874 xii. 6 3 

x. 27 4 

ix. 17 5 

viii. 8 6 

vi. 29 7 - 

»0 

• 2*51804 

3 

-2*75005 

o 

■2*95575 
o 

•3U3321 

4 

■3*28059 

10 

•3*39616 

21 

3'47837 

37 

Table III. 

ÿo 
7j: 2* 

- 2*66282 

+ I 

-2*43244 

o 

-2-I7879 

o 

-I *90431 

+ Ï 

-1*61155 

+ 4 

- 1*30318 

+ 8 

-0*98200 

+ 13 

zo 
ir* 

+0*13867 

o 

+ 0*14075 

o 

0*14148 

o 

0*14086 

o 

0*13888 

o 

0-13556 

o 

0*13091 

o 

I3*4504 

71 

13*4993 
10 

13*5036 

12 

13-4632 

128 

I3'3787 
414 

I3*2506 

93I 

I3'°8°5 

1743 

599 

A<r. 107 

I *9903866 

2*0 

1*9904389 

0*3 

1*9904434 

0*3 

I -9904003 

37 

i*99o3°9i 

12*1 

I*990l680 

27*5 

i'9899753 

52*4 

1872 xi. 6 22 -0*28468 276602 -0*05331 7*73475 i'9779°9° 
1249 + 692 + 13 59218 3881*3 

ix. 27 23 +0*15296 2-72169 - o*06600 7*43535 1*9765561 

- 1352 + 900 + 12 61013 4242*9 

viii. 18 24 +0*58702 2*61356 -0*07715 7*18124 I-9752955 
1421 + 1144 + 10 60988 4470*2 

vii. 9 25 +1*00656 2*44086 -0*08639 6*97842 1*9742061 
- 1443 + 1419 + 5 58844 4506*5 

The epoch of osculation is 1874 December 26*0, Berlin M.T. : 

M0=i8o° 40' 48"*9 7r= 38o 27' 

loga = 0*4954793 0=125 42 39*711870-0. 

/¿ = 640"*89605 i= 2 12 23-9; 

<¿> = 9° 59 H 9 

The quantities ?*0
2, (2 - o-0), and Ao* are also given in Table III. 

Table IV. gives the total combined effect of Jupiter and Saturn 
in units of the 7th decimal ((0 = 40), for the first three moments, 
computed by formula (4). These numbers are taken from Oppolzer’s 
example. The initial values of perturbations for the first three moments 
near the osculation epoch are determined by the formula (24). In our 
case r=+0*5. 
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6oo Prof. B. V. Noumerov, lxxxiv. 8, 

In the first approximation the perturbations are found by the 
formula (22), assuming F = R. 

x. 
1 

2 

3 

£. 107. 
-658-3 

- 75 6 
- 78*2 

Ï] . 107. 
+ 264*5 

+ 30*4 

+ 3i*5 

Table IV. 

107. 
+ lO'I 

- 1*2 

- 1*2 

-528*0 

-584'9 
- 646 *4 

By . IO’. 
+ 209*9 

+ 235*2 

+ 2597 

Bjj. 107. 
-8*i 

-9*0 

-97 

If we assume the perturbations of the real co-ordinates to be equal to 
those of the special ones, we find the corrected values of the second 
derivatives from the perturbations by formula ( 19). 

Table V. 

K Jk. 3/0 So _ fp» 
f : 2 77:2 £ : 2 tt io7 

i -25x804 -2*66282 +0*13867 13*4504 

3 + I o 71 

2 -275005 -2*43244 +0*14075 13*4993 

o o o 10 

3 -2*95575 -2*17879 +0*14148 13*5036 
O O O 12 

2-0-0 
Ao-.io8 

I *9903866 

20 

1*9904389 

°3 

i *9904434 

03 

B^.io7. ï\ç.io7. 

-528*0 -526*7 

- 5*o 
+ 6*3 
-584-9 -585-0 

- 0-8 

+ o*7 

-646*1 -646*3 

- o*9 

+ 0*7 

By. IO7. Fy.IO7. B.io7. Fr 

+ 209*9 202*1 -8*1 - 

- 5*3 +0*3 
- 2*5 +0*1 

+ 235*2 234*2 -9*0 - 

- 0*7 o*o 

- 0*3 o*o 

+259-7 258-8 -97 - 

- o*6 o*o 

- 0*3 o*o 

With the improved values of F we recompute the perturbations of 
ordinary co-ordinates £, 77, £ by the formula (24), then from (18), with 
the values given Jn Table V., we find the perturbations of the special 
co-ordinates f, rj, £. 

Table VI. 

>r. 
1 

2 

3 

£. io7. 
-658-3 

- 75-6 

- 78-2 

£. io7. 
-658*4 

- 75*6 

- 78*2 

y). io7. 
263*0 

30*4 

3i*4 

77. IO7. 
263*6 

30*5 

31 '5 

C • io7. 
10*1 

- 1*2 

- 1*2 

C. 107. 
- 10*1 

- 1*2 

- 1*2 

Having thus obtained the perturbations for the first two moments, 
we proceed with the extrapolation by formula (11), in the first place 
finding the perturbations for the third moment as a numerical check. 
The computation of the perturbations is given in Tables VII. and III. 
The combined effects were borrowed from Oppolzer^ example, and are 
corrected for second differences. 

The perturbations are computed successively by (13), (15), and (16), 
and the multiplier p is taken from Table I. as a function of the two 
arguments tt and or0. 

In the same Table VII. we give the final values of the perturbations 
£ 7), £ of the ordinary rectangular ecliptic co-ordinates of the planet 
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June 1924. A Method of Extrapolation of Perturbations. 601 

Erato (62), computed by formula (18). The differences A£, Arj, Af from 
OppolzerJs results are given in the table. 

Table VII. 

i 

■ 7 

Ra: ? • 107 

Act. CC0‘ 

- 528*0 - 658*4 
5*0 + 0*1 

- S85'3 - 75‘6 
o*8 + o*o 

- 646*4 - 
- 0*9 

- 711*2 - 
n*6 

- 778-3 - 
- 397 - 

- 844*8 — 

- 93*4 - 

- 906 9 - 
- 182-2 - 

78 
o 

727 
0 

2092 
1 

4255 
4 

73I4 
9 

¿.TO7 

A¿ * 

- 658*5 
O 

- 75*6 
o 

- 78 
o 

- 727 
o 

- 2093 
o 

- 4259 
o 

- 7323 
o 

Ry 
A<rI/o‘ 

+ 209*9 

- 5*3 

235*i 
- 07 

259*7 
- 07 

281*2 

- 7*o 

298*2 

- 19*5 

307*6 

- 35*8 

306-8 

“ 5i*5 

v-v 
263*6 
— 0*6 

7). TO7 r2 ?.io7 

-0*1 

31 
o 

290 
- I 

820 
- 2 

162I 

- 4 

2678 

- 7 

Ar¡ A<r. 20 

263*3 “ 8*i -io*i 
o + 0*3 o-i 

£.io7 

AÍ * 
-10*0 

o 

30*5 30*4 - 9*0 - 1*2 - 

31 - 97 - i 

+ I o o 

1*2 
0 

1 
o 

289 - 10-0 - 10 
+ 2 0*5 o 

818 - 9*7 - 29 - 
+ 2 +i*7 o - 

1617 - 8*7 - 56 - 

+ 3 +3*7 o - 

2671 - 6*9 - 87 - 
+ 3 + 6*9 + i - 

2 - a 
<r : 12 

I *9903868 
O'OOOSOIIO 

1-9904389 
79676 

1-9904434 

79638 

- 10 1*9904007 
I 

- 29 
- I 

79994 

1*9903103 

80747 

56 1*9901708 
I 81910 

86 i *9899805 

i 83496 

22 

*3 

24 

-25 

194-7 -219874 -249454 - 36*6 138459 139103 8*7 2636 2614 1*9782971 

1104*9 + 360 - 10 10735*8 +644 -I -206*9 - 22 + 2 180857 

- 156*4 - 270323 -269750 - 39*0 179996 180613 
+ 649*0 + 573 “ 9 ii547*8 +617 o 

- 124*7 -284117 -283324 - 42*0228898 229409 
+ 2624*0 + 793 - 7 11683*9 511 0 

_ 98*9 -288520 -287533 - 45*5 283889 284206 

+ 4536-6 + 987 - 4 ilooo-i +317 

7-3 2452 2424 1*9769804 
-280*1 - 28 + 2 191830 

6*o 1939 1903 x*9757426 
- 344*9 - 36 + 2 202146 

4*9 1040 . 1005 1*9746568 
21193 + 1 -389*3 - 35 + 

The divergence at the end of twenty-five steps of extrapolation does 
not exceed ten units of the yth decimal, which are due to cumulative 
errors during the process of numerical integration. 

The method here described can be applied not only to the computa- 
tion of the perturbations, in comparison with elliptic motion, but 
generally for finding the differences between two perturbed motions. 
For instance, one can in this way take into account separately the 
perturbations caused by Saturn, or the systematic effect of higher-order 
terms neglected in the extrapolation of perturbed co-ordinates. 

Petrograd, 
The Astronomical Observatory 
of the Petrograd University : 

1924 January, 
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6o2 LXXXÏV. 8, Dr, J, Jackson, Note on the 

Note on the Numerical Integration of —— = fix, t). 
dt¿ 

By J. Jackson, M. A., D.Sc. 

After the discovery of the eighth satellite of Jupiter, Cowell intro- 
duced numerical integration into dynamical astronomy as a method for 
taking account of all the forces, including the action of the central body. 
This method he applied later to the investigation of the motion of 
Halley’s Comet between 1759 and 1910. This work of Cowell’s has 
led other workers to deal with the subject of numerical integration, as 
it affords a ready solution to problems otherAvise intractable. Cowell, 
instead of using the formulæ for numerical integration which had been 
left in a practically perfect state by Gauss,* reinvestigated the problem 
and introduced formulæ for changing the second differential coefficients 
into second differences, so that the integral was obtained at once by 
a simple double summation. After the work had been done, Cowell 
found out the disadvantages of the method he introduced, and incor- 
porated the long-established formula in the first of two suggestions for 
future computations, which are given at the end of the essay by himself 
and Crommelin on the motion of Halley’s Comet, published as an 
appendix to the Greenwich Observations for 1909. As these sugges- 
tions do not appear to be well known they are repeated here. 

(1) In place of the fundamental formula 

^2 “ X + *X2 - 2TXtX4 + y-gr1-TX6 . . . 

it would have been far better to use 

# —X-g+i^X 2T(jX2 + 1 ô15 1^4* • • • 

(2) Short time intervals ought to be employed, as errors in that 
case are far easier to detect. The intervals in the Ast. Ges, essay 
were far too long, and those in the revised calculations of this ap- 
pendix not too short. The intervals should be 1 day at perihelion, 
and may be doubled at 40, 80, 160 days, and so on from peri- 
helion. The interval should not be changed during a close approach 
to a planet. 

Of these suggestions (1) is a return to a long-established formula 
and (2) is a point of practical importance, the truth of which is borne 
home with greater and greater force the more one computes. A 
numerical mistake made at any point may vitiate all subsequent work. 
Professor Noumerov has recently introduced aspecial co-ordinates” in 

* The formulæ for numerical integration go right back to the beginnings of the 
calculus. Formulæ were developed by Newton, Gregory, and others in the seven- 
teenth and eighteenth centuries. The formulæ advocated here were known to Gauss 
early in the nineteenth century. The subject was carefully discussed by Encke in 
the Berlin Jahrbuch for 1837, and is given in great detail by Oppolzer at the begin- 
ning of the second volume of his Lehrbuch zur Bahnbestimmung der Kometen und 
Planeten. 
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